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PREFACE. 


In publishing the following work my principal 
intention is to explain difficulties which may be 
encountered by the student on first reading the 
Principk, and to illustrate the advantages of a 
careful study of the methods employed by Newton, 
by shewing the extent to which they may be 
applied in the solution of problems. I have also 
endeavoured to give assistance to the student who 
is engaged in the study of the higher branches of 
Mathematics, by representing in a geometrical form 
several of the processes employed in the differential 

and in the analytical invest!- 

gatlons of Dynamics. ' 

In my version of the first section and the begin- 
ning of the second I have adhered as closely as 
I could to the original form; and, in the cases 
in which sections have been interpolated, or the 
form of demonstration changed, I have indicated such 
changes and interpolations by brackets. 
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It is generally advisable not to deviate from 
Newton’s words in the demonstrations of the 
Lemmas ; but in many cases, I suppose purposely, 
lie expressed himself very concisely, as in Lemmas 
IV. and X., and he was contented with simply giving 
the enunciation of Lemma v.; therefore in these cases 
interpolations have been made w^hich, I believe, are 
in accordance with Newton’s plan of demonstration. 

Throughout the Problems and Theorems which 
depend upon the sixth proposition, the variations are 
replaced by equations. By this method of treating 
the subject I conceive that clearer ideas of the 
meaning of each step are obtained by the student. 

In this edition I have introduced some notes on 
the geometrical solution of some problems relating 
to maxima and minima, and I have placed the 
investigations of the properties of the curves, which, 
after the conic sections, are the best examples for 
illustrating geometrical methods, in a more pro- 
minent position, at the end of the first section. 

I have derived great assistance in the preparation 
of my notes from the study of Whe well’s Method 
of Limits^ and from several early editions of Newton^ 
especially that of Carr. 

AVith respect to the three Laws of Motion, I may 
remark that I have not commenced the work by 
enunciating and making observations upon them, 
partly because I should only have been repeating 
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what has been said so well by Thompson, Tait, 
and Maxwell, whose works are in everybody’s hands, 
and partly because in the course of reading recom- 
mended to students, for whose benefit my work 
was especially intended, those laws will have been 
already discussed in the elementary treatises on 
Dynamics. 

The Problems are principally selected from the 
papers set in the Matliematical Tripos, and in the 
course of the College Examinations, and I have 
generally divided them into two portions, the 
first of which contains those problems which are 
capable of solution by more direct applications of 
the propositions which tliey illustrate, and arc 
within the powers of a larger number of students 
In both portions I have been careful to introduce 
■very few problems which are not capable of solution 
by methods given in the work. 

At the end of the work I have given hints for 
the solution, and in many cases complete solutions, 
of the problems ; and in doing so I am acting in 
direct opposition to my previously expressed opinion, 
but additional experience of fifteen years has shewn 
me that it a satisfaction to a student who has not 
been able to solve a problem to sec a solution of 
it; and, even when he has been successful, to 
compare his solution with that of an older hand. 
The principal objection to the publication of solutions 


f • • 
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is that they are frequently referred to prematurely; 
but a wise student will treat them only as a dernier 
remrt 

In solving the Problems I have noticed two errors 
which should be corrected as follows : 

XIIL 13 half the chord is the harmonic mean, &c. 

XXVIII. 6 Telocity in a circle whose radius is the length 

of the unstretched string, &c. 

Two sets of Problems have been numbered 
XXVII., the second is written XXVII. hk in the 
Solutions. 

I take this opportunity to express my thanks 
to Mr. Steam, of King’s College, for his kindness 
in correcting the errors of the press and for many 
valuable suggestions. 
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CONCERNma THE MOTION OF BODIES. 


SECTION L 

ON THE METHOD OF PRIME AND ULTIMATE RATIOS' 

LEMMA L 

Quantities^ and the ratio of quantities^ which^ in any finite 
time^ tend constantly to equality^ and tohich^ before the 
end of that time^ approach nearer to each other than by 
any assigned difference^ become ultimately equal 

If not, let them become ultimately unequal, and let their 
ultimate difference be D. Hence [since, throughout 
the time, they tend constantly to equality], they 
cannot approach nearer to each other than by the 
difference contrary to the hypothesis [that tliey 
approach nearer than by any assigned difference. 
Therefore, they do not become ultimately unequal, 
that is, they become ultimately equal]. 

Variable Quantities. 

1. The QaantitieSy of which Newton treats in tliis Lemma, 
are variable magnitudes, described by a supposed law of con- 
struction, the variation of these magnitudes being due to the 
arbitrary progressive change of some element of the construc- 
tion employed in the statement of the law. 

When, in the progressive change of this element, it receives 
the last value which is assigned to it in any proposition, the 
hypothesis is said to arrive at its ultimate form, or to be 
indefinitely extended. 


B 
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Thus, let ABP be a semicircle, ACB Its diameter, BP any 
•arc, PM the ordinate perpendicular to AGBj then, as the arc 
BP gradually diminishes, AM is a variable magnitude, con- 
tinually increasing, and BP is the element of the construction, 



to the arbitrary change of which the variation of AM is duej 
and if BP may be made as small as we please, AM may be 
made to approach to AB nearer than by any differenee that can 
be named, and the hypothesis approaches its ultimate form. 

Again, if ABC be a triangle, and AB be divided into a 
number of equal portions, Aa, bc ^ and a series of parallelo- 
grams be inscribed upon those bases, whose sides aa, J/ 3 , 07, ... 
are parallel to BC and terminated in AC, the sum of the areas 
of the parallelograms Avill be a variable magnitude, defined by 
that construction, and changing in a progressive manner, if the 


e 



number of parts Into which AB is divided be continually 
increased. Tn this case the number of parts is the variable 
element of the construction. In the ultimate form of the 
hypothesis, it will be shewn, Lemma IL, that the sum of the 
parallelograms is the area of the triangle when the number 
is increased indefinitely. 

2. The variation of a magnitude is continuous^ when in the 
passage from an^ one value to any other, throughout its change, 
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it receives every intermediate value, vltlioiit becoming Infinite, 
When this is not the case, the variation is discontumous. 

According to the hypothesis in the last illustration, the 
number of parts into which AB is divided being exact, the 
magnitude varies dlscontinuously, Le. the sum of the areas does 
not pass through all the intermediate values between any two 
states of the progress. 

If the hypothesis be changed, equal portions being set otF 
commencing from and Aa remaining over and above after 
ia, the last of the portions for which there is room, these equal 
portions could be made to diminish gradunlly, and the sum of 
the areas would in that case vary continuously. 

Ttndency to EqitaUtij, 

3. Quantities are ultimately equal, when they are ultimately 
in a ratio of equality. 

4. Quantities, which always remnin finite^ throughout the 
change of the hypothesis by which they arc describcii, lend 
continually to equality, when their dillcrencc continually dimi- 
jiishcs. 

Thus, in fig, 1, page 2, let BQ be an arc, always in a given 
ratio to BP^ and let QN be the corresponding ordinate; as 
BP continually dimlnislics, AM and AN remain finite, and, 
since their difference continually diminishes, they lend coiv-. 
tinually to equality. 


5. Quantities, which may become indefinitely amall^ or in- 
definitely (jreat^ as tlic hypotlicsis is indefinitely extended, tend 
continually to equality, when tlic ratio of their dificrence to 
either of tlicm continually dimluishcs. 

To illustrate this test of a tendency to cqualitv, let us 
suppose, in fig. 1, page 2, tliat the arc BP is double of the arc 
BQ\ then, since [iAABPf = AB.BM^ and [eMBQf ^ AB.BN^ 


t 

I • 


BJJ ; BNr. [diiBPf : (clid5(2; 


^ • 


:: (arc^Pf : {tii'cBQf : : 4 : 1 ultimately, 
MN : BNv: 3 ; 1 ultimately; 
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hence, we observe that BM and BN have a ditFerence, which 
tends continually to become 2>BN^ the ratio of which to either 
is finite, so that, although both tend to become indefinitely 
small as the hypothesis tends to its ultimate form, BM and 
BN do not satisfy the condition requisite for a tendency to 
equality, 


Ohscrvations on the Lemmas 

6. We will now proceed to examine the force of the other 
important terms employed in the statement of the first Lemma. 

The expression “ in any finite time ” (tempore quovis finite), 
signifies what has been called the indefinite extension of the 
hypothesis from some definite state to its ultimate form,* 

The law of the variation of the magnitudes under consldera^ 
tion is obtained by the examination of their construction while 
the element, to which the change is due, is at a finite distance 
from its final value, and the finite time is the supposed time 
occupied in the passage from this definite to the ultimate state. 

In the first illustration, Art. 1, it denotes the progressive 
diminution of BP^ from being a finite ipagnitude to the point 
of evanescence. 

In the second, the progress from any finite number of equal 
portions to an indefinite number. 

7. The expression “ which constantly tend ** (quae constanter 
tendunt) signifies that, from the commencement of the finite 
time to the limit of the extension of the hypothesis, the dif* 
ferences continually diminish. 

To illustrate this mode of expression, let BG be a quadrant 



^ WheweU’s Doctrine of lAmiis, 
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of a circle whose bounding radii are OB, 00, and let BBJ 
be a straight line eutting the arc BBC and the radius OC in 
B and A, and let OP be a radius revolving from OC to OB 
and cutting BA in Q, E the point of bisection of the arc BB. ’ 
OP and OQ twdce tend to equality, viz. from 00 to OB 
and from OE to OB, and once from equality from OB to 
OE] it is only from OE to OB that OP" and OQ" tend to 
equality constantly during the progress, and it is from some 

position between OE and OB that the finite time must be con- 
sidered to commence* 


8. “Before the end of that time” (ante fincm temporis) 
implies that, however small the given difference may be, a less 
difference than that difference is arrived at, while the distance 
from the ultimate state is still finite, however near to the final 
state it may be necessary to proceed. 

Thus, if, in the last figure, the angle BOB be 60°, the 
radius one inch, and the given difference or of 

an inch, the difference PQ wilt be less than the given diff'crence, 
if the revolving radius be 2' or 1', respectively, from the ultimate 
position ; and so on, however small we choose the difference. 


\ 


9. In the proof of the Lemma, if the ultimate difference be 
B, the quantities cannot approach nearer than by that given 
difference; otherwise, they would, in one part of the pro- 
gression, have been tending from equality in order to arrive 
ultimately at that difference, contrary to the statement of the 
proposition in the words “ ad aiqualitatem constauter tendunt.” 

The nature of the proof, which is more difficult than may at 

first sight appear, ran be illustrated as follows, by examining 

the effect of the omission of some of the points in the statement 
or the Lemma. 


Draw Oy, Ox at right angles, AB any straight line meeting 

n rrf' ^ touching AB in E and meeting Oy in 

touching a straight line parallel to AB in 0, 
MQPP' a common ordinate. 

As OM diminishes until it becomes indeHnitcIy small 
Mi^PP' moves up to Ojj, 


i 
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In both curves, the ordinates MQ and MP or MP' have an 
ultimate difference CA^ equal to D suppose. 



Omit the word constauter/’ and the curve CED is admissi- 
ble in a representation of the approach of the quantities; because 
the ordinates approach, before the end of the time, nearer than 
by any assignable difference, as at although the condition of 
continual tendency to equality is not satisfied. 

Omit the words ante finem temporis,” and OU will be suf' 
ficient ; for, in this case, they tend continually to equality, but 
before the end of the time they do not approach nearer than by 
any assignable difference, and they are ultimately unequal. 

In the case of the dotted line ABF touching AB at -4, all 
the conditions are satisfied. QM and RM tend continually to 
equality, and their difference may be made less than any givea 
difference before OM vanishes. 

Limit of a Variahle Quantity, 

10. When a variable quantity tends continually to equality 
with a certain fixed quantity, and approaches nearer to this 
quantity than by any assignable difference, as the hypothesis 
determining its variation is approaching its ultimate form, this 
fixed quantity is called the Limit qfthe variable quantity. 

The tests are: that there should be a tendency to equality; ■ 
that this tendency should be continued from some finite 
condition ; and that the approach should, during the progres- 
sion to the ultimate form, be nearer than by any assignable 
difference. 

Thus, as is mentioned in the Scholium at the end of the 
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section, the variable quantity docs not become equal to, or surpass 
the limit, before the arrival at the ultimate form. 

Liraiting Ratio of VariaUe Quantities, 

11. If two quantities continually diminisli or increase, and 
the ratio of these quantities, tends continually to equality with 
a certain fixed ratio, and may be made to differ from that ratio 
by less than any assignable difference, as the liypotliesis deter- 
mining their variation is indefinitely extended, this fixed ratio 
is called the limiting ratio of the varying quantities. 

Ultimate Ratio of Vanishing Quantities, 

12. When the ultimate form of the hypothesis brings the 
quantities to a state of evanescence, they are called vanishlncj 
quantities; and the limiting ratio, or the limit of the ratio, is 
the ultimate ratio of the vMnlshing quantities. 

The expression ‘‘vanishing quantities” docs not Imply that 
the quantities are indefinitely small while under examination, but 
only that they will he so in the ultimate form ; wliieli observa- 
tion implies that the ratio of the vanishing quantities is not an 
equivalent expression with the ultimate ratio of the vanishing 
quantities^ the former being taken “ ante fincm temporis,” 

“Ultimo ratlones illae quibuscum quantitates cvanescimt, re- 
vera non sunt rationcs quantitatum ultimarum.” See Scholium, 
at the end of the section. 

Thus, let GG^ FO be two straight lines intersecting AB in 
0^ F^ and draw ADE^ MPQ^ perpendicular to AB. 

Let ct, be the areas AMPD^ AMQE^ then it is easily found 


C 
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that a: 13 ADi- MP: AE-{-AIQ] now,- let MPQ be sup- 
posed to move up to ADE^ then, in the ultimate form of the 
hypothesis, a and ^ vanish, and are called vanishing quantities 
from this circumstance. 

Also, the ultimate ratio of the vanlshlne: quantities is 

AD : AE, 

In this case, since MP\ MQ is not equal to AD : AE^ the 
ratio of the vanishing quantities, viz. AD-\-MPx AE-^ MQ^ 
is different from AD : AE^ the ultimate ratio. 

Orders of Vanishing Quantities* 

13. When we have to consider various kinds of vanishing 
quantities, it is necessary to consider their relative magnitudes, 
and for this purpose if one of them be selected as a standard 
of small quantities, this quantity, and all the vanishing quan- 
tities of which the ultimate ratio to it is finite, are called 
vanishing quantities of the first order. 

If a, /3 be any two vanishing quantities, and ^ : a vanish 
in the limit, ^ is said to be a vanishing quantity of a higher 
order than a. 

If a be of the first order, and ^8 : a’* be ultimately finite, 
^ is called a vanishing quantity of the second order^ and so on 
for higher orders. 

Trigonometrical functions give familiar illustrations of these 
orders; let 9 be taken as the standard of vanishing quantities; 
ein^ tan20, sin|0 are all of the first order, since their ratios 
to 0 are ultimately 1, 2 and vers0, which is equal to 
2 sin'* I ^ Is of the second order, tan0-^ and 0-sm0 are of 
the third order. 

Quantities which become infinite in the ultimate state are 
also classified in a similar manner according to orders. 

Prime Ratios, 

14. If the order of the change in the form of the hypo- 
thesis be reversed, or the varying quantities be tending from 
equality, having started into existence from the commencement 
of the time, the quantities are called nascent quantities,' and the 
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ratio with which they commence existence is called the ])rme 
ratio of the nascent quantities. 


Application of Lemma I to the investigation of certain Limits, 

, as X gradually dmiiiishs^ and ulti 




1 -I- a: 


mately vanishes. 


3a? 


Since the difference between -i? and - is 

2 -a: 2 2 (2 - a) 



this 

difference continually diminishes as x gradually diminishes, and, 
by diminishing x sufficiently, may be made less than any 
assignable difference. 

1 ^ vC 

2 — will tend continually to equality with if wc 

commence from some value of x less than 2, and the difference 

may be made less than any assignable quantity ante finem lem- 

poris, therefore I satisfies all the conditions of being the required 
limit. 

2 cc 

X increases indefinitely. 

Since the difference - 1 = — ^ wiiloh rnntlmi 

5 + 3j: 3 3(o + 3x)’ 

ally diminishes as x increases, and may he made less than any 
assignable difference ; therefore, as before, | satisfies all the con- 
ditions of being a limit of . 

5 + 3.?; 

(3) Tanqmts are drawn, to a circular arc, at its middle point, 
and at its extremities. Shew that, when the arc diminishes, the 
area of the triangle formed hy the chord of the arc, and the two 
tang nts at the extremities, is ultimately four times that of the 
triangle formed by the three tangents. 

Let C be the middle point of the arc, AB the chord, FA, 
FB, DOE the three tangents, and 0 the centre of the circle, ’ 

A FEE : A FAB : FC' : FG\ 

Now FC{FC\2C0)=FA^=^F0.FG-, 
FC-.FGwFQ-.FCA'iCO) 


G 
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JP 



lliereforc, since FC vanishes in the limit, FC:FG\\CO : 2 CO 
and FG = 2FC^ ultimately ; 


• • 


A FDE : A FAB :: 1 : 4. 


(4) Limit of , lohen x differs from 1 by an indefnitely 

OC ^ 1 

Ttmall quantity^ m being any number^ integral or fractional^ fosU 
iive or negatloe. 

First, where m ig a positive whole number, 

^ ^ W -1 * • I . ^ 

r — iC *f aj 

3/ — l ' 


which may be made to differ from m by less than any assignable 
difference by taking x sufficiently near to unity. 

Next, let in = ^ ^ p, and r being positive whole 

numbers, and let ^ = if\ 

x'_- 1 _ 7/'"’- I _ 1 yT-yJt 
ir- 1 ■ - 1 ~ f' \~f^ 1 

/-I 

^ i .y-> //-I 

f' ' - 

y-i 


This may be made to differ from ^ ? or m by a quantity 


less than any assignable quantity by taking a;, and therefore 
sufficiently near to unity j hence, whether it be integral or 
fractional, positive or negative, m is the limit required. 

hen we divide the numeratar and denominator byy-1, 
y is not equal to 1, the time chosen being ante finem temyoris 


LEMMA I. 


11 


while the difference is finite. See the direction in the Scholium 
referred to above: “Cave intelllgas quantitates magnitudine 
determinatas, seJ cogita semper dimiuueudas sine liinite,’* 


r* •/ ^ 1^ 4 2^ + 3** +...4 n'’ , . 7 /» * 7 ♦ 

(5) Limit Of j when n is indejinittly xnr 

creased^ p hetnp any positice niviihen. 

Since this sum is the aritlnnetic mean of the n fractions 



therefore, for all positive values of p, integral or fractional, it 
lies between and or 1 , therefore its ultimate, value lies 
between 0 and 1 . 

This being an important limit, we will investigate it first for 
the particular case in wliich p is integral and positive, and then 
generally when p is any positive quantity. 

Let ,S; = 1 " + 2 ' 

then = P' + 2 ’’ 4 . ..+ n” q- (rt + l)" j 

- -5. = (» + I)"* 

If therefore we assume that 


5„ = ^n"«4B/i''4...4 2;« + J/, 
then ,S„„ = ^ (n 4 1 )"*' + I? (n + 1 )' +. ..+ L (n 4 1 ) + df; 

(« + I/ = yl ((« 4 1)"" - «'"') 4 B {(« 4 ly - n'} 4..., 

= A\[p-^\]ri'^^{p^l)p,r^+...] 

4Z/(p-4;^b-l)n''-^4...)4..., 

we obtain, by equating the coefficients, p 4 1 equations for 
determining the values of the p 4 1 constants A, B, ... Z, which 
reduce the equation to an identity. 

The first of these equations is 1 = 4 i) j 










I 



n’*' p4l n 
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hence, If n be Increased, since tlie number of the terms following 


1 s \ 

— is finite, we may make the diflference between - " and — — r 
+ 1 ’ n p-f l 

diminish until it becomes less than any assignable quantity; 


V 


] . 


therefore is the limit required. 

p + 1 

Next, let^ be any positive quantity, and let I be the limit of 


n 


/'+! 


A V + 2^ re = Iri^^ + Bn^ -j- Gri^ +... , 

. T 1 ^ -^-CrP^ 

in which ^ + 1, P, 7— are in descending order, and 

vanishes, when n is made infinitely large ; 

/. {n + 1)^ = ? [{n + 1)''"' - + 5 {(ft 4 1)^ - ; 


7>+l 

14-1 -1 


IV 


uir-i 


IV , , BnP V^n) , . 

A (14 -) , + -yiT • 1 +•” > 

^ l + i-l ” 1+--1 

n n 

therefore, observing that, when n is Increased indefinitely, 


11 ^ 

14--1 

ft 




l = {p + l]l + limit of . 

71 

where e, s', ... vanish ultimately. Let be the greatest of tho 
quantities e, s', ..., and let all the terms be positive, then 

^ (1 4 e) Bri^ 4... is less than (1 4 s,)j3^5// 4^ (7ft^4...j 


) 


and, since ^ are each less than 1, 


^(14£) j5H^4... . 


is less than (1 4 £,) /3 x 


£/4Cn’'+... 
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wliicli vanishes in the limit, hence 1 = (^ 4 1) ^ ultimately ; 


therefore — - is the limit required. 
p + l ^ 


Cor. — ; Is evidently also the limit of the sura 
p+i ^ 


1** 4 2'’4...4(k — . n ’* . , • xi r *1. 

, since vanishes m the limit. 


(6) If a straight line of constant length slide with its ex- 
tremities in two straight lines^ which intersect at a given angle A, 
and BCj he he two positions of the line intersecting in P, which 
become ultimately coincident iind the limits of the ratios Cc : Bb 
and PC : PR 

By hypothesis, PC'* = 5e*, 
but BO-‘ = BA^^GA^-^2BA,CAconA, 
and hc^ = hA^-{cA^-2hA,cAco%A\ 

\ CA-cA^hA-BA^2[BA[cA^Coy[BA^Bh)cA] cos^; 

Cc ( CA 4 cA] = Bh [BA 4 hA) 4 2 [BA ,Cc — cA. Bh) cos A j 

CG\Bh\:BA-\-hA-~ 2cA cos^ : 4 c.4 - 2P^ cos-4 

:: BA-~ GA cos A : GA ‘-BA cos^ ultimately. 



Draw CP, Pil/ perpendicular to AB, AG, therefore the limit 
of the ratio Cc : Bh is BN : CM. 
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Again, let BQ^ drawn parallel to AC^ meet he in 

then PC : PB : : Cc \ BQ] 

also Cc\Bh i\BN\ CJ/ ultimately, 

and Bh \ BQ w Ah : Ac . ; 

Cc : BQ : : BN.AB : CM. AC ultimately. 

D;aw AR perpendicular to BC^ then BN.AB ~ BR.BG 
and CM.AC=CR.BC] 

PC : PB : : BR : CR ; 

PC=^BR and PB^CR, 


I. 

1. Are the limits of the ratios ff : x equal in any of the three 
equations 

(1) y-^ax-j (2) y‘ = ax-h\ (3) y' = az-x\ 
when X is indefinitely diminished ? 

2. Pind the limit of , 

1 + 3x 

(1) when X is indefinitely diminished, 

(2) when x is indefinitely increased. 

3. Pind the ultimate ratio of the vanishing quantities ax-\- hx^j 
hx + ax^j when x is made indefinitely small. 

4. Prove that a~lx and h-ax tend to equality as x diminishes 
to zero, and yet have not their limits equal. 

5. BACy lAc are two triangles, in which ABy Ah and ACy Ac 
are coincident in direction, and BCy be intersect in P\ prove that, 
if the areas of the triangles be equal, as By C and c approach, 
each to each, P will bo ultimately in the point of bisection of BO. 

6. APQy ABC are two straight lines which are intersected by 
two fixed lines BPy CQy prove that, as moves up to ABCy 
PC and QB intersect in a point whose ultimate position divides BO 
in the ratio of AB : AC, 

7. Tangents are drawn to a circular arc at its middle point, 
and at its extremities, and the three chords are drawn. Prove 
that the triangle contained by the three tangents is ultimately 
one-half of that contained by the three chords, when the arc is 
indefinitely diminished. 
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8. AP is a chord of a given circle, AQ ti chord near AP, find 
the position of the point of ultimate intersection of circles described 
on AP, AQ as diameters, when AQ approaches to and ultimately 
coincides with AP. 

9. A circle passes through a fixed point, and cuts off from a 
fixed line a chord PQ of constant length, prove that the chord 
of ultimate intersection of two consecutive circles bisects PQ. 

10. PN is an ordinate, and PT a tangent to an ellipse, cutting 
the axis-major in N and T respectively ; A being the vertex, shew 
that as P approaches A, NT is ultimately bisected iu A. 

11. APQ is a parabola, PM^ QN ordinates to the axis AMN^ 
with centres M and N and radii PM, QN two circles are drawn ; 
prove that, when N approaches indefinitely near to M, if tlie two 
circles intersect, the distance of their point of intersection from PM 
is ultimately equal to the semi-latus rectum. What is the condition 
tliat the ckcles may intersect? 


II. 

1. What is the test of tendency to equality ? If two quantities 
diminish so that their difference diminislios, prove tliat they will 
tend to or from equality according as tho ratio of their rates of 
decrease is greater or less than the ratio of the greater to the less. 

2. ABC is an isosceles triangle, base BC\ P, Q are points on 
the straight lines CA, CB such that AP is always twice BQ\ 
prove that, if PQ and AB intersect in 11, and R be the ultimate 
position of i?, when AP is indefinitely diminished, 

RB‘.AC\\AC:2BC'-AC. 

_3. PMP is a double ordinate of an ellipse, whose centre is C* 
R is the point of ultimate intersection of the circles described on 
PP' and the next consecutive double ordinate respectively, and RJ' 
is the ordinate of R. Shew that TM : CM:: BC ^ : AC\ What 
is the condition that these circles may intersect? 

4. Two concentric and coaxial ellipses have tho sum of tho 
squares of their axes equal; if the curves approach to coincidence 
with each other, shew that tho ratio of tho distances of any one 
of their points of intersection from the axes will bo ultimately 
equal to the inverse ratio of tho squares of the axes. 

6. If a triangle bo inscribed in a given circle, provo that the 
algebraic sum of the small variations of its sides, each divided by 
the cosine of the angle opposite to it, will bo equal to zero. 
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6. ABC^ APQ are drawn to cut a circle from an external 

point A; BUy CT are tangents at B and C to the circle, meeting 
AFQ in Uj T\ shew that the ultimate ratio of BJJ : when 

AB^ moves up to ABO^ is AB '^ : AO’, 

7. BOB A is a diameter of a circle whose centre is (7, and PRQ 
is a chord in it perpendicular to BA. PE is bisected in and 
OS meets the circle in S'. If tangents at P and S' meet BA in T 
and r', shew that when P moves up to A^ AT~^AT ultimately. 

8. If the quadrilateral ABCD be slightly displaced in its own 
plane, so as to occupy the position abCD^ and 0 be the point of 
intersection of BA, CB, prove that the point of ultimate inter- 
section of ah and AB will be the foot of the perpendicular from 0 
upon AB. 

9. PSp, QSq are focal chords of a parabola, prove that, ulti- 
matel}^ when P moves up to Q, 

PQ : pq SP^ : Sp^. 

10. The extremities of a straight line slide upon two given 
straight lines, so that the area of the triangle formed by the three 
straight lines is constant ; find the limiting position of the chord 
of intersection of two consecutive positions of the circle described 
about that triangle. 
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If, m any figure AdcE, hounded hy the straight lines Aa, AE 
and the curve acE, any number of parallelograms Ah, Be, 
Gd, ^c. he inscrihed upon equal bases AB, BO, CD, Ac 
and having sides Bh, Cc, Dd, ^c. parallel to the side Aa 
of the figure ; and the parallelograms aKbl, hLcm, cMdn 
^c. he completed i then, if the breadth of these parallel^ 
grams he diminished, and the number increased indefi- 
nitely, the ultimate ratios which the inscrihed figure 
AKbLcMdD, the circumscribed figure AalbmcndoE, and 
the curvilinear figure AahcdE have to one another, mil 
be ratios of equality. 



Fw the difference of the inscribed and circumscribed 
figures 18 the sum of the parallelograms Kl, Lm, Mn, 
^0, that 18 (since the bases of all are equal) a paral- 
e o^am whose base is Kb, that of one of them, and 
altitude the sum of their altitudes, that is, the paral- 

K , But tills parallelbgram, since its 

breadth is diminished indefinitely [as the number of 
parallelograms is increased indefinitely] becomes less 
tlian any assignable parallelogram; therefore, by 
Lemma I., the inscribed and circumscribed figures, 
ana, a fortiori, the curvilinear figure, which is inter- 
mediate, become ultimately equal. 
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LEMMA III. 

The same ultimate ratios are also ratios of equality^ when 
the Ireadths of the parallelograms AB^ CDy ... are 
unequal^ and all are diminished iadefuiiiely. 


ft V j: 



For, let AF be equal to the greatest breadth, and the 
parallelogram FAaf be coiupleted. This parallelo- 
gram will be greater tlian the difference between the 
inscribed and circumscribed figures. But, when its 
breadtli is diminished indefinitely, it will become 
less than any assignable parallelogram. [Therefore, 
a fortiori^ the difterence between the inscribed and 
circumscribed figures will become less than any 
assignable areas. Hence, by Lemma L, the ultimate 
ratios of the inscribed and circumscribed and the 
curvilinear figure, which is intermediate, will be 
ratios of equality.] 

Cor. 1. Hence the ultimate sum of the vanishing paral- 
lelograms coincides [as to area] with the curvilinear 
figure. 

CoR. 2. And, a fortiori^ the rectilinear figure which is 
bounded by the chords of the vanishing arcs ab, hc^ 
ed^ &c., ultimately coincides with the curvilinear 
figure. 

CoR. 3. As also the rectilinear circumscribed figure, 
which is bounded by the tangents at the extremities 
of the same arcs. 

Cor. 4. And these ultimate figures, with respect to 
their perimeters acE^ are not rectilinear figures, but 
curvilinear limits of rectilinear figures. 
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Ohermtions on the Lemmas 11. and IIL 

15. The statements of the propositions concerning limits of 
quantities and their ratios contain : 

L The hypothesis by which the quantities are defined. 

II. The manner in which the hypothesis approaches its 
ultimate form. 

III. The ultimate property when the hypothesis is thus 
indetinitely extended. 

The strength of the proofs lies in the examination of the 

quantities while the hypothesis is in a finite state, before arrival 

at the ultimate form, and the deduction of properties by which 

the relations of the quantities can be pursued accurately to the 
ultimate state. 

If in this manner we analyse the statement of Lemmas II. 

and IIL, the hypothetical constructions are given in the manner 

of describing the parallelograms; the extension of the Iiypo- 

thesis towards Its ultimate form is the continual increase of the 

number of parallelograms ad wfinitum ; tbe ultimate property is 

the equality of the ratio of the sums of the parallelograms and 
tbe curvilinear area. 

In tbe proof of the Lemmas, the continual decrease of the 
parallelograms Al or shews that the conditions of ultimate 
equality of two quantities are all satisfied, viz., that the sums 
of the two series of parallelograms, since they are finite, tend 
continually to equality, and that they approach nearer to each 
other than by any assignable difference “ante finem temporis” 
t.e., while tbe number of the parallelograms still remains finite* 


Volumes of Jtevolullon. 

16. la a manner exactly similar to Lemma II. it may be. 

shewn that, if Aa be perpendicular to AE, and the whole 

figure revolve round AE a.s an axis, the ultimate ratios?, which 

file sums of the volumes of the cylinders, generated respectively 

by the rectangles Ah, Be, ... and aB, bC, ... and the volume. 

of revolution generated by the curvilinear area AEa will have 
to each, other, will be ratios of equality, ^ 





V- S ^ ^ ^ C'd/M 


•^CC. 4 


o: 
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The figure represents the cylinders generated by the in- 
Bcrlbed rectangles. 



Thus the difference of the cylinders generated by Ai and 
aB is the annulus generated by the rectapgle aJ, and the 
difference of the two series of cylinders, which have all equal 
heights ABj BC^ is the sum of such annuli, and is easily 
seen to be the cylinder generated by aB^ which, since the height 
continually diminishes, may be made less than any assignable 
volume, hence the conditions that the two series may have the 
same limit are satisfied, and hence also the yolpme pf revolution, 
which is greater than one sum and less than the other, is 
ultimately in a ratio of equality to either sum. 

The same argument applies when the revolution is only 
through a certain angle instead of being complete, in which 
case the cylinders are replaced by sectors of cylipdrical volumes. 

Sectorial Areas* 

17. The Lemmas may be extended to sectorial areas, 

A 
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Thus, let SABCFh^ a sectorial area, and let the angle ASF 
be divided into equal portions ASB^ BSG^ ... and the circular 
arcs Ah\ aBc\ hCd\ ... be drawn with centre S\ then, since 
the difference of tiie two series of circular sectors is the sum 
of the areas ab\ Jc', ..., it is equal to the difference of the 
greatest and least of the sectors, viz. AGHh'\ therefore the 
two areas SAUBc,.. and SaBhC.,, tend continually to equality 
as the number of angles is increased and their magnitudes 
diminished, and the ratios which these areas have to each other 
and to the area SABF ultimately ratios of equality. 

Similarly, as ip Lemma IIL, if ASB^ BSC, be unequal. 

Surfaces of Revolution, 

18. The following proposition is the extension of the prin- 
ciples of the Lemmas to the determination of a method for 
finding the area of a surface of a solid of revolution. 

Let CD be a plane curve which generates a surface of revo- 
lution by its revolution round 4B, a line In its plane. 

CD is divided into portions, of which PQ is one, P2I, QN 
are perpendicular to AB] Pp, Qq are drawn parallel to AB, and 
each equal to PQ in length ; pm, qn are perpendicular to AB, 
The surface generated by CD shall be the limit of the sum of 
the cylindrical surfaces generated by such portions as Pp or Qq, 

For, the cylindrical surfaces generated by Pp and Qq are 
one less and the other greater than the surface generated by PQ^ 


IP 



since every portion of Qq is at a greater, and every portion of 

at a less, distance from the axis than the corresponding 
portions of PQ, 



22 


KE^’TON. 


But these surfaces are respectively ^irPM^Pp and 27rQN»Qq^ 
and their difference is 2ir[QN-PM) PQ^ and the ratio of this 
difference to the surfaces themselves is QN—PM : PM or QN^ 
which ratio is ultimately less than any given ratio. 

Hence the sums of the surfaces generated by the lines corre- 
sponding to Pp and Qq have the ratio of their difference to either 
sum less than the greatest value of the ratio QN—PM\PM^ 
•which may be made less than any finite ratio. Therefore the 
sums of the cylindrical surfaces and the curved surface, which 
is intermediate in magnitude to these sums, are ultimately in 
a ratio of equality. 


Centre of Gravity. 

19. It is easily seen that the same methods are applicable to 
the determination of the position of the centre of gravity of any 
body, since it is known that, if a body be divided into any 
number of portions, the distance of the centre of gravity of the 
body from any plane is equal to the sum of the moments of all 
the portions divided by the sum of all the portions. 


General Extension^ 


20. The most general extension may be stated as follows: 
If any magnitude A be divided into a series of magnitudes 

each of which, when their number is increased Indefi- 
nitely, becomes indefinitely small, and two series of quantities 
a,a^...a^ and can be found such that 


«i> 


A^> 




»,>A> h 


a>A>l 

n ft 


n) 


and also such that each of the ratios a, — '*• 

becomes less than any finite ratio when the number is increased ; 
then ^ + and A will be ultimately 

in a ratio of equality. For, let ? : 1 be equal to the greatest 
of the ratios &c. ; 

is a ratio less than 1 : 1, and may therefore be made less than 
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any assignable ratio by increasing the number. Therefore tlie 
two series and tend continually to equality, 

and the difference may be made, before the end of the time, less 
than any assignable magnitude; therefore the three magnitudes 
are ultimately in a ratio of equality, 

21. Cor. 1. ‘‘Omni ex parte” has not been adopted from 
the text of Newton, because it requires limitation, for the 
perimeters do not ultimately coincide with the perimeter of the 
curvilinear area. 

In the Bgure for Lemma II. the perimeter of the inscribed 
series of parallelograms is 

AK±Kh^-hL-\ Lc +...+ DA = 2AK-\ 2ADj 

and the limit of this perimeter is 2Aa + 2AR 

The perimeter of the other series of parallelograms, being 
2Aa + 2AE is constant throughout the change, and has properly 
no limit. 

Cor. 2. The perimeter of the figure bounded by the chords 
abj hcj ... ultimately coincides with that of the curvilinear figure. 
This coincidence will be discussed under Lemma V. 

Cor. 3. The same is true for the figure formed by the 
tangents. 

Cor. 4. Instead of “propterca,” as in Newton, it is advisable 
to state, as in Whewell’s Doctrine of Limits, that, if a fnite 
portion of a curve be taken, and many successive points in the 
curve be joined so as to form a polygon, the sides of which, 
taken in order, are chords of portions of the curves, when tlie 

number of those points is increased indefinitely, the curve will 
be the limit of the polygon. 

Application to the Determination of certain Areas, Volumes, d:c, 

(1) Area, of a parabola bounded by a diameter and an ordinate. 

Let AB, BG be the bounding abscissa and ordinate. Com- 
plete the parallelogram ABCD, 

Let AD be divided into n equal portions, of which suppose 
AM to contain r, and MN to be the (r-f draw MF, NQ 
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parallel to AB^ meeting the curve iu P, and Pa parallel to 
MN] the curvilinear area AGD is the limit of the sum of the 


. € 



series of parallelograms constructed, as PN^ on the portions 
corresponding to MN, 

But parallelogram PN\ parallelogram ABCD 


y.PM,MN\CD.AD^ 

and, by the properties of the parabola, 

PM:CD AM^ : AD^ \ n% 
also MN", AD : : 1 : ; 

PM,MN\CD.AD\:T^:n^\ 

r* 

therefore, parallelogram PN=^ x parallelogram ABCD] 


hence, the sum of the series of parallelograms 

+ 2**f,..4 (w - 1)^ 

= X parallelogram 


and, when the number of parallelograms is increased indefinitely, 

P + 2'4. 1 

therefore, proceeding to the ultimate form of the hypothesis, the 
curvilinear area AGD and the parabolic area ABC will be, 
respectively, one-third and two-thirds of the parallelogram 

ABCD, 

Note 1. If we had inscribed the series of parallelograms in 
ABGj AB being divided into n portions, we should have arrived 
at the result 

P + 2i+...+ (n-l)i 
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for the ratio of the series of parallelograms to the parallelogram 
ABGDj which might thus have been directly shewn to be 
ultimately f; but the former method is preferable, since the 
proof of the value of the limit depends upon simpler principles. 

Note 2. If BG had been divided into n equal portions, the 
ratio of the parallelogram corresponding to PN to the parallelo- 
gram ABGD would have been and that of area ABG 

to parallelogram ABGD the limit of 

(2) Volume of a paraboloid. 

Let AKU be the area of a parabola, cut off by the axis AH 




u 

1 




and an ordinate UK, which by its revolution round tlie axis 
generates a paraboloid. 

Let be divided into n equal portions, and on MN the 
('•+ !) , as base, let the rectangle PRNMht inscribed. 

Cylinder generated by PN : cylinder by AHKL 

:: PM\MN\ HIC.AII. 

But PM ‘ : HK‘ r. Ail : AU r. r ■. n, 

and MN: AH:: 1 -.n; 

PiP.MN : HIP.AE:: r : n\ 

Hence cylinder generated by PN= J x cylinder by AHKL ; 
therefore the sum of the cylinders inscriLd is 

■ X circumscribed cylinder, 

cylinders: 

ben e the volume of the paraboloid is half that of the eylinde; 
on the same base and of the same altitude. ^ 


B 
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(3) Volume of a spherical segment 

Let AHK generate, by its revolution round the diameter ABj 
the spherical segment whose height is AH^ 



Divide Ali^ as before, and make the same construction ; 

then P.]r=-.AM.IAB-AM]=-AH.AB- -,AI1\ 

' ' n 71 

Volume of cylinder generated by PN=^’jrFM'\MN 

= TrPiir .~=^T:An\(^,AB--,AE), 

n W / 

whence, as before, the limit of the sum 

= 7rAhP{iAB-^AH)^ 

which is the volume proposed. 

Cor. If AH=\AB=A C^ the segment is a hemisphere whose 
volume is ttAG'^ (AG-lAC) = ^'rrAG^^ which is two*thirds of 
the cylinder on the same base and of the same altitude. 

(4) Area of the surface of a right cone. 

As an illustration of the method of finding surfaces given 
above, suppose AHK to be a right-angled triangle, which 
revolves round AH, a side containing the right angle, then 
the hypothentise AK generates a cotical surface. 

Let MN be the (r+ 1)**^ portion of AH^ after division into 





n equal portions; i/P, NQ ordinates parallel to 3K] Ppj Qi 
each equal to PQ and parallel to AH. 


LEjisu n., Ill, 2-7 

The areas generated by Pp and Qq respectively are 

27rPil/.i^ and "HirQN.Qq^ 
and PM : EK : : AM : AH : : r : w, 

QN : HR : ; AN : AH iir + lm, 

PQ : AK : : MN : AH : : I ; n ; 

therefore the areas are and '^^,2'nIIK.AK 

respectively ; and the conical surface is intermediate in magni- 
tude between 

2tEK.AKk 

and 2Tr HE. AKx. 

71* ’ 

each of winch has for its limit ^HK.AK, which is therefore 
the area of the conical surface. 

Note. The reader may notice the following method of 
obtaining the conical surface by development, although it is 
not related to the method of limits. 

If a circular sector KAK\ traced on paper, be cut out, the 

bounding radii AK, AK' can be placed in contact, so that the 
boundary KLIC will form a circle. 

The fi^ire so formed will be conical, AK will be the slant 
Bide, and UK in the last figure will be. the radius of the circular 
base, whose fongth will be the arc of the sector KAK'. 

Hence, the area of the conical surface is equal to that qf the 

sector KAK' = iAK.27rHK=TrHK.AK. 

(5) Mass of a. rod whose density varies as th power of 
the distance from one extremity. ■ 

!)"■ portion, when 

8 length has been divided into n equal parts; and let p.AhK 

The quantity of matter in MN is intermediate between 

p,AM'".MN and p,AN'".MN, 
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and tlie ratio of the difference of these to either of them is less 
than any assignable ratio when w is indefinitely increased. 

* T 1 

Therefore, since and the mass 

n n ^ 

of the whole rod is the limit of 


• tnfi — 

n * 


1 


1 


xp,AB 


w+1 


th 


, , of the mass of a rod of length AB and of uniform 
m + 1/ ° 

density equal to that of the rod AB at B, 

(6) Centre of gravity of the volume of a hemisphere. 

Let CAB be a quadrant, which by its revolution round the 
radius CA generates the hemisphere. 



Let ME he the rectangle which generates the inscribed 

cylinder, so that CM-^~ y.CA and y.CA, 

^ n n 

If the mass of a unit of volume be chosen as’the unit of 

mass, the mass of the cylinder generated by MR will be 

irPiP. CA‘ - GIP) MN=[l^ j TT C£. ^ ; 

hence, the mass of the series of Inscribed cylinders will be 


n 


and the mass of the hemisphere 

-7r(7^*-^7r(L4* = f7^ai^ 

Again, the moment of the mass of the cylinder generated 
by MR^ with respect to the base of the hemisphere, will be 

•nPM\MN.l[GM^GN)^ 
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which differs from itPR\MN.CM by a quantity which vanishes 
compared with it, and is therefore ultimately irCA*; 

therefore the moment of the hemisphere, with respect to its 


base, is 


il-~l)7rCA*^ or \7rCA^] 

hence the distance of the centre of gravity of the volume of the 

hemisphere from 0, which is the moment with respect to the 
base divided by the mass, is g.(L4. 


III. 

1. Illustrate the terms “tempore quovis-finito” and “constanter 
tendunt ad aequalitatem ” employed in Lemma I. by taking the 
case of Lemma III. as an example. 

2. Shew, from the course of the proof of Lemma II., that the 
ultimate ratio of vanishing quantities may be indefinitely small or 
great. 

3. Shew that the ratio of the area of the parabolic curve, in 

which cc AMj to the area of the circumscribing parallelogram 
of which one side is a tangent to the curve at is 3 ; 4. ’ 

4. Shew that the volume of a right cone is one-third of the 
cylinder on the same base and of the same altitude. 

5. AlIK is a parabolic area, AH the axis, and HE an ordinate 
perpendicular to the axis, AHKL the circumscribing rectangle. 
Shew that the volumes generated by the revolution of AUK round 
AH^ KLy ALy and HE are respectively i, i, and — of the 

cylinder generated by the rectangle. “ ' ' 

6. The volume of a spheroid is two-thirds of the circumscribing 

cylinder. ® 

7. Find the centre of gravity of the volume of a right cone 
by the method of Lemma II. 

. j®* gravity of a paraboloid of revolution 

18 distant from the vertex two-thirds of the length of the axis. 

9. Find the mass of a rod whose density varies as the distance 
from an extrenaity. Find also its centre of gravity, and shew that 
it IS in one of the points of trisection of the rod. 
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10. The limiting ratio of an hyperboloid of revolution, whose 
axis is the transverse axis, to the circumscribing cylinder is 1:2 
when the altitude is indefinitely diminished, and 1 : 3 when it is 
indefinitely increased. 


IV. 

1. Prove that the areas of parabolic segments, cut off by focal 
chords, vary as the cubes of the greatest breadths of the segments. 

2. Pind the mass of a circle whose density varies as the 
power of the distance from the centre. 

3. Shew that the abscissa and ordinate of the centre of gravity 
of a parabolic area, contained betw^een a diameter AB and ordinate 
BC, are \AB and 1^(7 respectively, 

4. A number of equal squares in one plane with their centres 
coincident are arranged consecutively, their sides making equal 
small angles, each with the adjacent ones; prove that the limit 
of the length of the serrated edge, when the number of squares 
is indefinitely increased, is equal to the circumference of a circle 
whose radius is a side of the square. 

5. By supposing the axis of a parabola portioned off into suc- 
cessive lengths in the ratio 1:3:5, &c., apply Lemma III. to find 
the area contained by the curve and a double ordinate. 

6. Pind the volume generated by the revolution of an elliptic 
disc about an axis parallel to its major axis, and at such a given 
distance as not to intersect the disc. 

7. In the curve ACB^ BE is an ordinate perpendicular to 

, , BE . (tAB\ 

and FC is the greatest value of BEj and = sm 1 ^ 


T 



Shew that the area ABE varies as E.G, where GK is the 
ordinate equal to BE of the circle whose centre is F and 
radius FC* 
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problem shew that the ratio of the 
^iangle whose sides are AD, and the tangents 

-4 i, i?r at the extremities, is 8 : TT*. 


9. In the curve APC, in which the relation between any 

rectangular ordinate PM and abscissa is — = W--^ 

OA ^ OA* 



prove that the area contained between the curve, the absel^<ifi 
and ordinate J5C, is OA{SC~AO)> 
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LEMMA IV. 

If in tioo figures AacE^ PprT there he inscribed {as in 
Lemmas ILj HI.) two series of parallelograms^ the num- 
ber in each series being the same^ and if when the breadths 
are diminished indefiniiehjy the ultimate ratios of the 
parallelograms in one figure to the parallelograms in the 
other be the same^ each to each^ then the two figures 
AacE^ PprT will be to one another in that same ratio. 

a 


P T 

[Since the ratio, whose antecedent is the sum of the 
antecedents, and whose consequent is the sum of the 
consequents of any nqmber of given ratios, is inter- 
mediate in magnitude between the greatest and least 
of the given ratios, it follows that the sum of the 
parallelograms described in AacE is to the sum in 
FprT in a ratio intermediate between the greatest 
and least of the ratios of the corresponding inscribed 
parallelograms; but the ratios of these parallelograms 
are ultimately the same, -each to each, therefore the 
sums of all the parallelograms described ^n AacE, 
FprT are ultimately in the same ratio, and so the 
figures AacE, FprT are in that same ratio ; for, 
by Lemma III., the former figure is to the former 
sum and the latter figure to the latter sum in a ratio 
of equality.] Q. e. d. 

Cor. Hence, if two quantities of any kind whatever be 
divided into any, the same, number of parts, and 
those parts, when their number is increased and 
magnitude diminished indefinitely, assume the same 
g’ven ratio each to each, viz. the first to the first, 
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the second to the second, and so on in order, the 
whole quantities will be to one another in the same 
given ratio. For if, in the figures of this Lemma, 
the parallelograms be taken eacli to each in the same 
ratio as the parts, the sums of the parts will be always 
as the sums of the parallelograms ; and, therefore, 
when the number of the parts and parallelograms is 
increased and their magnitude diminished indefi- 
nitely, the two quantities will be in the ultimate 
ratio of parallelogram^ to parallelogram, that is, (by 
hypothesis) in the ultimate ratio of part to part. 


Observations on the Lemma, 


22. The general proposition contained in the Corollaiy may 
be proved independently in the following manner: 

Let B be two quantities of any kind, which can bo 
divided into the same number n of parts, viz. o a 

and b^..J)^ respectively, such that, when their number is 
increased and their magnitudes diminished indefinitely, they 
have a constant ratio L : 1 each to each, so that 

> 

where «„ «,, ... vanish when n is increased indefinitely. 

Then, a| + o,-l-...: 5, + being a ratio which is inter- 
mediate between the greatest and least of these ratios, each of 
which is ultimately L‘. 1, we have, proceeding to the limit, 

A : B :: L: 1 ; 

that is, A and B are in the ultimate ratio of the parts. 


23. Tlic proof given in the Principia is as follows : “ For, 
as the parallelograms are each to each, so, componendo, is the 
sum of all to the sum of all, and so the figure AacE to the figure 
PprT^ for, by Lemma III., the former figure is to the former sum 
and the latter figure to the latter sum in a ratio of equality.” 

The proof given in the text is substituted for this, because 
the demonstration breaks down for any finite distance from the 
ultimate form of the hypothesis. 


F 
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Application to the determination of certain Areas^ Volumes^ &c* 

(1) Area of an ellipse. 

Lei ACa be the major axis of an ellipse, BC the semi-minor 
axis, ADa the auxiliary circle, and let parallelograms be In- 
scribed, whose sides are common ordinates to the two curves. 
Let PUNE, QMNU be any two corresponding parallelo- 
grams. The ratio of these parallelograms is PM: QM or 

BC:Aa 


if 



Hence, area of ellipse : area of circle ! : BG : A C, but area 
of circle = 'irAC^] therefore area of ellipse = irAG.BC. 

(2) Area of a sector of an ellipse, pole in the focus. 

If S be a focus of the ellipse, and SP, SQ be joined, 

^SPM: i^8QM::BG:AG^ 

and area APM : area A QM : : BG : AGf 
hence, area ASP : area ASQ :: BG : A Gy 
but area = + sector 

= iSG.QM-i- ^AG. arc AQ; 

A areaASP^ilSG.PM-hBG.arcAQ}. 

(3) Area of a parabolic curve cut off by a diameter and 
an ordinate to the diameter. 

In the following investigation it is asserted that when a 
chord PQ is drawn to a curve from a point P, as Q moves up 
to P, PQ assumes as its limiting position that of the tangent 
at P, which is deducible from the idea of a tangent being in the 
direction of the curve at the point of contact. 

Let AB, BG be the diameter and ordinate j AD the tangent 
ai A] GD parallel to AB] P, Q points near each other; 
PM, QN and Pm, Qn parallel respectively to AD and AB. 

Let QP produced meet BA in T, and complete the pax’allelo- 
grams TAmS, TAnU, 




LEMMA IV. 


35 


Then, since QP is ultimately a tangent at P, AT^AM 
ultimately, and the parallelogram FU is ultimately double of 

j? c 



the parallelogram Pn, and the complements PN^ PU are equal ; 
therefore the parallelograms PiV, Pn are ultimately in the ratio 
2 : 1 , 

Hence, in the airvilinear areas ABC^ ACD two sets of 
parallelograms can be inscribed which are ultimately in the ratio 
2 : 1, each to eacli ; therefore area ABC is ultimately double of 
area ACD^ and is ihei’cfore two-thirds of ABCD, 

(4) Volume of a paraboloid of revolution. 

Let AE be the axis of the parabola APK^ AEKL the 
circumscribing rectangle. Also let PiV, Pn be rectangles in- 
scribed in the portions AEK^ AEL. 

Volume generated by PN =rTPM\MN=’jr .PM.PN, 
Volume generated by Pn = rrQN\AM- rTPM\AM 
= IT AM, [ QN + PM) ,mn = 7r[ QN-\- PM) , Pn ; 



A vol. by PNi Tol. by Pn:: PM,PN: (CiV+Pil/).Pn, 

but QN-\- PM^2PM and PN=2Pn^ as in (3), and therefore 
vol. by PiV« vol. by Pn ultimately; hence, by Cor, Lemma IV., 
the volume of the paraboloid generated by AEK is half the 
volume oi the circumBcribiog cylinder generated by AEKL, 
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(5) Centre of gravity oj a paraboloid of revolution. 

Since tlie volumes generated by PN and Pn are ultimately 
equal, the moment of the volume generated by PN with respect 
to the tangent plane at A : moment of that generated by Pn 

: ; AM : \Pm ultimately, f.e. : : 2 : 1 ; 

hence the moment of volume generated by AEK is twice that 
of the volume generated by AKL^ and the moment of the 
paraboloid = I moment of the cylinder 

= I volume of cylinder x \ volume of paraboloid x AH\ 

hence the distance of the centre of gravity of the paraboloid from 
the vertex is two-thirds of the height of the paraboloid, 

(6) Centre of gravity and mass of a rod whose density varies 
as the distance from an extremity. 

Let AB be the rod, MN a small portion of it, then the 
density at ifeo AM, 



Construct on AB as axis an isosceles triangle CAD^ whose 
base is CD, and draw PMR, QNS parallel to CD] then PB, 
QS, CD are proportional to the densities at M, N and B] 
therefore the mass of MN is proportional to a rectangle inter- 
mediate to the rectangles PR, MN and QS, MN, which are 
ultimately in a ratio of equality. 

Hence the mass of MN is ultimately proportional to the mass 
of the rectangle PR, MN, supposed of uniform density, and the 
moment of J/iV, with respect to the line CD, is proportional to 
the moment of the same rectangle, since their distance is the 
same; hence, by the Lemma, the moment of the whole rod 

; the moment of the triangle with respect to CD 
; : the mass of the rod : the mass of the triangle ; 
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therefore, the distances of the centres of gravity of the rod and 
triangle from CD being the same, the centre of gravity of the 
rod is at a distance \AB from B. 

Also, the mass of MN being proportional to the area PEN^ 
the mass of the rod is proportional to the area of the triangle 
AGB^ and the mass of a rod of uniform density equal to that 
at 5, and of length AS, being in the same proportion to the 
rectangle AS, CS, is therefore double of the mass of the rod. 

( 7 ) Centre of gravity of a circular arc. 

Let 0 be the centre of an uniform circular arc ABC^ OB 
the bisecting radius, aBc a tangent at S, OD parallel to ac, 
and Aa, Cc parallel to OB, 

Let QE be the side of a regular polygon described about the 


A O/ 



arc, P the point of contact, Qq^ Er perpendicular to ac, and PM 
to OB, Then, since OP, OB are perpendicular to QEj qr^ 

qr: QE \ : OM xOPxxOM-, OB\ 

but, since OM^ OB are the distances of the centres of gravity of 
QE and qr from OS, and QE,OM = qr,OBj the moments of 
QE and qr with respect to OD are in a ratio of equality, and 
the same is true of every side of the circumscribing polygon 5 
therefore, by Cor,, Lemma IV., the moment of the arc, which is 
ultimately that of the polygon, is equal to the moment of ac 

= ac.OB= chord A 0. radius OS, 
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Hence, the distance of the centre of gravity of the arc from 0 

_ radius x chord 
arc 

(8) Surface of a segment of a sphere. 

Let AKH be the portion of a circle which generates hy 
revolution round AH the spherical segment, 0 the centre of 
the circle, PQ the chord of a small arc, Pilf, QN perpendicular 
to AH, 

Let AOCD be the rectangle circumscrihing the quadrant 
and generating the circumscribing cylinder. 

Produce i/P, NQj HK to meet CD in p^ q, k. Since PQ 
is in its limiting position a tangent at P, PQ is ultimately 
perpendicular to the radius OP, also pq is perpendicular to MP] 

PQ:pq:\ OP: PM ultimately, 

and the surface generated by PQ is ultimately ^ttPM^PQj 
Art. 18, = 27r.OP.^2 = the surface generated by ^3. 



The same is true for each side of the inscribed polygon when 

the number is indefinitely increased. 

Hence the surface generated by AK^ or the surface of the 
spherical segment, is equal to the surface of the circumscribed 
cylinder cut off by the plane of the base of the segment. 

Cor. Hence, also, the surface of any belt of a sphere cut off 
by two parallel planes is equal to the corresponding belt of the 
cylindiical surface. 
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(9) Centre of gravity of a hit of the surface of a sphere con- 
tained hetween parallel planes. 

The moment of the belt generated by PQ with respect to the 
plane through perpendicular to AH^ is evidently ultimately 
equal to that of the belt generated by pq] therefore the moment 
of any belt generated by K'K is equal to that of the cor- 
responding belt generated by Hk, 

Hence, the centres of gravity of tlie two belts are coincident, 
viz. in the bisection of ER\ that is, the distance of the centre of 
gravity of a spherical belt, contained between parallel planes, is 
half-way between the two planes. 

(10) Volume of a spherical sector. 

Let the spherical sector l)e generated by the revolution of the 
sector A OP about A 0, 

The volume of the spherical sector is equal to the limit of the 
sum of a series of pyramids whose vertices arc in and the sum 
of whose bases is ultimately the area of the surface of the seg- 
n)ent ; also the volume of each pyramid is J base x altitude. 

Hence, the volume of the spherical sector is one-third of the 
area of the surface of the spherical segment x radius 

= 1 . 2Tr AD, Dp,AO = I ttAM, A O' = | ttA vers POA, 

(11) Centre of gravity of a spherical sector. 

If we suppose each of the pyramids on equal bases, they may 
be supposed collected at their centres of gravity, whose distances 
arc \AO from 0 ultimately, and they form a mass which may 
be distributed uniformly over the surface of a spherical segment 
whose radius is \AO^ viz. that generated by ar, whose centre 

of gravity will be in the bisection of am, if rm be perpendicular 
to AH. 

Therefore the distance of the centre of gravity of the spherical 
sector from 0 = |( Oa + O;/*) = | OA . cos^'^PO^. 

If the angle POA become a right angle, the distance of the 
centre of gravity of the corresponding sector, which in this case 
will become the hemisphere, will be as in page 29. 

(12) To find the direction and magnitude of the resultant 
attraction of a uniform rod upon a particle^ every particle qf the 
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rod leing supposed to attract with a force which varies inv&rsely 
as the square of its distance frora the attracted particle* 


0 



Let AB be the attracting rod, 0 the particle attracted by the 
rod; draw OG perpendicular to AB^ join OAj OB^ and let a 
circle be described with centre 0 and radius 00 meeting OA^ 
OB in a, K Let OpP^ OqQ be drawn cutting off the small 
portions pq^ PQ frora the arc aCb and the rod, respectively, 
and draw Pi? perpendicular to OQ. 

Then PR:PQ::OC: OP ultimately, 

and pq : PR Op \ OP \ 

pq:PQi - Of : OP’* 

and, if aCh be of the same density as the rod and attract 
according to the same law, 

attraction of on 0 : attraction of P^ : : -^^ 2 ' ultimately. 

Therefore the portions PQ^ pq of the rod and arc attract 0 
in the same direction with forces which are ultimately equal. 

Hence, by Cor., Lemma IV., the resultant attraction of the 
rod is the same as that of the arc aCT, which, by symmetry, 
is in the direction OP, bisecting the angle A OB. 

Again, draw qn perpendicular to OP, pr to qn ; then, by 

similar triangles, pqr.^ qOn^ 

pq : qr :: Oq: On] 
pq On qr 

''''Of'l)q~'OG^‘^ 

that Is, the resultant attraction of pq in the direction OP is the 
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same as that of qr at the distance 0C\ hence the whole re- 
sultant attraction of AS is 

or 

where fi is the attraction of a unit of mass at the unit distance. 

V. 

1. Shew that the area of the sector of an ellipse contained 
between the curve and two central distances varies as the angle 
of the corresponding sector of the auxiliary circle. 

2. Prove that the volumes of two pyramids will be equal if 
they stand on the same base, and have their vertices in the same 
plane parallel to the base. 

3. Find the volume of a paraboloid by comparison with the 
area of a triangle whose vertex and base are those of the generating 
parabola. 

4. Find the c^tre of gravity of the paraboloid by reference 
to the same triangle. 

5. Find the mass of a straight rod, whose density varies as the 
square of the distance from one extremity, by comparison with 
a cone whose axis is the rod. 

6. Shew that the orthogonal projection of any plane area on 
another plane is the given area x the cosine of the inclination of 
the two planes. 



JL C 


^ As a first step, prove that, pqsr being the projection of the 
inscribed parallelogram PQSIt, pqsr : PQSIt : ; cosPACi 1. 

7. Find the volume of a hemisphere by comparing the volumes 

generated by the quadrantal sector and the portion of the circum- 

Bcnbing square which is the difference between the square and the 
quadrantal sector. 


Q 
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YI. 

1. rind tlie volume of a paraboloid 2 :enerated by the revolution 
of a semi-cubical parabola, in which P2l' cc AM^y by means of a 
cone on the same axis. 

2. Assuming that the area of a belt of a sphere cut off by two 
parallel planes varies as the perpendicular distance between them, 
find by the aid of Lemma IV. the area of any portion of the curve 
of sines. 

3. Prove that, \{ PQ be a small arc of an ellipse, and CD be 
conjugate to (7P, the limit of the sum of all the ratios PQ : CDy 
taken over the whole perimeter of the ellipsGj will be 2;r. 

4. P is any point of a curve 0P\ OX, OT any lines drawn at 
right angles through 0, Pd/, PN perpendicular to OX, OJrespec- 
tively. Prove that, if area 0PM : area OPN •, ; m : 1 always, and 
the whole system revolve about OX, volumes generated by OPMy 
OPN will be as m : 2. 

5. Prove that the surface generated by the revolution of a 
semi-circle round its bounding diameter is to the curved surface 
generated by the revolution of the same semi-circle round the 
tangent at the extremity of the diameter in the ratio of the length 
of the diameter to the length of the arc of the semi-circle. 

6. Common ordinates d/PP', NQQ' are drawn to two ellipses 
which have a common minor axis, and tiie outer of which touches 
the directrices of the inner; shew that the area of the surface 
generated hy the revolution of PQ about the major axis bears a 
constant ratio to the area MP'Q’N, 

7. Prove that the area included between an hyperbola and the 
tangents at the vertices of the conjugate hyperbola is equal to the 
area included between the conjugate hyperbola and the tangents at 
the vertices of the hyperbola. 
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LEMMA V. 

All the homologous sides of similar figures are proportional^ 
whether curvilinear or rectilinear^ and their areas are in 
the duplicate ratio of the homologous sides, 

[Similar curvilinear figures are figures whose curved 
boundaries are curvilinear limits of corresponding 
portions of similar polygons. 

Let SABCD,,,^ sahed,,, be two similar polygons, of 
which 8A^ AB, BC\ are homologous to sa^ ah, 
Icj ... respectively. 


D 



Then AB : ah SA : sa, 
similarly, BC : he AB:ah\\8A : suy 

CD \ edw BC \hc w 8A\ sa, 


therefore, componendo, 


AB + BC + + ... :ah + he cd ^ ... : : 8A : 5^; 


Now this, being true for all similar polygons, will bo 
true in the limit, when the number of the sides AB, 
BC, ... and ah, be, ... is increased, and their lengths 
diminished indefinitely; if, therefore, AE, be 
curves which pass through the angular points A, B , ... 
and «, h, ... ot the polygons, these curves will be 

CUl’Yilineur limits of 4^ + ... and aj + it? + - ^ 
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and will be tlie boundaries of similar curvilinear figures| 
therefore the curved line AE : the curved line ae 

* I 

:: SA : sa :: SE : 5^. 

Again, polygon 8 ABC... : polygon sale... w 8 A^:sa\ 
and this is true in the limit; hence, by Lemma III, 
Cor. 2, curvilinear area 8AE : curvilinear area sae 


• « 


8A^ 


sa 






Ohservations on the Lemma, 


24. In order to deduce the properties of similar curves, it 
is premised, as before mentioned under Cor, 4, Lemma III., 
that, if a finite portion of a curve be taken, and if a polygon 
be inscribed In the curve, the sides of which are chords taken 
in order of portions of the curve, and the number of sides of 
the polygons be increased indefinitely, and the magnitudes a 
the same time diminished indefinitely, the curve Tvill be the limit 
pf the perimeter of the polygon.* 

It is not assumed that each chord Is equal to the correr 
spending arc ultimately; this is afterwards proved for a con- 
tmuous curve in Lemma VIL 

' * ' ♦ 4 


Criteria of Similarity, 

25. From the definition of similar curve lines, that they are 
curvilinear limits of homologous portions of similar polygons, 
the following criteria of similarity can be deduced, all of which 
are very convenient in practice ; namely : 

(1) One curve line is similar to another when, if any. 
polygon be inscribed in one, a similar polygon can be inscribed 
in the other. 

I 

(2) If two curves be similar, and any point S be takers 
in the plane of one curve, another point s can be found in the 
plane of the other, such that, any radii ^SP, SQ being drawn iq 
the first, radii sj?, sq can be drawn in the second, inclined a^ 


t Whewell’s Doctrine of LimiU, 
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the same angle as tlie former, aod such that the following 
proportiop will hold, 


y? : sj : : SP : SQ. 


(3) If two curves be similar, and in the plane of one 
curve any two lines OX^ OT be drawn, two other lines ox’, oy 
can be drawn in the plane of the other curve, inclined at the 
^ame angle, having the property that the abscissa and ordinate 
OMj MF of any point F in the first being taken, the abscissa 
and ordinate om, mp of a corresponding point p in the second 
will be proportional to the former, viz., 

am ;mp:: OM : MP, 


And the converse propositions can also be deduced, that if 
r\ these proportions hold, the curves will be similar. 



26. In order to illustrate test (1), let the arcs AB^ ah of 
/^wo circles have the same centre C, and let the bounding radii 
\>p coincident ip direction. 


A 



Let ADEB be any polygon inscribed in AB, and let CZ), 

CE cut ab in d^e] join a</, de^ eh, these are parallel to AD^ 

PE^ EB respectively, and ad : de i eh r. AD : BE : EB] hence 

adeh is similar to ADEB* and therefore the arcs nJ, AB are 
similar, 

27. Test (2) may be deduced as follows: 

If ABCD,,.j ahcd,»,^ fig. p, 43, be corresponding portions 
of similar polygons, AB^ BC^ ... aJ, 5c, ... being homologous 
sides, and AS^ BSj ... be drawn to any point Sj construct the 
triangle sah equiangular with SAB^ and join sc, sd , ... . 

TM 8h:8B::ah\AB::hc; BC, and i SB0=L8hc] 
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therefore SBC^ she are similar triangles; 
hence sc : SC :: sb : SB :: sa : SA ; 
and similarly for sd^ se, t'ce. 

Hence, if two polygons be similar, and any point be taken 
in one, another point can be found in the other, such that the 
radii drawn to corresponding' angular points will be propor- 
tional and include the same angdes. 

If we now increase the number of sides indefinitely and 
diminish their magnitude, the same property will hold with 
respect to the curvilinear limit of the polygon. 

Test (3) can be deduced from test (1) in a similar manner. 


Centres of Sunilltude, 

28. When two similar curves are so situated that a point 
can be found, such that the radii drawn from that point, either 
in the same or opposite directions, are in a constant ratio, such 
a point is called a centre of similitude. 

If the radii be measured in the same direction, the point 
will be a centre of direct similitude, and of inverse similitude 
if they be measured in opposite directions. 

It is easily shewn that there can be only one centre of 
similitude of one kind. 


Properties of similar curves and application of tests of 

Similarity. 

(1) Similar conterminous arcs^ which have their chords coin^ 
cident^ have a common tangent. 



Let APBy Aph be similar conterminous arcs, ABh the line 
of their chords, AQq^ APp any straight lines meeting the 
curves in (J, q and P, p respectively ; then A will evidently 
be a centre of direct similitude for the two curves; therefore 
AQ : Aq:: AP : Ap ; hence AP^ Ap are similar portions of 
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the curves, and arc^P: arc Ap v. AP Ap y. AB ■. Ah there- 
fore the ares AP, Ap vanish simultaneously, or, when AP 
assumes its limiting position AD for tlie curve APB, this is 
also the limiting position of Ap for the curve ^lyji,’that is, 
the curves have a common tangent. 

(2) To find the centres of direct and inverse similitude of avn 
tm circles. 



If one of the circles do not lie entirely within the other, 
let S be the intersection of two common tangents to the 
circles which intersect in the produced line Ce joining their 
centres, and let CQ, cq be radii to the points of contact. 

_ Draw SpP through S cutting the circles in p, R then co 
IS parallel to CQ, and CP cp :: CQ : cq CS cS] 

CS : CF cS : cj)] 

also CPS, cpS are each greater or each less than a right angle 
and eSP IS common to the triagles CPS, cpS-, therefore the 
triangles arc similar, Euclid VI. 7, and the sides about the 
angle CSP are proportional, that is, SP Sp :: SC ■. Sc: 
therefore S is the centre of direct similitude. 

Similarly, the intersection of two common tangents which 
cross between two circles is the centre of inverse similitude. 

(3) To find the condition of similarity of two conic sections. 
Let the conic sections be placed so that their directrices 



A a, S 
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are parallel and foci coincident, and let SpP be any line 
through the focus meeting them in P; draw SaAD and 
PQ perpendicular to the directrix DQ oi AP^ and join SQ^ 
and let parallel to PQ^ meet it in and draw qd per- 
pendicular to SD. 

Then Sd\ SD : \ Sq\ SQ\ \ Sp : SP; and, if the curves 
be similar, Sp : SP will be a constant ratio ; therefore Sd : SD 
is a constant ratio, and dq is a fixed straight line for all 
positions of p ; also, since pq : Spw PQ : SP, pq\ Sp is a 
constant ratio ; therefore qd is the directrix of ap^ and, the 
constant ratio being the same in both, the eccentricities are 
the same* 

(4) Instruments, like the Pantagraph and the EidograpJi^ fof^ 
copying plans on an enlarged or reduced scale are founded upon 
the prop(M‘ties of similar figures ; as are also other methods of 
copying, such as by dividing plans or pictures into squares. 

The Pantagraph is an instrument for drawing a figure 
similar to a given figure on a smaller or larger scale ; one of 
its forms is as in the figure. AD^ EF^ GC and AE^ DG^ EG 
are two sets of parallel bars, joined at all the angles by 



compass-joints; at P is a point, which serves to fix the 
instrument to the drawing board ; at -4 is a point which is 
made to pass round the figure to be reduced or enlarged; at 
C is a hole for a pencil pressed down by a weight, and the 
pencil traces the similar figure, altered in dimensions in the 

ratio of BC : AB or BE : AD, 

The similarity of the figure traced by the pencil is a con- 
sequence of continual similarity of the triangles ABD^ BEG. 
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By changing the positions of the pegs at F and G the figure 
described by 0 may be made of the required dimensions. 

For a description of the Eidograpb, invented by Professor 
Wallace, see the Transactions of the Boijal Society of Edinburgh^ 
vol. XIII. 

(5) Volume of a cone whose base is a plane closed figure of 
any form. 

Let V be the vertex, AB the base, VE perpendicular to the 
base from Fj; let VH be divided into n equal portions, of 

j. 



which MN is the (r -f j and let PQ be the section through M 
parallel to AB, 

Take VPA any generating line of the cone meeting the 
section PQ and the base AB in PA respectively, then 

PIUiAHi: VM: VE* 

therefore PQ is similar to AB^ Ji, E being similarly situated 
points; and, by Lemma V,, 

areaP§ : areau4P : : r* : n'*, 
also MN : Fff : : 1 ; w ; 

therefore the volume of the cylinder whose base is PQ and 

height ^ X area FP, and the volume of the cone, 

by Lemma II., is one-third of the cylinder whose base is AB 
and height VE, 

YU. 

• ?' ^ criterion of similarity to shew that segments of 

circles which contain equal angles are similar. 

of an ellipse, as the locus of a point 

♦w ir from two fixed points is constant, shew 

that elhpses are similar when the eccentricities are equal. 

H 
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5. Prove tLat the centre of an ellipse is a centre of inverse 
similitude of two opposite equal portions of the circumference of 
the ellipse. 

4. Employ the properties of similar figures to inscribe a square 
in a given semicircle, 

5. Construct, by means of similar figures, two circles, each 
of which shall touch two given straight lines and pass through a 
given point. 

6. Deduce the position of the centre of gravity of a circular 
sector from that of a circular arc; shew that the distance from 

_ . 2 radius x chord 

the centre is r- . • 

3 arc 


7. If A be the vertex of a conical surface, 6^ the centre of 
gravity of the base, jS" that of the volume of the conical figure, 
shew that ^AG* 


8. Find the centre of gravity of the surface of a right cone 
on a circular base. Does the method apply to the surface of au 
oblique cone? 
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LEMMA VI. 

If any arc ACB given in position he subtended hy a chord 
AB, and if at any point A, in the middle of continuous 
curvature^ it be touched by the straight line AD produced 
in both directions^ then^ if the points A, B approach one 
another and ultimately coincide^ the angle BAD contained 
by the chord and tangent will diminish indefinitely and 
ultimately vanish. 

For, if that angle do not vanish, the arc ACB will 
contain with the tangent AD an angle eq^ual to a 



rectilineal angle, and therefore the curvature at the 
point A will not be continuous, which is contrary to 
the hypothesis, that A was in the middle of con- 
tinuous curvature. 

Definitions of a Tangent to a Curve. 

29. (t) If a straight line meet a curve in two points A, By 

and if B move up to Ay and ultimately coincide with Ay 

AB in its limiting position will be a tangent to the curve at 
the point A. 

If two portions of a curve EA and AB cut one another 
at a finite angle in Ay there will be two tangents AD, AD\ 
which will be the limiting positions of straight lines AB and 
AEy when B and E move up to A along the different portions 
BA and EA of the curve respectively. And, similarly, if there 

be a multiple point in A, in which several branches of the cnrve 
cut one another at finite angles. 

(2) The tangent is the direction of the side of the polygon 

of which the curve is the curvilinear limit, when the number 
of sides are increased indefinitely. 
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This Is founded on the same idea of a tangent as defini- 
tion (1). 

(3) The tangent to a curve at any point is the direction of 
the curve at that point. 

In order to apply geometrical reasoning to the tangent by 
employing this definition, we are obliged to explain the notion of 
the direction of a curve, by taking two points very near to one 
another, and asserting that the diiection of the curve is the 
limiting position of the line joining these points when the 
distance becomes indefinitely small, a statement which reduces 
this definition to the preceding^ 

Ohervaiions on the Lemma. 

30. “Curvatura Continua,” if we consider curves as the 
curvilinear limits of polygons, requires the curves to be limits 
of polygons whose angles continually increase as the number of 
the sides increase, and may be made to differ from two right 
angles by less than any assignable angle before the assumption 
of the ultimate form of the hypothesis. 

If, however, as we increase the number of sides and diminish 
their magnitude, one of the angles remains less than two right 
angles by any finite difference, the curvature of the curvilinear 
limit is discontinuous, and the form is that of a pointed arch, in 
which the two portions cut one another at a finite angle. 

A curve may be of continued curvature for one portion 
between two points, while for another its curvature changes 
‘‘per saltum.” 

Thus, if ABO be a curve forming at jB a pointed arch, it 





may be of continued curvature from 5 to A and from C to 5, 
though not from 0 to A. 

In this case the tangents in passing from 0 to A assume all 
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:posltions intermediate to GT^ Bf, and Bt\ TAj but at 5 they 
pass from B( io Bt' without assuming the intermediate positions. 

31. “ la medio curvatnrse continuas,” implies that the point 
A in the enunciation of the Lemma is not such a point as B 
in the last figure, but that, in passing from a point on one side 
•of A to another on the other side, the tangents pass through all 
ihe intermediate positions. 

The curvature is supposed to be in the same direction in 
the figure of the Lemma, which in all curves of continuous 
■curvature is possible, if B be taken suflSciently near to A at 
the commencement of the change in the construction. 

If the point A be not “ in medio curvature continuse,” two 
tangents AD^ AU may be drawn at A to the two parts of the 
•curve, and the curve BOA will make a finite angle with one of 
the tangents AI)\ 

But, even in this case, the angle between the chord and 
that tangent which belongs to the portion of the curve con- 
sidered continually diminishes and ultimately vanishes. 

The Suhtangent 

32. Def. The part of the line of abscissge intercepted be- 
tween the tangent at any point and the foot of the ordinate 
of that point is called the suhtangent, 

33. The subtangent may be employed as follows, to find a 
tangent at any point of a curve. 

Let OM^ MB be the abscissa and ordinate of a point P in 



ft curve, and let (J be a point near P, ON, NQ it« abscissa 
and ordinate. 
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Let QPJJ meet OX the line of abscissae in Z7; then, if PR 
parallel to OM meet QN in i?, 

PM: MU:: QR : PR :: QN~PM : ON- OM. 

Now as Q approaches to P, the limiting position of QPUxs 
that of the tangent at P, viz. tPT^ and PM : MT is the limiting 
ratio of QN- PM : ON- OM. 

The Polar Suhfangcnt and the Inclination of the Tangent to 
the Radius Vector^ at any Point of a S;piral. 

34. Def. Let S be the pole, PT the tangent to the curve at 
any point P, and let ST^ perpendicular to SP, meet PT in T\ 
then ST IS called the polar suhtangent at the point P. 

35. To find the inclination of the tangent at any point of 
a curve to the radius vector. 

Let § be a point near P, QM perpendicular to SP^ pro- 
duced if necessary, QR the circular arc, centre 8^ meeting 

SP in R. 

Let ^Pmeet STm ?7, then 

SU : SP :: QM : PM, 
and MR : QM :: QM : SM-^ SRy 


Q 



but, when Q approaches indefinitely near to P, QM vanishes 
compared with therefore MR vanishes compared 

with QM or PM\ therefore SU : SP:: QM: PR, ultimately; 
therefore ST:SP is the limiting ratio of QRxPR\ or 
QR : SQ . SP. 
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Hence ST, and also the trigonometrical tangent of the angle 
8PT between the tangent and the radius vector can be found. 

Ulustrattons, 

(1) If SY he the perpendicular on the tangent PY at P in 
a curve, Y will trace out a curve, called the pedal of the original 
curve; to shew that if YZ he a tangent to the locus of Y, SZ 
perpendicular to it, SY^=SP.SZ. ’ 

Let F be a point near P, SY' perpendicular on FP, SZ 
perpendicular on Y‘Y. 

Since angles SYP, SY’P are right angles, a semicircle on 
SP will pass through Y, 7'; therefore the angles SY'Y, SPY 
in the same segment will be equal; the right angles SZY’, 
SYP also are equal ; therefore the triangles SPY, SY'Z are 
similar, and SZ : SY' SY ; SP-, but, ultimately, as F moves 



np to P, FPT becomes the tangent at P, and Y'YZ that at 7 
to Its locus, also SY' = SY-, 

sz.sp=sr. 

(2) To find the suhtangent in the semi-cuhical parabola. 

In the semi-cubical parabola PM^ oc OM ’ ; 

QJF-PIP-. PM ' : : ON'- OM ' : OW, 

but QN+FM=2PM, 

and ON'^- ON.OM.\- OM' = ZOM', ultimately; 
t*. QN- PM : \PM :: ON— OJIf : \ OM ultimately, 
and QN-PM:PM\-. ON- 0M=MT-, 
therefore MT is two-thirds of OM, 
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(3) To find the inclination of the tangent at any point of 
a cardioid to the radius vector, 

Def. li BqpC be a circle, whose centi'e is 8 and diameter 
5(7, and pm be drawn perpendicular to BC] then, if Sp be 
produced to P, making SP=Bm^ P will trace out a cardioid 

APS. 



Making the same construction as before, in Art. 35^ 

ST: SP:: QR : SP~ SQ ultimately. 

Let SQ meet the circle in and draw qn perpendicular 
to PC, 

then QR : pq:: SP: Sp ultimately, 

also pq : mn :: Sp :pm 

QR *,mn::SP:pm ; 

but mn—Bm-Bn = SP- SQ\ 

QR : SP— SQ :: SP : pm ultimately ; 

ST : SP : : Bm : pm ; 

hence L PTS = LpBm = \L PSA ; 

and it follows that the cardioid cuts the axis 8GA at right 
angles, that it touches SB at P, and that it cuts the circle BDG 
at an angle equal to half a right angle. 
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If any arc^ given in position^ he subtended by the chord AB^ 
and at the point in the middle of continuous curvature^ 

a tangent AD be drawn, and the subtense BD, then, when 
B approaches to A and ultimately coincides with it, the 
ulmate ratio of the arc, the chord, and the tangent to one 
another, is a ratio of equality. 

For whilst the point B approaches to the point A, let 
AB, AD be supposed always to be produced to points 
b and c? at a finite distance, and bd be drawn parallel 
to the subtense BD, and let the arc Acb be always 
similar to the arc ACB, and have, therefore, ADd 
for its tangent at A, 



But, when the points A coincide, the angle by 
the preceding Lemma, will vanish, and therefore the 
straight lines Ah, Ad, whicli are always finite, and 
the arc Acb, which lies between them [and is of con- 
tinuous curvature in one direction, if the change 
commence when B is near enough to A'], will coin- 
cide ultimately, and therefore will be equal. 

Hence, also, the straight lines AB, AD and the inter- 
mediate arc ACB, which are always proportional to 
them, will vanish together, and have an ultimate 
ratio of equality to one another. 

Cor. 1. Hence if BF be drawn through B parallel to 
the tangent, always cutting any straight line AF 
passing through A in F, then BF will have ulti- 
mately to the vanishing arc ACB o, ratio of equality, 
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since, if the parallelogram A FBD be completed, it 
will always have a ratio of equality to AD, 



Cor. 2. And if through B and A be drawn many 
straight lines BE, BD, AF, AG cutting the tangent 
AD and BF, parallel to it ; the ultimate ratios of all 
the abscissae AD, AE, BF, BG and of the chord and 
arc AB to one another will be ratios of equality. 

CoR. 3. And, therefore, all these lines in every argu- 
ment concerning ultimate ratios may be used indif- 
ferently one for the other. 

Olservations on tJie Lemma* 

36. Def. The sull^.nse of the angle of contact of an arc is a 
straight line drawn from one extremity of the arc to meet, at 
a finite angle, the tangent to the arc at the other extremity, 

This subtense is the secant which defines the limited line 
called, in the Lemma, “the tangent.” 

The chord is called by Newton the suUense of the arc, see 
Lemma XL 

37. In the construction for this Lemma, BB must be a 
subtense, Le* inclined throughout the change of position at a 
finite angle to the tangent, for, otherwise, the angles BAD 

w :d* d a 
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and ADB being then both small, the ultimate ratio of the 
chord to the tangent might be any finite ratio instead of 
being one of equality. 

This is the only limitation of the motion of BD] the figure 
representing changes which may take place in the approach 
towards the ultimate state of the hypothesis. 

Here d are the distant points, that is, points at a finite 

distance from A ; BD, B'D\ B"D" are consecutive positions 

of the subtense, when B approaches towards A, and dh, db’, db" 

are parallel to these, Ac'b', Ac"b" are the forms of Acb changed 

80 as to be always similar to the corresponding portion oi ACB 
cut off by the chord. 

It should be remarked that the curve Acb is not inter- 
mediate in magnitude to the two lines Ab, Ad, but only in 
position; for example, Ab may be equal to Ad, if BB make 
equal angles with the two lines, and the curve line will then 
be greater than either Ab or Ad-, but it becomes in all cases 
less bent, until it is ultimately rectilinear; hence the three 
Acb, Ab, Ad will be ultimately equal, the only alternative 
being that the curve may become doubled up, as in the figure. 


which is precluded by the supposition that the curvature near A 

B from 



38. The subtense ultimately vanishes compared with the arc. 

“d Acb. 

remains finite m the limit, the ratio BD ACB ultimately, 

^ afterwards seen that in curves of finitJ 
curvature BD varies as the square of A CB ultimately. 

The ultimate equality of the lines AD, AE with Uie chord 
the vanishing of BD, and therefore of DE with respect to AD. 

seefhav? curvature which do not inter- 

ha^e « oomnwn chord, the length ofjhe exterior curve will be 
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greater than that of the interior^ provided that the curvature of 
the interior he always in the same direction. 

Let AcdeB^ ACDEFB any two polygons, having a common 
side ABj be such that the first lies entirely within the second 



and that neither has Internal angles, the perimeter of the first 
is less than that of the second. 

For, produce Ac, cd^ de to meet the perimeter of the exterior 
\xic\d\d] then ACDEFB> AcDEFB\ 

similarly AcDEFB > Acd’EFB^ and on on ; 

/. a fortiori^ ACDEFB> AcdeB. 

And, since the same is true in the limit, when the number 
of sides is increased indefinitely, the curvilinear limits of 
polygons have the same property, and the proposition is proved. 
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If two straight lines AR^ BE make with the arc A CB^ the 
chord AB^ and the tangent AD^ the three triangles 
EACBj RAB and RAD ^ and the points A, B approach 
one another ; then the ultimate form of the vanishing 
triangles is one of similitude^ and the ultimate ratio one 
of equality. 

For, whilst the point B is approaching the point let 
ABy ADy AR be always produced to points 5, dy r at 
a finite distance, and rhd be always drawn parallel to 
RDy and let the arc Ach be always similar to tlie arc 
ACBy and therefore have Dd for the tangent at A, 



Then, when the points B, A coincide, the angle will 
vanish, and t lerefore the three triangles rAhy rAcby 
rAd will coincide, and will therefore in that case be 
% similar and equal. Hence also RABy RACB, RADy 
which are always similar and proportional to these, 
will be ultimately similar and equal to one another. 

CoE. And hence, in every argument concerning ulti- 
mate ratios, these triangles can be used indifferently 
for one another. 

Ohnvations on ilie Lemma, 

40, If RB throughout the change in the hypothesis make a 
finite angle with RAy the three triangles rAhy rAcby rAd will 


0 
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remain always finite, and m\l be ultimately Identical and equal. 
But, if the angle ARB be ultimately not finite, for example, if 
revolve round a fixed point 5, the three triangles 
will become infinite, since r will move to ?■' and so on to an 
infinite distance, and there will be the same kind of objection 



to dealing with these Infinite triangles, as to reasoning im-* 
mediately upon the relation of tlie triangles RAB^ RAD in 
the former case. 

In this case we can at once deduce the equality of the tn-» 
angles without producing AD to a point at a finite distance. 
For, the ratio of the difference of RAD and RAB to RAB is, 
BD : 55, which vanishes ultimately, since 55 is finite in 
this case ; hence RAB and RAD and also the curvilinear 
triangle, which is intermediate in magnitude to them, will be 
ultimately in a ratio of equality. 
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LEMMA IX. 

If a straight line AE and curve ABC, given in position, cut 
one another in a finite angle A, and ordinates BD, CE bs 
drawn, inclined at another finite angle to that straight 
Ike, and meeting the curve in B, C; then, if the pointe 
B, C move up together to the point A, the areas of the 
curvilinear triangles ABD, A CE will be idtimatelg to one 
another in the duplicate ratio of the sides. 

For, as the points B, C are approaching the point A, 
let AD, AE be always produced to tlie points d, e at 
a finite distance, such that Ad Ae : \ AD AE] and 



let the ordinates db, ee be drawn parallel to DB, 
EC meeting the chords AB, AC produced in b, c. 

Then [since Ah:AB::Ad:ADr.Ae-.AE::Ac:AC, 

and therefore Ah \ Ac w AB ; a curve Abe can 
be supposed to be drawn alwa3's similar to ABC, 
while B and C move up to A. 

Let the straight line Ag be drawn touching both curves 
at A, and cutting the ordinates DB, EC, db, ec in 

[Now areas ABD, Aid, by Lemma V., are always in the 
duplicate ratio of AD, Ad, and areas A CE, Ace in tlio 
duplicate ratio of AE, Ae, and AD : Ad :: AE: Ae; 

therefore ABD : Abd : : ACE: Ace, 
and ABD : ACE : : Abd : Aee.'] 

If, then, the jioints B and C move up to A and ultimately 
coincide with it, the angle cAg will ultimately vanish, 
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and the curvilinear areas Aid, Ace will coincide with 
the rectilinear triangles Afd, Age, and therefore will 
be ultimately in the duplicate ratio Ad, Ae. 

But ABD, ACE are proportional to AM, Ace always, 
also, AD, AE^iXQ proportional to Ad, Ae\ therefore 
also areas ABD, ACE are ultimately in the duplicate 
ratio of AD, AE 

Ohservations on the Lemma, 

41. By a finite angle is to be understood an angle less than 
two right angles, and neither indefinitely small nor indefinitely 
near to two right angles. 

The angles between AD and the curve and between AD 
produced and BD are different finite angles, because otherwise 
BD would not meet the curve. 

42. If the angle DAF be greater than a right angle, the 
figure may assume a form in which AD will lie below ABC] 
in this case DB, EG, ... must be produced to meet the tangent, 
and the argument may proceed in the same manner as before. 

43. It Is not necessary that d and e be fixed, but only that 
tliey remain at a finite distance from A, and that the proportion 
be retained j and the first part of this observation applies to 
d in the previous Lemmas. 

The student, by reference to Arts. 37 and 40, will be able to 
exhibit the change in the figure which will correspond to a 
change of the position of B and C in the progress towards the 
ultimate position. 

44. When the angle CAG vanishes, the curvilinear areas 
Aid, Ace coincide with the rectilinear triangles Afd, Age, and 
so are in the duplicate ratio of Ad : Ae, But if the angle 
DAF be not finite, those triangles will not themselves be finite, 
and the object aimed at by producing to a finite distance will 
not be attained. 

The fact is, that the triangle Adh is made up of the triangle 
Adf and the curvilinear triangle Afh, of which the latter is 
indefinitely small ultimately, and the former is finite,' therefore, 
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m tlie Lemma, Afb vanishes compared with A3f] hut this will 
not be so if Adf be indefinitely small, the ratio of the triangles 
AFBj AGG must, therefore, be found by another process, and 
it will be found, by referring to Lemma XL, that the ratio will 
be ultimately that of the cubes of the arcs if the curvature of 
the curve at A be finite. 


VIII, 

1. ItQq is n common subtense to two curves PQ, Pq, which 
have a common tangent PP at P. When PQq approaches to P, 
PQ and Pq ultimately vanish} will the ratio PQ: Pq be ulti- 
matily a ratio of equality ? 

^ 2. If PT, a tangent to an ellipse at P, meet the auxiliary circle 

in 7, and ST be perpendicular to the tangent at F, ST will vary 
inversely as IIP, ^ 

3. If a subtense BD he drawn to meet the tangent at A at 
a finite angle a, which remains constant ns B moves up to A, and 

BB meet the normal at A in C, shew that the ultimate ratio of 
PC' to AB will be seco. 

4. In the curve in which the abscissa varies as the cube of 
the ordinate, shew that the subtangent is throe times the abscissa. 

5. Prove that the extremity of the polar subtangent from tho 
focus of a conic section is always in a fixed straight lino. 

6. AB is a diameter of a circle, P a point contiguous to Ay 
and the tangent at P meets BA produced in T ; prove that ulti- 
mately the difierence of BAy BP will be equal to one-half of TA. 

7. In any curve, if Q be the intersection of perpendiculars to 
two consecutive radii vectores through their extremities, and SY 
be the perpendicular from the pole S on the tangent at P, prove 
that ultimately SP'^SY.SQ. 

8. PQ, pq are parallel chords of an ellipse whose centre is C'; 
shew that, if p move up to P, the areas CPpy CQq will be 
ultimately equal. 

9. Prom a point in the circumference of a vertical circle a chord 
and tangent are drawn, the one terminating at the lowest point, 
and the other in the vertical diameter produced; compare the 
velocities acquired by a heavy body in falling down the chord 
and tangent when they are indefinitely diminished. 

10. A point moves so that the product of its distances from two 
fixed points is constant; shew that the normal to its path divides 
the angle between the two radii into two whose sines are pro- 
portional to the radii. 
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IX. 

1. On the radii vectores of a curve as diameters circles are 
described ; find their envelope. 

2. If the intercept FQ between two curves of their common 
radius vector OPQ be constant, and the normals at F and Q 
intersect in iV, ON will be at right angles to OFQ. 


3. A liglit angle slides on any oval curve, so that the sides 
containing the right angle always touch the curve; shew that the 
angle one tangent makes with the tangent to the locus of the 
vertex is equal to that which the other tangent makes with 
the chord of contact. 

Hence shew that, if the oval be an ellipse, the locus of the 
vertex will be a circle concentric with the ellipse. 

4. A point moves so that the rectangle, whose sides are equal 
to the distances of the point from a given point .and a given 
straight line, is equal to the square described on the perpendicular 
from the given point on the given line. Find the position of 
the point at which the tangent to the curve passes through the 
fixed point. 


5. Two points B describe two curves according to any 
finite and continuous law. If A\ B' be the consecutive positions of 
Aj Bj and ABCj A'B'C be similar triangles, then the corre- 
sponding sides of the two triangles will ultimately intersect in the 


points Fj Q, B, such that 


AA'.BC BB'.CA CC\AB 
QR ' RP ~ FQ ' 


6. If SF^ = AB.PMy where FM is perpendicular to a fixed 
straight line, prove that the locus of the centre of the circle cir- 
cumscribing the triangle formed by the tangent, the radius vector, 
and the polar subtangent, will be a straight line. 


7. In the figure on page 30 let FB’ be taken equal to AB, 
and let the corresponding ordinate to the curve be B'N ; prove 
that the subtangent at £‘ varies inversely as that at £ 

8. In the hyperbolic spiral, in which the radius vector varies 
inversely as the spiral angle, prove that the subtangent is constant. 


9. In the spiral of Archimedes, in which the radius vector 
varies directly as the angle, prove that if a cii'cle be described, 
of which a radius is the radius vector of the siiral, the polar 
subtangent will be equal to the arc of the circle subtended by 
the spiral angle. 
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LEMMA X. 

The spaces tohich a lod’f describes \_from resf\ under the 
action of any finite foree^ whether that force be constant 
or else continually increase or continually diminish^ are 
in the very beginning of the motion in the duplicate ratio 
of the times. 

[Let the times be represented by lines measured from 4, 
along AK^ and the velocities generated at the end 
of those times by lines drawn perpendicular to AK. 
Suppose the time represented by AK to be divided 
into a number of equal intervals, represented by AB^ 



B0\ CD^ let Cfc, Dd^ .^.Ek represent the ve- 
locities generated in the times A 5, AG^ ...A AT respec- 
tively, and let Abed be the curve line which always 
passes through the extremities of these ordinates* 
Complete the parallelograms AJ, Bc^ Cd^ . 

In the interval of time denoted b}^ CD^ the velocity con- 
tinually changes from that represented by Cc to that 
represented by Df and tlxerefore GU being takeii 
small enough, the spice described in that time is 
intermediate between tho spaces represented by the 
parallelograms Dc and Gd\ therefore the spaces 
described in the times Ai), AK are represented by 
areas which are intermediate between the sums of 
the parallelograms inscribed in, and circumscribed 
about, the curvilinear areas ADd^ AKIc respectively^ 


68 


NEWTON. 


Therefore, by Lemma 11. , the number of intervals being 
increased, and their magnitudes diminished indefi- 
nitely, the spaces described in the times AD^ AK 
are proportional to the curvilinear areas ADd^ AKL 

Now the force being finite, the ratio of the velocity to 
the time is finite ; therefore Kk : AK is a finite ratio, 
however small the time is taken; hence, if AT be 
the tangent to the curve line at A^ meeting Kk in 
KT : AK will be a finite ratio ; therefore the angle 
TAK will be finite, or AK will meet the curve at a 
finite angle. 

Hence, by Lemma IX., if AD^ AK be indefinitely 
diminished, area ADd : area AKk :: AD' : AK'] 
therefore, in the beginning of the motion, the spaces 
described are proportional to the squares of the times 
of describing them. q. e. d.] 

Cor. 1. And hence it is easily deduced that the errors 
of bodies describing similar parts of similar figures 
in proportional times, which are generated by any 
equal forces acting similarly upon the bodies, and 
which are measured by the distances of the bodies 
from those points of the similar figures, to which the 
same bodies would have arrived in the same propor- 
tional times without the action of the disturbing 
forces, are approximately as the squares of the times 
in which they are generated, 

CoE. 2, But the errors which are generated by pro- 
portional forces, acting similarly at similar portions 
of similar figures, are approximately as the forces 
and the square of the times conjointly, 

CoR 3. The same is to be understood of the spaces 
which bodies describe under the action of different 
forces. These are, in the beginning of the motion, 
conjointly, as the forces and the squares of the times. 

CoR. 4, Consequently, in the beginning of the motion 
the forces are as the spaces described directly, and 
the squares of the times inversely. 
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Cor. 5. ^ And the squares of the times are as the spaces 

described directly and the forces inversely. 

The proof given in the original Latin is as follows: 

Exponantur tempora per lineas AD, AEj et veloci- 
tates genit® per ordinatas DB, EC] et spatia, his 
velocitatibus descripta, erunt ut are^e ABB, ACE his 
ordinatis descriptse, hoc est, ipso motus initio (per 
Lemma IX.) in duplicata ratione temporum AB, AE. 

Q.E. D, 

45. This proof has been amplified in order to exhibit in 
what manner the description of areas, by the flux of the ordi- 
nates, corresponds to that of spaces by the velocities represented 
by the ordinates; also to shew the propriety of the application 
of the ninth Lemma by reference to the definition of finite force 
which may be stated as follows: A force is finite when the ratio 
of the velocity generated in any time to the time in which it is 
generated^ is finite^ however small the time he taken. 

Observations on the Lemma. 

46. In the proof of this Lemma, time is represented by the 
length of a straight line, and a distance traversed by a body is 
represented by an area. 

If the length of a straight line be always proportional to the 

peiiod of time elapsed, the straight line will be a proper repre- 

eentation of the time. Thus a length of n inches has the same 
ratio to one inch which an interval of n seconds has to one 
second ; and on this scale the length n inches is a proper repre- 
sentation of n seconds. 

If an area be always in the same ratio to the unit of area 
that the length of a straight line is to the unit of length, the area 
will be a proper representation of the length of the straight line. 

^ Thus, if Jb be one foot, AB, n feet, Ac one inch, and AC^ 
t inches: complete the parallelograms ABDC, Abdc^ and Bc^ 
then ABCD will contain nt such areas as Abdc. 

If now a particle move with a uniform velocity of n feet 
a second, and A C represent t seconds, on the scale of one inch to 
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a second, the parallelogram Be will represent the space travelled 
over in the first second, since it contains n times the parallelo- 

C 3i 


r. 

-4- ft JS 

gram.45f/c, and ABDG will represent the space travelled over 
in t seconds. 

There will be no difficulty in the representation of a period 
of time by a line, or of a distance by an area, if the studeirt 
bear in mind that periods of time and lengths of lines, although 
existing absolutely, arc only estimated by their ratios to certain 
standard periods, and standard lengths, and they are therefore 
determined whenever these ratios are given, either directly in 
numbers or by the comparison of any magnitudes whatever of 
the same kind, 

47. Cor. 1,2. If bodies describe orbits under the action 
of certain forces, and small forces, extraneous to those under the 
action of which the orbits are described, be supposed to act upon 
the bodies, the orbits will be disturbed slightly, and the eirors 
spoken of are the linear disturbances of the bodies, at any time, 
from the positions which they would have occupied at that time, 
If the extraneous forces had not acted. 

Thus, in calculating the motion of the Moon considered as 
moving under the attraction of the Sun and Earth, it is conve- 
nient to estimate the motion which she w^ould have, if subjected 
to the attraction of the Earth alone, and then to calculate what 
would be the disturbing effect of the Sun upon this orbit, 

48. If AB be a portion of an orbit described by a body in 
any time, A C the portion of the orbit described when a disturb- 
ing force is introduced, BG is “ quam proximo” the space which 
would have been described in the same time from rest by tho 
action of the disturbing force alone. When the time is taken 
small, but not indefinitely small, the expression in the statemenjii 
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of the corollaries, “approximately,” is necessary for two reasons; 
for, in the first place, the position of the body in space is not 
the same at the end of any interval in the lapse of the time 
as it the body had moved from rest under the action of the 
disturbing force alone, and therefore the magnitude of the force 
is not generally the same either in direction or magnitude ; and 
in the second place, since the force is not generally uniform, the 

variation according to the duplicate ratio of the times is’ not 
exact, except in the limit. 

But, when the times are taken very small, the variation of 
direction and magnitude of the force may be neglected, as an 
approximation to the true state of the case. ’ 

49. Application of the method of Lemma X to determine 
the space described in a finite time from, rest by a particle under 
the action of a constant /orce. 

Let / be the measure of the acceleration caused by the 
constant force, so that at the time t the velocity V=ft. 

Since the velocity varies as the time, the curve Ak in the 
figure of the Lemma is a straight line, dD : AD being constant. 

Therefore the space which is described in the time t, re- 
presented by AK, is represented by tbe aiea of the triangle 

AKk or \Kk.AK. Tbe space described in time t from rest 
is therefore \ Vt=\ft^, 

f 

50. General geometrical representation of the space dcscrihed 

hy a body when it moves with a variable velocity for a finite 
time. 

PjflOP. If a curve be found, such that the ordinate at each 
point represents the velocity corresponding to a time represented 
by the abscissa, then the space described by the body will be ■ 
represented by the area bounded by tbe curve, the line of 

abscissai, and the ordinates corresponding to the commencement 
and end of the time of motion. 

Lot OB represent the times at the commencement and 
end of the Interval during which the motion of the body is to 
be examined. Let Oil/ be any other time, and let AG^ MP. BD 
perpendicular to OAB^ represent the velocities at the ends of 
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the times represented by OA^ OM^ OB] CPD the curve which 
passes through the extremities of all such ordinates as MF, 





Let AB be divided into any number of small portions, such 
as MN] and let NQ be the ordinate corresponding to ON, 
Complete the parallelograms PMNq^ QNMp^ and suppose cor- 
responding parallelograms to be constructed on all the bases 
corresponding to MN, 

The body during the time represented by MN moves with 
a velocity, which, if MN be taken small enough, will be inter- 
mediate in magnitude between the velocities represented by PM 
and QN^ and the space described during that time will be 
intermediate in magnitude between the spaces which would have 
been described with uniform velocity represented by PM and 
or between the spaces represented by the areas PN^ QM, 

Hence the whole space described in the interval of time 
represented by AB is greater than that represented by the 
inscribed series and less than that by the circumscribed series 
of parallelograms, and each of these is, by Lemma II., ulti- 
mately equal to the area when the number of portions 

into which AB is divided is indefinitely increased, and their 
magnitudes diminished ; therefore the proposition is proved. 

51. Cor. 1. Since the area PMNQ is ultimately equal to 

the rectangle PM.MN,^ it follows that the measure of the velocity 

at any time is the limit of the quotient of the space described after 

that time by the time of describing it 
« 

52. Cor. 2. Let MR represent the unit of time, and com- 
plete the parallelogram PMRr ; then the area PMRr represents 
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the space which would be described in an unit of time with a 
velocity represented by PM] whence it follows that the velocity 
of a body at any instant may he rAcasured hy the space which it 
would describe if it moved with that velocity unchanged for an 
unit of tine. 


/ Measures of Variable Force^ Kinetic Energy^ Work of a Force. 

j 53, When a particle of mass m is moving in a straight line 
L under the action of an uniform force F^ if F, v be the velocities 
\at the beginning and end of the interval of time t^ and s be 
the space described in that time, the following equations will 
hold: m{v-V)=Ft and ~V-) = Fs. 

These equations represent respectively that : 

(1) The increase of momentum in a given time is equal to the 
whoU force which has acted during that time. 

(2) Half the increase of vis viva, or the increase of the kinetic 

energy in a given space is equal to the work of the force In that 
space. 


If be a variable force, and F^, F^ be its least and greatest 
values during the time n[v-V] will be greater than F^t and 
less than^ Fj,^ each of which will become Ft ultimately when t 
is indefinitely diminished ; and similarly for {m (u'* - F*). 

Hence we obtain two measures of variable force in the form 
of the two limits : 


(1) The guotient of the increase of the momentum by the time^ 
when the time is diminished indefinitely. 

(2) The quotient of the increase of the kinetic energy by the 

space through which the force has acted^ when that space is 
diminished indefinitely. 


^ 54. In the velocity curve, Art. 50, the velocity Qq is added 

in the time MN^ the measure of the acceleration at the time OM 

18 therefore the limit of the ratio Qq : Pq^ or tlie trigonometrical 

tangent of the angle which the tangent at P to the velocity curve 
makes with the line of abscissa. 

55. Qeomeirml representation of the momentum generated 

L 
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hj a finite and variable force acting for a finite time upon a 
particle moving in the direction of the action of the force. 

In the figure of p. 72, let OA^ OB represent the times at 
the commencement and end of the interval during which the 
action of the force is considered. 

Let AB be divided into any number of small portions, such 
as il/iV, and let PJ/, QN^ perpendiculars to AB^ represent the 
forces acting on the particle at the times ON respectively, 
and let parallelograms be constructed and the curve drawn as 
in Art. 50. 

The momentum generated in the time MN^ if MN be taken 
small enough, will be intermediate between the momenta re- 
presented by the parallelograms PN and QM] therefore, by 
Lemma II., the whole increase of momentum is represented 
by the area ACDB bounded by the curve, the line of abscissas, 
and the ordinates at the commencement and end of the finite 
interval of time represented by AB. 

56. As in Arts. 51, 52, the measure of force given in (1) 
Art. 53 can be deduced ; also that the force at any instant may 
be measured by the momentum which would be generated if 
the force were to continue unchanged for an unit of time. 

57. Geometrical representation of the kinetic energy generated 
by a force which acts upon a particle moving in the direction 
of the force's action through a finite space. 

Let OAB be the line of motion of the particle, and when 
it arrives at M let PM perpendicular to OAB represent the 
force, and let the construction be made as before. 

The increase of kinetic energy in the passage from M to 
N Is intermediate between the work done by the forces re- 
presented by PM and QN^ i.e. It is represented by an area 
which is intermediate between PN and QM\ therefore, by 
Lemma II, the increase of kinetic energy or the work of the 
force during the motion from A to P is represented by the 
area A CDB. 

58. The measure of force given in (2), Art. 53, is deducible 
as before, since PM. MN = area PMNg ultimately. 
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59. In rectilinear motion of a particle wider the action of 
any variable force^ the sum of the kinetic and potential energies 
is constanU 

If the motion of the particle be considered only within the 
limits the area PMBD represents the whole work which 
the force will be able to do as the particle moves from M 
to the end of its path ; this work is called the Potential Energy^ 
and since the kinetic energy at M is represented by the area 
OAMPj it follaws that throughout the motion the sum of 
the kinetic and potential energies is constant. 

Application to the determination of the motion, of a particle 

Wider various circwmstances, 

(1) To find th space travelled over in a given time hy a 
body moving with a velocity which varies as the square of the 
time from the beginning of the motion. 

Let AB represent the time, and let BC perpendicular to AB 
represent the velocity at the end of that time. 



Let AB bo divided into any number of equal portions of 
which MN is one, and let MP^ NQ represent the velocities at 
the ends of the times represented by Ahf AN, 

Then, since MP ; NQ :.BCi: AAP : AN^ : AB\ a parabola 
can be described touching AB and passing through P, C 

and the extremities of all ordinates by which velocities are 
represented. 

Hence the space described In the time represented by AB 
is represented by the parabolic area ABC or ^AB.BC, 

And ifp be the velocity at end of 1", p^ will be that at 
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the end of t ” ; therefore t = will be the space described 
in the time t 


Note. The following method of representing the space 
serves to illustrate Art, 46. 

Join AGj and let pM^ qN be the ordinates, and suppose 
the figure to revolve round generates a circle whose 

area ccpI^PccAiP* therefore this circle may be taken to 
represent the velocity at the time corresponding to AM^ and 
the solid generated hj pqNM represents the space described in 
time MK The whole space is therefore represented by the 
cone generated by ABC^ or ^AB.ttBC^^ which gives the same 
result as before. 


(2) To find the space described from rest at any time by a 
particle under the action of a force lo/isose accelerating effect 
varies as the power of the time. 

This problem is more simply solved by applying directly 
the method of summation, since in order to find the area of 
the curve, constructed as in Lemma X., we should eventually 
be obliged to have recourse to that method. 

Let the time t be divided into n equal intervals, and let the 
acceleration by the force at the time t be pP : hence, at the com- 

mencement of the (r+1)*^ Interval, the acceleration will ("j J 


and, if the force be continued uniform during this interval, the 
velocity generated will be p f — j . - , and if the same arrange- 
ment be made during each interval, the whole velocity generated 
will be ^ ~ ; tence, when the number of 

intervals is increased indefinitely, it follows, by the reasoning 
of Lemma IL, that the velocity at the time < = 

7/t ^ ^ 

In the same manner, if the velocity at the commencement of 
each interval were continued uniform during the interval, the 
space described could be shewn to be 


(n-1) 


flHl 


n 


IH+* 


Pf^ 

m^V 
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whence, proceeding to the limit, the space described in the 
time t =- — 

(w + 1) (m-j-2) 


( 3 ) To find the velocity acquired from rest, when a body is 
ozkd on by an attractive force whose accelerating effect varies 
as thje distance from a fixed point. 

Let S be the fixed point, A the point from which the motion 
commences, and let AB^ perpendicular to SA^ represent the 
accelerating effect of the force at A, Join SB^ and let i/P, per- 



pendicular to 8A^ meet SB in P; then, since PM\ BAw 8M\ SAf 
PM represents the accelerating effect of the force at and the 
square of the velocity acquired at M is represented. Art. 57, by 
twice the area BAMP or SA,AB- SM.MP, 

With centre S and radius SA describe a circle A QE and 
let MPQ, NR be ordinates at then, \( be tbe measure 
of the accelerating effect of the force at a distance P, (vel.)’* 
at M=ii,[SA^- SM '^) ; therefore the velocity at iI/= QM, 


| 4 ) Time of describing a given space from rest under the 
<Kiion of a force varying as the distance from a fixed point. 

The time of describing MN is ultimately, when MN is in- 

indefinitely diminislipit 1 , 

^ V(^) QM - Mm - M) ^ 

measure of ; therefore, if t he the time from A to M. 
< will be the circular measure of ASQ, 

Let fi4=a, then the distance from 8 at the time t=a cos H 
and the velocity = « VM sin [< M I tence, when t ^Ip) = w. 
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tlie particle will come to rest at the point u4' on the opposite 
side of Sj where SA' = and, the time of oscillation from 


rest to rest, being , will be independent of the distance 
from which the motion commences. 


(5) Simple harmonic motion. 

Def. The motion of a particle oscillating under the action 
of a force tending to a fixed point, and varying as the distance, 
from it, is called sinple harmonic motion. 

From the preceding propositions the following construction 
for simple harmonic motion, which may also be taken as a 
definition, is obtained. 

When a point Q moves uniformly in a circle, and an ordinate 
QM is drawn from its position at any instant to any diameter 
AA\ the motion of Ji, the foot of the ordinate, is simph 
harmonic motion.^ 


Def. The amplitude of a simple harmonic motion is the 
range SA or SA on each side of the centre. 

The period is the time which elapses from any instant until 
the moving point again moves in the same direction through 
the same position. 


(6) A particle is subject to the action of a force^ whose accele-^ 
rating effect varies as the distance from a fixed pointy in the 
direction of which it acts^ the particle is projected from a given 
point in a direction perpendicular to the direction of the force ai 
that pointy to find the path described hy the particle. 

Let the force tend to C, and let A be the point of projection, 


Pthe position of the particle at any time. 

Let GB^ perpendicular to CA^ be the distance in which a 
particle would be reduced to rest, if projected from G with the 
velocity of projection; so that if V be the velocity of projec- 
tion, and iiGP be the accelerating effect of the force at P, 
V^ = pGB^ by (3). 



* Thomacai’B and Twt’i Natural Phthtt^hy, Ait. 63. 
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Desci-ibe circles Bh^ Aa having the common centre (7, and 
draw CpP‘ cutting the circles in p and P', and draw pn perpen- 
dicular to CP, andp«, P'i/to CA, 



Referring to (4) supra, It will be seen that two particles start- 
ing respectively one from rest at A and the other with the 
velocity of projection at C, under the action of the same force, 
would arrive simultaneously at M and w, since the time iu both 
cases is proportional to the angle P'CA. 

But the particle in the proposed problem is acted on at Pby 
a force which is represented by PC, whose accelerating effect 
parallel to ^C and CP is represented by j\IC and P.]/, tlicrc- 
fore the acceleration in jIC is the same as that of tlie particle 
supposed to move in ^C from rest, and the retardation parallel 
to PC the same as that of the particle in CP, projected 
from C, therefore P is in the intersection of Tip and jVP, and 
PM : FM :: pm: FM ::Cp: CP' ::CB:CA] therefore the re- 
quired path of the particle is an ellipse whose semi-axes are 
CA and CP. 

Cor. 1 . Area ACP^ area ACP'cc iACF<x time from A 
to P, hence the area swept out by the radius vector is propor- 
tional to the time. 

Cor. 2. The square of the velocity at P is the sum of the 
squares the velocities of tiie particles at jl/and n^^,Fi]P+fi.pn* 
«/4.CP^, where CP is the semi-diameter conjugate to CP. 

(7) The space described by a body moving in a medium^ in 
which the resistance varies as the velocity^ when no other force 
acts on the hody^ varies as the velocity destroyed. 
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Let the time AK be divided into equal intervals AB^BC^ 
CZ), ... ; and let Aa^ Bb\ ... be the velocities at the beginning 
of the intervals, the space in time AK is represented by the 
area aAKlc\ 



Suppose the force of resistance to be constant throughout the 
intervals of time AB^ BG^ ..., and equal to the amount at the 
commencement of each, and let Aa, Bb^ ... be the measures of 
the retarding effect of those forces, then the velocity destroyed 
s represented by the limit of the sum of the parallelograms 
aS, iC, ... or the area aAKk\ hence the space described and 
the velocity destroyed vary respectively as the areas dAKlc 
and aAKk] and, since the resistance varies as the velocity, the 
ratios Ad : Aa^ Bd : Bb^ &c., are all equal ; therefore, by 
Lemma IV., the areas dAKk\ aAKk are in a constant ratio ; 
hence the space described varies as the velocity destroyed. 

X. 

1. If the square of the velocity of a body be proportional to 
the space described from rest, prove that the accelerating force is 
constant. 

2. At what point of the proof of Lemma X. is it assumed 
that the body starts from rest ? 

3. State the proposition by which Lemma X. is replaced, when 
the body, instead of starting from rest, commences its motion with 
a given velocity. 

4. If a body move from rest under the action of a force which 
varies as the square of the time from the beginning of the motion, 
shew that the velocity at any time will vary as the cube of the 
time, and the space described as the fourth power of the time. 
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5. If the velocity after a time t from rest be equal to a {2t + 
■what will be the shape of the curve in the figure, and the space 
described in any time ? 

6. If the square of the velocity of a moving point vary as the 
time, find the space which will be described in a given time; and 
shew that the acceleration will vary inversely as the velocity. 

7. If the curve employed in the proof of the Lemma be an 

arc of a parabola, the axis of which is perpendicular to the straight 

line on which the time is measured, prove that the accelerating 

effect of the force will vary as the distance Irom the axis of the 
parabola. 



1. If in the velocity curve of Lemma X. there should occur 
a point where the two parts of the curve cut one another at a 
finite angle, what would be the interpretation of this singularity ? 
Lxplain also what a point of inflexion would imply. 

2. A particle is placed in the lino joining two centres of 
attracting force, the accelerating effect of each of which varies as 
the distance, find the time in which the particle oscillates. 

3 When a body moves from rest at A under the action of a force 
which vanes as the square of the distance from !S{=a.SM- at JL), 
the square of the velocity at y [SA^ - 

f (J) If a body he acted on from rest by a repulsive force which 
vanes as the distance from a fixed peiut, find the velocity when the 
body arrives at any position. 

5. Two points move from rest in such a manner that the ratio 

ol the times in which tho same uniform acceleration would generate 

their rospoctivo velocities at those times is constant. Show that 

their respective accelerations, at any time bearing that ratio, are 
equal. ° * 


6. Two forces reside at S, one attractive and whoso accelerating 

otlect on a particle varies as the distance from 6', and the other 

constant and ropulsivo ; prove tiiat, if a particle bo placed at S, 

It will move until it bo brought to rest at a point wliich is double 

the distance from S at which it would rust in equilibrium uuder tho 
action ot tho forces. 


oSrda V ff’ and in its path 

wLo t Li if f“T 1 ®'' at rest at B ; 

prove that, if the particles bo porfoetly elastic, they will meet ae-ain 
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LEMMA XL 

The vamhkg Biihtenses of the angle of contact^ in all curves 
which have finite curvature at the point of contact^ are 
ultimately in the duplicate ratio of the chords of the con~ 
terminous arcs. 

Case 1. Let AB be the arc of a curve, AB its tangent at 
A^ BDjthe subtense of the angle of contact per- 
pendicular to the tangent, AB the chord of the arc. 

Draw AGy BG perpendicular to the tangent AB and 
the chord AB respectively, meeting in G ; then let 


A d. D 



the points B, G move towards the points d, 5, y? 
and let I be the point of ultimate intersection of the 
lines BGj AG, when the points B, B move up to A, 

It is evident that the distance GI may be made less 
than any assigned distance by diminishing AB, 

But, since the angles ABB and GAB are equal, and 
also the right angles BBA, ABG, the triangles ABB, 
GAB are similar ; therefore BB : AB : : AB : A G, 
or BB.AG = AB\ and, similarly, bd.Ag = A¥) 

/. AB^:AV = BB.AG:l)d,Ag\ 

therefore the ratio AB'^ : AV is a ratio compounded 
of the ratios of BB : Id and A G : Ag, 
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But, since GI may be made less than any assigned 
length, the ratio tK? : Ag may be made to differ from 
a ratio of equality less than by any assigned dif- 
ference; therefore the ratio AB ^ : Ah^ may be made 
to differ from the ratio BD : bd less than by any 
assigned difference. 

Hence, by Lemma L, the ultimate ratio AB' : AV is the 
same as the ultimate ratio of BD : bd. q.e.d. 

Case 2. Let now the subtenses BD\ bd' be inclined at 
any given angle to the tangent; then, by similar 
triangles D'BD^ d'bd , BD' \bd' BD : bd^ but ulti- 
mately BD \bd:\ AB^ : AV] therefore ultimately 
BD \bd' w AB ' : Ab\ q.e.d. 

Case 3. And, although the angle D be not a given 
angle, if BD converge to a given point, or be drawn 
according to any other [fixed] law [by which the 
angle D remains finite, since BD is a subtense], still 
the angles D^ d\ constructed by this law common 
to both, will continually approach to equality and 
become nearer than by any assigned difference, and 
will be therefore ultimately equal, by Lemma L, 
and hence BD\ bd' will be ultimately in the same 
ratio as before, q. e. d. 

Cor. 1. Hence, since the tangents AD^ Ad^ the arcs 
AB, Ab and their sines J?(7, be become ultimately 
equal to the chords AB^ Abj their squares also will 
be ultimately as the subtenses BD, bd. 

CoR. 2. The squares of the same lines also will be 
ultimately as the sagitta; of the arcs, which bisect 
the chords, and converge to a given point; for those 
sagittm are as the subtenses BD^ bd. 

Cor. 3. And therefore the sagittm will be ultimately 
in the duplicate ratio of the times in which a body 
describes the arcs with a given velocity. 

Cor. 4. The rectilinear triangles ADB^ Adb are ulti- 
mately in the triplicate ratio of the sides AD, Ad, 
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and in tlie sesquiplicate ratio of the sides DB^ dh\ 
since these triangles are in tlie ratio compounded of 
AD : Ad and BD : hd. So also the triangles ABG^ 
Ahc will be ultimately in the triplicate ratio of the 
sides BC^ he. The sesquiplicate ratio may be re- 
garded as the subduplicate of tlie triplicate, or as 
compounded of the simple and the subduplicate 
ratios. 


UoR. 5. And, since DB^ dh are ultimately parallel and 
in the duplicate ratio of AD^ Ad [therefore, this 
being a property of a parabola,] at every point at 
which a curve has finite curvature an arc of a parabola 
can be drawn which will ultimately coincide with the 
curve ; and the curvilinear areas ADB^ Adh will be 
ultimately two-thirds of the rectilinear triangles 
ADB^ Adh] and the segments AB^ Ah the tfcrd 
parts of the same triangles. And hence these areas 
and these segments will be in the triplicate ratio as 
well of the tangents AD^ Ad as of the chords and 
arcs ABj Ah, 


SCHOLIUM. 

But, in all these propositions, we suppose the angle of 
contact to be neither infinitely greater nor infinitely 
less than the angles of contact which circles have 
with their tangents ; that is, that the curvature at 
the point A is neither infinitely great nor infinitely 
small; in other words, that the distance AI is of 
finite magnitude. 

For DB might be taken proportional to AD^^ in which 
case no circle could be drawn through the point A 
between the tangent AZ> and the curve AB, and the 
angle of contact would be infinitely less than that 
of any circle. 

And, similarly, if different curves be drawn in which 
DB varies successively as AD^^ AD^^AD^,, &c., a series 
of angles of contact will be presented which may be 
continued to an infinite number, of which each will 
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be infinitely less than the preceding. And if curves 
be drawn in wliich DB varies as AD\ AD^, Al)\ 
AD^j another infinite series of angles of 

contact will be obtained, of wliich the first will be 
of the same kind as in tlie circle, the second infinitely 
greater, and each infinitely greater than the pre- 
ceding. But, moreover, between any two of these 
angles an infinite series of other angles of contact 
can be inserted, of which each may be infinitely 
greater or infinitely less than any preceding; for 
example, if between the limits AD- and AD^ there 

be inserted ADVj A AD\ AZ)', AD^AZ^y, 

ADV, ADVj &c. And, again, between any two angles 
of this series there can be inserted a new scries of 
intermediate angles differing from one another by 

infinite intervals. Nor does the nature of the case 
admit any limit. 

The propositions which have been demonstrated con- 
cerning curved lines and the included areas are easily 
applied to curved surfaces and solid contents. 

These Lemmas have been premised for the sake of 
escaping from the tedious demonstrations by the 

reducUo ad absurdtimj employed by the old 
geometers. 1 he demonstrations arc certainly ren- 
dered more concise by the method of indivisibles; 
but, as there is a harshness in the hypothesis of indi- 
visibles, and on that account it is considered to bo 
an imperfect geometrical method, it has been pre- 
ferred to make the demonstrations of the following 
propositions depend on the ultimate sums and ratios 
of vanishing quantities and on tlie prime sums and 
ratios of nascent quantities, ie. on the limits of sums 
and ratios ; and therefore to premise demonstrations 
of those limits as concise as possible. By these 
demonstrations the same results are deduciblc as by 
the method of indivisibles; and we may employ the 
principles which have been established with greater 
safety. Consequently, if, in what follows, quantities 



86 


NEWTON. 


should be treated of as if they consisted of particles 
[indefinitely small parts], or small curve lines should 
be employed as straight lines, it would not be in- 
tended to convey the idea of indivisible, but of 
vanishing divisible quantities, not that of sums and 
ratios of determinate parts, but of the limits of sums 
and ratios ; and it must be remembered tliat the force 
of such demonstrations rests on the method exhibited 
in the preceding Lemmas. 

An objection is made, that there can be no ultimate 
proportion of vanishing quantities ; inasmuch as 
before they have vanished the proportion is not 
ultimate, and when they have vanished it does not 
exist. But by the same argument it could be main- 
tained that there could be no ultimate velocity of a 
body arriving at a certain position at which its 
motion ceases ; for that tins velocity, before the body 
arrives at that position, is not the ultimate velocity; 
and tliat, when it arrives there, there is no velocity. 
And the answer is easy : that, by the ultimate velo- 
city is to be understood tliat, when the body is 
moving, neither before it reaches the last position 
and the motion ceases nor after it has reached it, 
but at the instant at which it arrives; Le. the very 
velocity zvith tvMch it arrives at the last position and 
with which the motion ceases. 

And, similarly, by the ultimate ratio of vanishing 
quantities is to be understood the ratio of the quan- 
tities, not before they vanish nor after, but with which 
they vanish. Likewise, also, the prime ratio of nas- 
cent quantities is the ratio with which they begin to 
exist. And a prime or ultimate sum Is that with which 
it begins to be increased or ceases to be diminished. 

There is a limit which the velocity can attain at the 
end of the motion, but cannot surpass. This is the 
ultimate velocIt3^ And the like can be stated of 
the limit of all quantities and proportions com- 
mencing or ceasing to exist. And, since this limit 
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is certain and definite, to determine it is strictly a 
geometrical problem. And all geometrical propo- 
sitions may be legitimately employed in determining 
and demonstrating other propositions which are 
themselves geometrical. 

It may also be argued that, if the ultimate ratios of 
vanishing quantities be given, the ultimate magni- 
tudes will also be given, and thus every quantity 
will consist of indivisibles, contrary to what Euclid 
np demonstrated ot incommensurable quantities, in 
bis tenth book of the Elements, 

But this objection rests on a false hypothesis. Those 
ultimate ratios with which quantities vanish are not 
actually ratios_ of ultimate quantities, but limits to 
wliicli the ratios of quantities decreasing without 

limit are continually approaching; and which they 

can approach nearer than by any given difference, 
but winch they can never surpass, nor reach before 
the quantities are indefinitely diminished 

The argument will be understood more clearly in the 
case of infinitely great quantities. If two quantities, 
of which the difference is given, be increased infi- 
nitely, their ultimate ratio will be given, namely, a 
ratio of equality, yet in this case the ultimate or 

greatest _ quantities of which that is the ratio will 
not be given. 

In 'vhat follows, tlierefore, if at any time, for tlie sake 

ot tacility of conception, the expressions indefinitehi 

mall, or vanishing, or ullimate bo used concernino- 

quantities, care must be taken not to understand 

thereby quantities determinate in magnitude, but to 

conceive them m all cases quantities to bo diminished 
without limit. 


Curvature of Curves. 

GO. Tlio curvature of a curve at any point Is greater or less 
as the amount of deflection from tlio tangent at that point, in 
the immediate neighbourhood of the point, is greater or less. 
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Two curves will have the same curvature at two points, taken 
one in each, if at equal distances from the points of contact, in 
the immediate neighbourhood of the points, they have the same 
deflection from the tangents at those points. 

61. An exact geometrical test of equality of curvature may 
he obtained as follows ; 

If AB^ ah be two curves which have the same curvature at 
a respectively, draw the tangents AC, ac and take AG=ac* 



Draw subtenses Ic inclined at equal angles to the tangents. 

If BG and he were equal, for all equal values of AC, uc, the 
curves would be equal and similar. If BG : he be ultimately 
a ratio of equality, when AC, ae are taken indefinitely small, 
the curves will have the same deflection from the tangents in the 
immediate neighbourhood of A, a, or the curves will have the 
same curvature at those points. 

If the chords ABj ah be drawn, it will be an immediate con- 
sequence that the ultimate ratio of the angles BAG^ hac will be 
a ratio of equality. These angles are called the angles of contact. 

Hence, curves will have the same curvature at two points, 
one in each, if, equal tangents being drawn at those points, 
and subtenses inclined at any equal angles to the tangents, the 
limiting ratio of the subtenses be a ratio of equality, or if the 
limiting ratio of the angles of contact be a ratio of equality. 

62. The curvature of one curve will be Infinitely greater or 
infinitely less than that of another if the limiting ratio of the 
subtense of the first to that of the second be infinitely great 
or infinitely small. 

63. The ratio of the curvature ot one curve to that of 
another at two points, or of the curvature of the same curve at 
two different points, is the limiting ratio of the subtenses drawn 
from the extremities of equal tangents and inclined at equal 
angles to the tangents. 
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64. The curvature of a curve is said to be finite, at any 
point, when the ratio of the curvature at that point to that of, 
any circle whose radius is finite, is a finite ratio. 

65. The curvature of a circle is the same at every point 

Let a be any two points on a circle, AG^ ac equal tan- 
gents at A^ a, CB^ ch subtenses perpendicular to the tangents, 
ODj Od perpendicular to the subtenses produced; therefore 
CD = cd^ each being equal to the radius, and BD-hd] hence 
BC—hc always, and therefore ultimately, when the arcs are 
indefinitely diminished, BC : Jc is a ratio of equality ; therefore 



the circle has the same curvature at any two points. 

66. In different circles the curvatures vary inversely as the 
radii. 

In the last figure, produce CB to the circumference in E. 
Then, AC = CB, CE ; also, if A' C be a tangent to another circle, 
and A' G' be taken equal to A (7, and the same construction be 
made, A' 0'^ ^GB\G' E ] therefore CB.CE=C’B’.GE\ and 
CB: p'5' :: G'E ’ : CE-, and when AG, A‘E are indefinitely 
diminished, CE=*2AO] therefore GB : C'B’ A‘0 ’ : AO, ulti- 
mately, or the curvatures are inversely proportional to the radii. 

• Measure of Curvature. 

67. The curvature of a circle is the same at every point ; 
the curvatures of different circles vary inversely as the diameters 
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of the circles; and a circle can he constructed of any degree 
finite curvature by varying the niagnitude of the diameter. 

Hence, a circle can always be found whose curvature at any 
point is equal to that of a curve at a fixed point. 

The curvature of a curve at any point is therefore completely 
determined when the diameter of the circle is found, which has 
the same curvature as the curve at the given point. 

The diameter of the circle, whicli has the same curvature as 
the curve at a given point, is called the diameter of curvature of 
the curve at that imnt 

The chord of the circle, drawn in any direction, is called the 
chord of curvature in that directioiu 

The circle itself is called the circle of curvature^ and is the 
circle wdiich has the same tangent as the curve at any point, and 
also the same curvature. 

68. Any other curve might have been chosen to establish a 
standard measure of finite curvature; but, since no curve but 
the circle has the same curvature at every point, it would then 
have been necessary, after selecting the curve, to specify the 
point, the curvature at which might be made the measure of 

curvature. 

Thus, if the standard curve were a parabola, we must choose 
the curvature of the parabola at the vertex or at the extremity 
of the latus rectum or at some determinate point, by which to 
obtain the measure. 

The inconvenience is obvious. 

General Properties of the Circle of Curvature. 

69. If a circle be drawn touching a curve at a given point, 
and cutting it at a second point, as the second point approaches 
indefinitely near the point of contact, the circle will assume a 
limiting magnitude, and wdll evidently satisfy the condition of 
having the same curvature as the curve at that point. 

70. Since a tangent at any point is the limiting position 
of a side, terminated in that point, of a polygon inscribed in 
the curve, when the number of sides is increased indefinitely, 
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SO the circle of ciu'vature at any point is the limiting circle 
which passes through three consecutive angular points of the 
polygon, one of which coincides with the point, 

71. circle can he drawn loliose circumference lies hetiveen 
a curve and its circle of curvature^ in the neiglihourhood of the 
point at which the circle of curvature is drawn. 

For, let AQ hit the arc of the curve, Aq^ of the circle of 
curvature ; and let, if possible, another circle be drawn, of which 
the arc AS lies between the curve and circle, and having there- 
fore the same tangent AR zX A] and let the subtense per- 
pendicular to the tangent, cut the circles in S^ q. 


( 

V Then SR : qR will be ultimately in the inverse ratio of the 
dialu^ers of the circles; therefore SR will be ultimately unequal 
to ^^\but, since qR and QR are ultimately in a ratio of 
equality, 1 ^, which is intermediate in magnitude, will be ulti- 
mately equaUo either, which is absurd ; therefore no circle, &e. 

This prop^ion corresponds to Euclid III., Prop. xvi. 

72. The circle curvature generally cuts the curve. 

For the curvature of the curve at different points taken along 
the curve continually increases or continually diminishes, until 
it arrives at a maximum or minimum value. 

If therefore the circle of curvature be drawn at any point, 
on the side on which the curvature is increasing, as we proceed 
from the point, the curve will lie within the circle, and on the 
other side, on which the curvature is diminishing, the curve will 
lie without the circle; which proves the proposition for the 
general position of the point. 

For the particular case, in which the point Is at a position 
of maximum or minimum curvature, as at the extremities of tho 
axes of an ellipse, if the curvature bo a maximum the curvature 
at adjacent points on either side will be less than that of the 
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circle of curvature at the point under consideration; therefore 
the circle will lie entirely within the curve on both sides near 
the point of maximum curvature; and, similarly, it will lie 
without the curve at points of minimum curvature. 

We can illustrate this by reference to the polygon inscribed 
in the curve ; see the figure in the following page. 

If, in the curve, equal chords AB^ BO^ CD^ DEy.. be placed 
in order, generally the angles ABC^ BCDj CDEy„ will increase 
or decrease, commencing from any point, which property of the 
polygon will have in the curvilinear limit, when the chords are 
diminished indefinitely, the corresponding property, that the 
curvature decreases or increases continually. 

Suppose the angles are increasing from B ; make the angles 
GBA\ CDE' equal to the angle BCB^ and BA\ BE' equal to 
BCj CB.,,] then a circle through Bj 0, B will pass also through 
A! and E\ and these points will be on opposite sides of the 
perimeter of the polygon, whence, if we proceed to the limit, 
the circle of curvature at a point in the middle of increasing 
curvature will cut the curve. 

If the angles ABG and BEF be each less than the angles 
BGB^ GBEj supposed equal, the curvature will decrease and 
then increase, and the circle about BCB will pass through Ey 
and BAy EF will lie within the circle, and, proceeding to the 
limit, the circle of curvature will lie without the curve, near 
the point of minimum curvature. 

Evolute of a Curve* 

73. Def. If the circles of curvature be drawn at every 
point of a curve, the centres of those circles will lie in a curve 
which is called the evolute of the proposed curve. 

Properties of the Evolute* 

74. The extremity of a string unmapped from the evolute of 
a curve traces out the curve* 

Let ABCBE be any equilateral polygon, and let a'a, Vly c*c 
d'd be drawn perpendicular to the sides from the middle points 
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o', h', &c., these intersect in the angular points oibcd... of another 
polygon. 

If a string were wrapped round aahcd,,. the extremity a 
would as the string was unwrapped pass through the points 

dVdd!. 

Let now the number of sides of the polygon be increased and 
the magnitude diminished indefinitely. 

The points a'5V... will be ultimately in the cuiwe which is 
the limit of the polygon, and since a, 5, c.„ are the centres 
of the circles described about ABG^ BCD ^., , a, 5, c,... will be 
ultimately the centres of the circles of curvatui'e at a'iV... , and 



the curve, which is the limit of the polygon ahcd..., will be the ' 
evolute of the curve dh'd ... , and the property proved for the 
polygons will be true for the limits of the polygons, therefore 
the extremity of the string unwrapped from the evolute will 
trace the curve of which it is the evolute. This property gives 
rise to the name of evolute. 

Def. The curves formed by the unwrapping of a string 
from a curve are called involutes. 

75. The tangent to the evolute of a curve is a normal to the 
curve, 

Sinw h'h is ultimately the tangent to the evolute and is 

perpendicular to BG, which is ultimately the tangent to the 

curve aic'... , therefore the tangent to the evolute is a normal 
to the curve. 
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Fropositlons on Diameters and Chords oj Curvature, 

76. If a subtense he drawn from the extremity of an arc 
of finite curvature^ in any direction^ the chord of curvature 
parallel to that direction will he the limit of the third pro- 
portional to the subtense and the arc. 

Let P^ be arcs of a curve and its circle of curvature 
at P, let PR be the common tangent, and RQei the direction 
of a common subtense, meeting the circle in U, 

Draw the chord P7 parallel ioRQ, Then, Rg^.BU=PB\ 
PP is the third proportional to Bq and PR, 


p n 



But, ultimately, when PQ is indefinitely diminished, RU=PV^ 
and PR~PQj by Lemma VII. also, Rq = BQ by the property 
of the circle of curvature. 

Therefore PV is the limit of the third proportional to BQ 
and PQ, 

Cor. The diameter of curvature is the limit of the third pro- 
portional to the subtense perpendicular to the tangent and the arc, 

77. The two chords of curvature at any point of a parabola 
dragon through thefocuSj and in the direction of the diameter^ are 

each equal to four times the focal distance of that point, 

% 

Let AP be a parabola, P any point, a subtense parallel 
to the diameter Pi/ic, QM the ordinate at S the focus. 
Then, by a property of the parabola, QhP = iSP,FM] there- 
fore 4SP is a third proportional to PM and QM^ t.e, to 
and PP. 

Hence, 4SP is the limit of the third proportional to the 
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subtense QR and the arc PQ, and is therefore equal to the 
chord of curvature at P in direction of the diameter. 



And, since P8, PM are equally inclined to the tangent at P, 
the chords in those directions are equal ; therefore the chord of 
curvature through S is four times the focal distance SP. 

78. One-fourth of the diameter of curvature at any point 

of a parabola is a third proportional to the perpendicular from 

the focus on the tangent at that point, and the focal distance of 
that point. 

For, draw SY, QR' perpendicular to PR, and let PI be the 
diameter of curvature at P. 

Then PI. QE = PQ‘ = ultimately, = iSP. QR ; 
PIUSP-.: QR: QE :: SP: SY- 

since the triangles SYP, QER are similar; therefore iPI is 
a third proportional to SY and SP, 

79, The chord of curvature at any point of an ellipse drawn 
t rough the centre of the ellipse is a third proportional to the 

lameter through that point and the diameter conjugate to it. 

Let P be any point in an ellipse, PCG the diameter, BCD' 

conjuga^ to it, Q any point near P, QR a subtense parallel 

to tP, QMm ordinate parallel to DC, PV the chord of curva- 
ture drawn through C. 

Then PV. QR = PQ‘= Qip ultimately, 
and QM* : PM. MG ::CD‘: CP'-, 

••• PV. QR : QR.MG ::CD': CP ultimately; 
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PV:2CP:: CD^ : CP^ ultimately; 
/. PV.GP: CP^::2Cn^:GP\ 

and PV.GP=2GD^i 



or PV is a third proportional to PG and DCD\ 

80, The chord of curvature at any point through tm jocus is 
a third proportional to the major axis^ and the diameter parallel 
to the tangent at that point. 

Draw the focal distance SP cutting the diameter DGU in P, 
let PV' be the chord of curvature through P, and draw the 
subtense QE parallel to SP, 

Then PV : PV :: QE: QE ultimately 

: : CP; PE by similar triangles; 

PV\PE=PV,GP=2GD^] 

PF' is a third proportional to 2PE and DCD\ 

and 2PP is equal to the major axis. 

Similarly for the other focus H, 

81. The diameter of curvature at any point ts a third pro- 
portional to twice the perpendicular from the point on the diameter 
parallel to the tangent and that diameter^ 

Draw QE’ perpendicular to the tangent, and PF perpen- 
dicular to DGD\ and let PI be the diameter of curvature. 

PIiPV:: QE: QE’::GP:PF-, 
Pi.PP-PF.CP=2CP'^; 

A PI is a third proportional to 2PF and BCD’* 
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_ 82. Since the chord of curvature in any direction varies 
inversely as the subtense QR drawn in that direction, it is easily 
seen that, if PL be the portion of the chord intercepted between 

and BCD', the chord of curvature at P in the direction PL 
Will be the third proportional to 2PL and DCD\ 

83. The propositions concerning the chords and diameter 
of curvature of an ellipse may be proved in the same words for 
the hyperbola, employing the following figure. 



84 The radius of curvature at any point of a conic section 

« to the normal in the duplicate ratio of the normal to the semir 
laius rectum. 


Let PK be tbe normal, PO the radius of curvature at P. 
It the Bcmi-latus rectum. ’ 

(i) For the parabola, 

PO-.iSP-.-.SP-.SY-.-.SY-.SA- 
PO-.2 SY:i SP: SA::iSP.SA:L': 

ut PK=2SY‘, PK'‘ = 4SP.SA] .•. PO-.PKw PK ' : U, 

(ii) For the ellipse or hyperbola, 

PO.PF= CD‘ and PK.PF^BG'; 

PO'.PKv. CD‘ ■. BG' v. AG' X PF'- 
but PF,PK=BG'-L.AG] .-. AGx PF:: PK- L- 

PO : PK V. PK' X L'. " ' ’ 




0 
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85. To find the chord common to a conic section and the 
circle of curvature at any point 

If a circle intersect a conic section in four points, as PQVR 
and these points be joined in pairs by two lines, these lines will 



be equally inclined to the axis of the conic section. Thus, in 
the conic section, PQ^ R U are equally inclined to the axis. 

For, if [7JS, QP intersect in 0, OR.OU= OP.OQ, hence 
the diameters of the ellipse parallel to UR, QP will be equal, 
and therefore equally inclined to the axis. 

Let Q and R move up to and ultimately coincide with P, 
then the intersecting circle becomes the circle of curvature at P, 
and PQ is in the direction PT of the tangent, ultimately, and 
RU assumes the position of the chord common to the conic 
section and the circle of curvature at P. Hence, if PV be 
drawn at an equal inclination with PT to the axis, PV will be 
the common chord required. 

And, if VI be drawn perpendicular to PV, meeting the 
normal at P in I, PI will be the diameter of curvature at P. 

86. To find the radius of curvature of a curve defined hy 
the relation between the radius vector and the perpendicular from 
the pole on the tangent 

Let PY, PF Y* be the directions of consecutive sides of a 
polygon inscribed in a curve, SY, SY’ perpendiculars on these 
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sides; draw PO, FO perpendicular to the same sides, inter- 



secting in 0, and FJJ perpendicular to SP, and let SY^PT 
intersect in PF. 

A semicircle on 8P as diameter passes through Y and F' ; 

L YPW=lYSY'=^lPOP\ and L WYP^L OFP\ 
therefore the triangles POP', WPY are similar ; 

PO:PP::PPF: YW, 
also PF:SPy,PU\PY\ 

by similar triangles P'OP, ^SFP, and PTF=Pr' ultimately; 

POxSPi: PU\ YWw SP^ SF : SY^ SY‘ ultimately. 

Also, if PF be the chord of curvature through 

PV:2P0::SY:SP] 

/. PF: 28Yi\ 8P ^ 8F : 8Y^ 8Y' ultimately. 

Observations on the Lemma, 

87. In the proof of Lemma XL, AI is the limit of the 
third proportional to BD and AP, hence it is the diameter of 
curvature of the curve at A, 

# 

88. For an example of a law according to which, in Case 3, 
the directions of the subtenses may be determined, we may 
suppose that they always pass through a point given in position 
at a finite distance from or that they always touch a given 
curve j but it must be observed that the case in which they 
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touch a curve which has the same tangent AD at A is excluded, 
since in this case the angles Z)', d’ do not in the limit remain 
finite, a property required in the name subtense. 

89. Def. If a line be drawn from the middle point of an 
arc of a curve, making a finite angle with the chord, the part 
intercepted between the chord and the arc is called the sagitta 
of the arc. 


90. The sagitta of an arc is ultimately one guarter of the 
svhtense drawn at the extremity of the arc 'parallel to the sagitta. 

Let the sagitta FE bisect the arc AB in and be pro- 
duced to the tangent at A in (?, and let BD be a subtense 
parallel to FE. 



--.V 

^4 


Then EQ : BD ;; AE^ : AB^ ultimately ; BD = iEG^ 
also BD : FG :: AD \ AG \ : AB : AE ultimately; 

BD = 2FG = iEG] hence = ultimately. 

I 

; 91. Cor. 5. The parabola mentioned in this corollary is a 

parabola of curvature at that point; for, since DB is taken in 
any given direction, the proportion BD \ld\\ AD^ : Ad"^ proves 
I that the curve is ultimately in the form of a parabola, and that, 
therefore, the line through A drawn in the given direction is the 
corresponding diameter of the parabola of curvature. 

Hence the axis of the parabola may be taken in any as- 
signed direction. 

If the subtenses be perpendicular to the tangent, the parabola 
of curvature will be the parabola whose curvature at the vertex 
will determine the curvature of the curve, since the axis will be 


perpendicular to the tangent, and if 44 ?7, in the figure page 104, 
be the third proportional to the subtense and arc, the limiting 
position of TJ will be the focus of the parabola. 

By means of this corollary the proposition alluded to under 
Lemma IX., Art. 44, is esUblished; viz, that the ratio of the 
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areas which takes place of the duplicate ratio, obtained in that 
Lemma, is the triplicate ratio of the same lines, when the line, 
AE^ instead of cutting the tangent at a finite angle, coincides 
with the tangent. 

92. Scholium. Let AB^ AG be two curves, having a 
common tangent AD at -4, and let subtenses DB^ DBG of the 



angles of contact be drawn from D at any point in the tangent 
in the same direction, and let BD oc AD^^ GD oc in the 
curves AB^ AG respectively. Draw dhc a common ordinate 
from a fixed point parallel to DBG» Then 

AD"^ :Ad”^::BD: Id, 

and AD^ : Ad^ :: GD : cd, 
and if m be greater than «, =n + r suppose, 

AD\AD^xAd\Ad^-BD\U\ 

GD.AD^x cd ,Ad^::BDihd 

v.BD .AR\M,AD^- 

/. GD : BD :: cd .Ad ' :: Id .AD', 

and since I, c, d are fixed, and AD vanishes in the limit, there- 
fore GD is Indefinitely greater than BD ; also, since the angles 
of contact GAD arc ultimately proportional to BD, GD, 
it follows that, if in two curves the subtenses vary according 
to different powers of the arcs or tangents, the angle of contact 
of that curve in which the index of the power is the least will 
be infinitely greater than the angle of contact of the other. 


UlustrationB. 

(1) Tm tangents AT, BT are drawn at the extremities of 
an arc AB, to'prom that AT is ultimately equal to BT, when AB 
is indefinitely diminished. 
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Draw TCUV in any direction making a finite angle with the 
tangents, and meeting the circles of curvature at A and B in UV. 





Q 

JV 


Then since the circle of curvature at A is the limit of the circle 
which passes through G and has the tangent AT A, an 
similarly for that at B, we have ultimately 

TA‘ :TB^:: TO. TU : TG. TV, 
and TU= TV ultimately ; TA = TB ultimately. 

COK. If BD he any subtense of the arc AB, 

AT+TB=AB = AD ultimately ; 

therefore AD will be ultimately bisected by the tangent BT. 

(2) If BT he a tangent at B, AB, BG equal chords of a 
curve of finite curvature, drawn from B, <^nd AB he product 
to c, making Bc^AB, and Gc be joined meeting STinl,ci 
mil ultimatelg he equal to GT, when the arcs AB, GB are 

diTninished indefinitely* 

Let AVht drawn parallel to GT, meeting the tangent at^ 
In U and let two circles touch UBT at B and pass one through 



A ..a tb. <,ih« tirngh 0 , ..a UB7 sr b. 

ctele. dt.™ p.t*l t. JV «r CT, ta AV.BV.AB , ml 
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CT,BV' = BO^j but BV—BV ultimatelyj since the two circles 
are each ultimately the circle of curvature at B and AB-BC^ 
therefore AU=^ Cr ultimately. 

Through B draw RBE parallel to A (7, meeting ^ C7 in 
and Cc in then R'U=RT^ therefore 2RT is the difference 
between AU and GT^ hence RT ultimately vanishes compared 
with CT^ and since CR = Rc^ therefore CT= Tc ultimately. 

(3) Ififi'om the point of contact of a curve with its tangent^ 
equal distances he measured along the curve and tangent^ the line 
joining their extremities will ultimately he parallel to the normal 
at the point of contact. 

In the last figure, let, BC^ BT be equal distances, measured 
along the arc and the tangent; join OT, let the tangent at G 
meet BTm 2), produce BT to making I)F=DG^ take BE= 
the chord BGj and join EG and FG. 

Since the arc BG is intermediate in magnitude between 
BD-{-DG and BGj therefore, being equal to arc i?0, the 
point T lies always between E and F. But the triangles BGE, 
DGFhoiu^ both isosceles, each of the zngks BEG, BFG will 
ultimately be a right angle, therefore the angle BTG, which is 
less than BEG and greater than BFG, will also ultimately be 
a right angle. 

Hence GT will ultimately be parallel to the normal at B. 

Note. In order to shew the danger of falling into an error 
by a careless employment of the propositions proved in the 
first section, the following fallacious proof may be noticed of 
the above proposition. 

In the figure page 102, join BG, then BT: GB will be 
ultimately a ratio of equality, by Lemma VII; therefore GBT 
being an isosceles triangle ultimately, OTwill be perpendicular 
to the line bisecting the angle GBT, and therefore to the 
tangent BT, since 2?Tand BG will ultimately coincide with the 
bisecting line. 

Ihe fact is that Lemma VII. only allows us to assert that 
BT the chord BG differ by a quantity Tt, which vanishes 
compared with either of them, and therefore Tt may x BG^- 
but, by Lemma XI, GT<r. BG^i hence Tt : CT may possibly 
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be a finite ratio, or CTmay be ultimately inclined at any finite 
angle to BT^ at least as far as tbe reasoning given in the above 
proof is concerned. 

(4) To construct for the focus of the parabola of curvature 
whose axis is in a given direction. 


A d € D 



Let AB be a curve of finite curvature, 5Z), Id subtenses 
parallel to AE tbe given direction. Draw A U perpendicular to 
AD^ and AS making angle UAS =■ UAE\ then since AE\% a 
diameter of the parabola by Art. 91, AS is in the direction of 
the focus. 

Also, if 4A5be taken a third proportional to BD and AD^ 
the limiting position of S will be the focus of the parabola. 

(5) To find the locus of the focus of the parabola of curvature^ 
when its axis changes its direction. 

Let 5(7 be perpendicular to AZ), and AUht chosen so that 
4A JJ.BG = .4(7, then the limiting position of V is the focus of 
the parabola whose curvature at the vertex is the same as that 
of the curve at A j also, if S be the focus of the parabola whose 
axis is parallel to 55, 4A5.55 = AD^ = AG^^ ultimately; 
therefore AU *, AS : \ BD : 5(7, and L SAT] — L DBG\ hence 
if we join 5(7, the triangles SATl^ GBD will be similar, and 
L ASU= I BGD = a right angle ; therefore the locus of S is 
a circle on A (7 as diameter. 

(6) ABG is an arc of finite curvature^ and is divided so that 
AB \ BG m \ a constant ratio] join ABy AG^ BG^ and 
shew that^ ultimately^ ^ABG : segment ABOw : (w -t w) . 
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For, by Cor. 5, Lemma XI. 

seg AB : seg ABGw AB^ ; ABCP :: m’ : (m + nf 
seg BG : seg ABG :: + n)’ ; 

seg AB + seg BG : seg ABG ::?«’ + «’:(»! + n)% 
and A ABG = seg ABG - seg ^5 - seg BG] 

A : seg .450 : : 3 (m“n + ?««*) : (m + nf 

: : Smn : [m -j- n)^ 

(7) To find the chord of curvature^ at any point of the cardioid^ 
through the focus. 

It Is easily seen from p. 56 (3), that SY being perpendicular 
to PT, the triangles FSY^pBm^ and GBp are similar ; 



A 8Y : SPw Bm : Bp :: Bp : BG] 

A SY * : SP :: 8P: PC', since Bm = PP, 

A 8rBG= SFj and (Sr - SY'^} BG=SP- PP"*; 
A SP^SF : SY^SY ’ :: 2SY.BG: 3PF ultimately; ' 
A by Art. 86, chord of curvature : 2PF :: 2PP; 3PF; 
therefore the chord of curvature through P= |PP, 


xn. 


distance of the point in the parabola at 


P 
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2. Prove that the diameter of curvature at the vertex of the 
major axis of an ellipse is equal to the latus rectum : and shew 
that the ratio of the curvature at the extremities of the axes is that 
of the cubes of the axes. 

3. Shew that at no point of an ellipse will the circle of 
curvature pass through the centre, if the eccentricity be less 
than Vi- 

4. Pind for what point of an ellipse the circle of curvature 
passes through the other extremity of the diameter at that point, 
shew that the distance of this point from the centre is the side of 
the square of which AB is the diagonal. 

5. In a rectangular hyperbola, the diameter of curvature at any 
point, and the chords of curvature through the focus and centre are 
in geometrical progression. 

6. Prove that at a point P in an ellipse for which the minor 
axis is a mean proportional between the radius of curvature and 
the normal, PC = AC - BO. Shew that this is impossible unless 
AC^ 2BC. 

I. If the radius of curvature for an ellipse at P be twice the 
normal, prove that CP = CS. 

If moreover AC =2BCf prove that CP - SPM. 

8. If the circle of curvature at a point P of a parabola pass 
through the other extremity of the focal chord through P, and the 
tangent at P meet the axis in P, prove that the triangle PST will 
be equilateral. 

9. Prove that the distance of the centre of curvature, at any 
point of a parabola, from the directrix is three times that of the 
point. 

10. If tne circle of curvature at a point on a parabola touch 
the directrix, the focal distance of the point will be A of the latus 
rectum. 

II. PQ is a normal at a point P of a rectangular hyperbola, 
meeting the curve again in Q, prove that PQ is equal to the 
diameter of curvature at P. 

12, Prove that the portion of the normal intercepted between 
the line joining the extremities of the two chords of curvature through 

. 2BC^ 

the foci of an ellipse, and the point of contact P, is . 
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13. A fixed hyperbola is touched by a concentric ellipse. If 

the curvatures at the point of contact be equal, the area^ of the 
ellipse will be constant. 

14. Shew that the directrices of aU parabolas touching a curve 
of finite curvature at any given point, and having the same curvature 
at that point as the curve, pass through a fined point 


xni. 

1. Prove that the chord of curvature through the vertex A 

tgeTafpajri." ^ iirscction^thl 

t the radius of curvature at anv noint 

the of the 2mal to 

X rer; : The mr- eurvatureT th 

extremity of the major axis is equal to the semi-latus-rectum. 

^ subnormal of constant 

th.tesr;”! ' ™“ •• 

5£ SHSiSSSSS 

ii5ss=£!ss-:s=: 

diaLtsoteiSr iiT a pair of conjugate 

have the samltSre^Tt 

tanJenfS S ^ tt 

chord common to the ellinse and 

B sin 2^. curvature at P wHl be 
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1 0. Determine a parabola of curvature in magnitude and position 
for any point in a circle, when the subtenses are inclined at 45° to 
the tangent. 

11. If :r, y be the coordinates of a point P of a curve OP, 
passing through the origin 0, the diameter of curvature at 0 will 

be — : ultimately, a beine; the inclination of the tanerent 

a* sin a y cos a ^ o 

at 0 to the line of abscissee. Hence shew that, if the equation of 
a curve, referred to rectangular areas, be + 2fly - 2aa? = 0, the 
radius of curvature at the origin will be 2 V2.a. 

12. A circle is a circle of curvature, at a fixed point in the 
circumference, to an ellipse, one focus of which lies on the circle, 
shew that the locus of the other focus is also a circle, 

13. Prove that the chord of curvature at any point P of an 
ellipse in any direction PQ is half the harmonic mean between the 
two tangents drawn from P to the confocal conic that touches PQ, 
the tangents being reckoned positive when drawn towards the 
interior of the ellipse. 


XIV. 

1. If AEB be the chord, AB the tangent, and BB the subtense, 
for an arc ACB of finite curvature at Ay find the limit of the ratio 
area ACBE : area ACB By as B approaches A. 

2. An arc of continuous curvature PQP is bisected in Q, PP is 
the tangent at P j prove that, ultimately, as R approaches P, the 
angle RPT is bisected by PQ. 

3. If AB be an arc of finite curvature bisected in Cy and T be 
a point in the tangent at Ay at a finite distance from Ay prove that 
the angle BTC will be ultimately three times the angle CTAy when 
B moves up to -4. 

4. Two curves touch one another, and both are on the same 
side of the common tangent. If in the plane of the curves this 
tangent revolve about the point of contact, or if it move parallel to 
itself, the prime ratio of the nascent chords in the former case will 
be the duplicate of their prime ratio in the latter case. 

5. ^ CP is a small arc of finite curvature ; prove that the mean 
of the distances of every point of the arc from the chord AB is 
equal to f of the distance of the middle point of the arc from the 
chord, and that the mean of the distances of every point of the arc 
from the tangent at either extremity of the arc is equal to f of the 
distance of the middle point of the arc from the same tangent. 
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95. Stationary value of a magnitude* 

Let the equal ordinates MP^ NQ be produced to meet the 
tangent in R and then by Lemma XL, PR and QS vanish 
compared with AM or AN., and the ratio of the rates of 
increase of the ordinate to that of the abscissa, which is gene- 
rally finite, vanishes for the critical case of a maximum or 
minimum; on this account the magnitude is said to have a 
stationary value. 

One or t\^^ examples are sufficient to shew the application 
of this meth/(a. 

\/ 

96. To find at what point on the hank of an oval pond a 
person must land in order to pass from a given point on the 
pond to a given point on the hank in the shortest possible time^ 
having given the ratio of his rates by land and by water. 

Let A^ B be the two given points, P the point at which he 
must land, and let ??v, v be the velocities by water and along 
the bank. On opposite sides of P there are two points R at 
which if he land the time to B will be the same, in AR 
take AM=AQ^ then MR in water and QR on land are 
described in the same time, therefore n.QR~MR^ which is 
true, however near Q and R may be to P; therefore cos^=:«, 
where ^ is the angle between AP and the tangent at P; whence, 
when the ^xact form djitt oval is given, the position of P 
can be found. 1 ) 

V ■rr' J 

97. To find the chord of an oval^ which^ drawn through a 
given pointy cuts off a maximum or minimum segment. 

Through the fixed point A it is possible to draw two chorda 
FAQ and pAq^ one on each side of the required chord, for 
which the areas cut off are exactly equal; take away the 
common part, and the remainders PAp^ QAq are equal ; there- 
fore, ultimately, when the angle between them vanishes, 
PA.pA = QA.qAy and the chord which cuts off a maximum 
or minimum area must be bisected by the fixed point. 

98. If a triangle of constant shape be described about a given 
triangle^ prove that when the area is a maximum the normals to 
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the sides of the circumscribed triangle at the angular points of the 
given triangle will meet in a 'point. 

Let ABG the given triangle, dpf two positions 
of the circumscribing triangle whose areas are equal, the 
triangle of maximum area being intermediate in position. 

Since the angles at a, a are equal, the points a, a lie in 
the same segment of a circle whose base in ^(7, and the angles 
aCa', aBo! are equal. Hence the triangles a (7a', 
y-iy', &c., are ultimately proportional to Gd\ GB\ ... . 

But the sum of the areas a (7a', y^y' are ultimately 

equal to the sum of (iGB\ y^y, olBo!^ 

a(7^-^(7* + /34^-yi* + y5^-aS^ = 0. 

Let the normals at A and (7 meet in N] 

aG'^-^G^^aN^ 

if ND be perpendicular to ay ; 

aj5-y5=ai)-yZ); BD = 0^ 
which proves the proposition. 


XV. 

1. In an arc ^5 of continuous curvature n points Pj, Pg, . . 
are taken so that the polygon AP^P^. .B has a maximum area; 
prove that, when the arc AB is indefinitely diminished, the arcs 

-4Pj, PjPj, . . are all equal. 

% 

2. Find the greatest rectangle which can be inscribed in a 
triangle, one side of which is on a side of the triangle. 

3. Prove that the diagonals of the greatest rectangle which can 
be inscribed in an ellipse, having its sides parallel to the axes, are 
the equi-conjugate diameters. 

4. Prove that the parallelograms of smallest area which can be 
described about a given ellipse are those which have their sides 
parallel to conjugate diameters. 

5. A point 0 is taken on the major axis AA' of an ellipse 
produced, and a line is drawn through 0 cutting the ellipse in the 
points P and P. Prove that when the area of the quadrilateral 
APPA! is a maximum the projection of PP' upon AA! is equal to 
the semi-axis-major. 
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6. Prove that the quadrilateral of maximum area that can be 
formed with four straight lines AB, BC, CD, DA, of given lengths 
is such that a circle can be described about it. Hence prove that 
the curve of given length which on a given chord encloses a 
maximum area is an arc of a ciicle. 

7. From a point T on the exterior of two oval curves tangents 
TP, TQ are drawn to the inner; shew that, when the arc PQ is a 
minimum or maximum, the radii of curvature at P and Q are in 
the ratio TP seca : TQ sec/3, where a, /3 are the angles which TP, 
TQ respectively make with the normal at T. 

8. Find the ultimate intersection of the chords common to an 

ellipse and two consecutive circles of curvature, and shew that when 
the common chord attains its maximum length for a given ellipse, 
it cuts the ellipse at angles whose tangents are as 1 : 3. * 

9 A triangle insciibed in a closed oval curve moves so that two 
of its sides cut off constant areas. Prove that wiieu the area cut 
off by the third side is stationary the three lines formed by joining 
each angular point of the triangle to the intersection of tangents 
at the other two points are concurrent. 

10. Any two normal chords of an ellipse at right angles to each 
ot^her cut off equal areas from the curve. Hence find the position 
of the normal chord which cuts off the minimum area. 

reaches round the circumference of 
an oval, and when it is cut at any point it is unwrapped until it 
becomes a tangent at the point of section ; shew that the involute 
BO formed will have a maximum or minimum length if the point 
of section he chosen so that the length of the oval shall be equal 
to the cu’cumference of the ckcle of curvature at that point. 


Q 
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DIGRESSION 

ON THE PROPERTIES OE CERTAIN CURVES. 


r THE CYCLOID. 

99. ^EF. If, in one plane, a circle roll along a straight 
line, any point on its circumference will describe a curve called 
a Cycloid, 

Let (7, 1) be the points v/liere the tracing point P meets the 
straight line, on which it rolls ; A the point where it is furthest 
from CD, AB being the corresponding diameter of the circle. 

The rolling circle is called the (jemratmg circle^ AB is called 
the axis^ A the vertex^ CD the base^ and C, D the cusp, 

100. Let BPS be the generating circle in any position, then, 
since the points of the base and circle come successively in 
contact without slipping, CS=9.yc PS, CB and BD are each 
half of the circumference of the circle, and PS = arc BP, 

101. To draw a tangent to a cycloid. 

Let the generating circle be in the position PPP, then, con- 
sidering a circle as the limit of a regular polygon of a large 
number of sides, it will roll by turning about the point of con- 
tact, which will be at rest for an instant, being an angular point 
of the polygon ; therefore for an instant P will move per- 
pendicular to -SP, or in the direction PB of the supplemental 
chord, which will therefore be the tangent to the cycloid at P. 

li A QB be the circle on AB as diameter, PQM an ordi- 
nate perpendicular to xiB^ the tangent at P will be parallel to 
the chord QA, 

102. To find the length of the arc ofia cycloid. 

Let BPS be the position of the generating circle coitc- 
sponding to the point P in the cycloid, PB being the tangent 

at P. 
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AT ben the circle has turneJ throa^b any angle POp the 
centre 0 will have moved through a distance equal to P'p^ 
and the motion of the generating point will be the resultant 

J> H .V 


A n 

of Pp due to the rotation, ^uipF^Pp parallel to the base 
due to the translation of the centre of the circle ; and PP 
ill ultimately coincide with PR. Draw p/i perpendicular to 
PR, then, since Pp = Pp, PP' = 2P/i = 2 (PP- Rp) ultimately. 
Hence the arc of the cycloid measured from the vertex increases 
twice as fast as the chord of the generating circle, which is a 
tangent to the cycloid, and they vanish simultaneously, therefore 
the arc of the cycloid is double of the chord of the generating 
circl^or referring to tlic circle on the axis AB as diameter, 
the afe ^P'is double of the corrcspouding chord AQ. 

s/ 103. To find ike relation between the arc and abscissa. 

Let AM be the abscissa of the point P, then 

AM-.AQ-AQ\AB- 
AF = iAQ^^iAB.AM. 

104, To shew that the evolute of a given cycloid is an equal 

cycloid, and that the radius of curvature of a cycloid Is twice the 
normal. 

Let APG be half the given cycloid, AB the axis, A the 
vertex, and BG the base. Produce AB to C', making BC' equal 
to AB, and complete the rectangle BOB'C\ and let the semi- 
cycloid GTG be generated by a circle, whose diameter is equal 
to that of the generating circle of the given cycloid, rolling on 
C'P'; a being the vertex, GB’ the axis of this cycloid. 

Let 8PR, 8PR be two positions of the respective gene- 
rating circles, having their diameters RS, SR' in the same 
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straight line, P, F being the corresponding points of the 
cycloids; join SP, PR and SP\ P'E. 



By the mode of generation, arc SP=8C^ and arc SPR-BG\ 

/. arcPP = P5=C'P' = arcP'i2'; 

A iPSR = lFSE ] and PSP is a straight line. 

Also, arcPS=arcPS; chd. P'S=chd.PS; 

FSP=-2FS=FG the cycloidal arc; 

also FSP touches the cycloid CFG at P; 

therefore, a string fixed at C', and wrapped over the arc of 
the semicycloid, will, when unwrapped, have its extremity in 
the arc of the given cycloid ; hence, the evolute of a semi- 
cycloid is an equal seinicycloid, and the radius of curvature at 
P is ^PS or twice the normal. If another equal semicyclold be 
described by the circle rolling on FG' produced, the extremity 
of the string wrapped on this curve will trace out the remainder 
of the given cycloid. 

Thus a pendulum may be made to oscillate in a given 
cydoid. 

J 105. To find the area of the cycloid* 

Let P, P be two points very near each other in a cycloid, 
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Q corresponding points in the generating circle, p, p' in the 
evolute, Rj E the intersections of the base with normals Pp^ 



Fp\ T, 8 the intersections of BQ and P'p' with PQ, Then 
pR = PR = BQj and LpP8=it\pRE ultimately —ihBQT*^ 
therefore trapezium PRE S=^hBQT ultimately, and the same 
being true for all the iuscribed triangles and trapeziums, whose 
sums are ultimately the areas of the semicircle and seraicycloid, 
therefore, by Cor., Lemma IV., the area of the cycloid is three 
times that of the generating circle. 

106. The following method of finding the area of a cycloid 
is independent of the properties of the evolute. 

In the figure of Art. 101 let F be any point in the cycloid 
CP G j F8 the chord of the generating circle which touches 
the cycloid, and let Q' be a point in tlie cycloid near P\ then 
the arc FQ ultimately coincides with FS. Let Q'N\ Q'N 
be the complements of the parallelogram whose diagonal is 
F8^ and sides parallel and perpendicular to the base, these are 
equal ultimately j therefore, by Lemma IV., the cycloidal area 
CNF = circular segment SFN\ 

The exterior portion CBBC' is equal to the area of the 
semicircle, and the whole parallelogram BCB'G’ is the rectangle 
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under the diameter and semi-circumference of the generating 
circle, and is equal to four times the area of the semicircle; 
therefore the cycloidal area CG'B' is three times the area of the 
semicircle. 

107. All cycloids are similar. 

Let two cycloids Ape be placed so that their vertices 
are the same, and their axes coincident in direction, and describe 



circles on the axes AB^ Ah as diameters. Draw Ag^Q cutting 
the circles In Q. Then, since the segments Ag.^ AQ are 
similar, Ag\ ^\xAQ Ag\ AQ] and, if mgp.^ MQP be 
ordinates to the cycloids, Ag^ AQ — gp.^ QP respectively; 
therefore gp\ QP \\ Ag\ AQ^ and ApP is a straight line. 
Also Ap : AP\: Ag: AQ:\ Ab: AB, a constant ratio; hence 
the cycloids satisfy the condition of similarity, and in this 
position of the cycloids the point A is a centre of direct 
similitude. 

108. To construct a cycloid which shall have its vertex at a 
given pointy its base parallel to a given straight lincj and which 
shall pass through a given point. 

Let A be the given vertex, AB perpendicular to the given 
line, P the given point. In AB take any point and with 
the generating circle, w'hose diameter is Ab^ describe a cycloid 
Ape^ join AP intersecting this cycloid in p. 

Take AB a fourth proportional to Ap^AP.^ and Ab] then 
AB will be the diameter of the generating circle of the required 
cycloid; for, since Ap \ AP \\ Ah AB^ and all cycloids are 
similar, P is a point in the cycloid whose axis is AB, 
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109. A particle slides down the smooth arc of a cycloid^ 
whose aais is vertical, and vertex downwards, to find the time 
of an oscillation. 

Let AB be the vertical axis of the cycloidal arc APL, L the 
point from hich the particle begins to move, PQ s. small arc of 



Its path, LB, PM, QN perpendicular to AB-, and take Al, Ap, 
Aq on tbe tangent at A respectively equal to AL, AP, A Q. 

Suppose a point to move from ? to ^ in the same time as 
the particle moves on the cycloid from L to A, their velocities 
being always equal at equal distances from A. 

Let u be the velocity at P or p, and T the time of falling 

= and 2AB=gT‘- therefore 

Describe a circle with centre A and radius Al, and draw the 

ordinates then andyi( = ur; and ifr be 

e time from Pto Q, PQ=pq = i,j ultimately, hence 

tu: Al: I pqiptiir: T- 

therefore, if a point move in the circle from I with uniform 

^ l 

velocity -y , the point moving in lA will always be in the 

foot of the ordinate and the motion in lA or LA will therefore 
DO a simple harmonic motion, by (5) page 78. 

The time from i to ^ is the time of describing the quadrant 
i itAl with velocity ^ , = iw2’= Jn- . 
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The length of the string which, by the contrivance of Art. 104, 
makes a particle oscillate in this cycloid is 'i.AB-l suppose; 
therefore the time of the oscillation of a cycloidal pendulum 

of length Uvom rest to rest =7r 
Note. The time from i to i 



no. We can shew that the motion on the cycloid is a 
simple harmonic motion by the first definition, (5) page 78; for, 
referring to the figure, page 115, since the tangent at P is 
parallel to AQ^ the acceleration along the cuiwe at P Js 


AO AP 

9- JJ^=3r ^ 5 ) 77, Hie 


time from i to ^ is obtained. 

N/ 


111, To find the time of a very small oscillation of a simple 
pendulum suspended from a point. 

K simple pendulum is an imaginary pendulum consisting of 
a lieavy particle called the suspended from Oi. point by means 
of a rod or string without weight. 

In this case the pendulum describes the small arc of a circle 
which may be considered the same as a cycloidal arc, the axis 
of which is half the length I of the pendulum, therefore the 

time of oscillation from rest to rest is tt 

■ 

\ill2. To count the numher of oscillations made hy a given 
pendulum in any long time. 

In consequence of the liability to error in counting a veiy 
great number of oscillations, since in the case of a seconds pen- 
dulum there would be 3600 oscillations for each hour, it becomes 
necessary to adopt some contrivance for diminishing the labour. 
For this purpose the pendulum is made to oscillate nearly in the 
same time as that of a clock; it is then placed in front of 
that of the clock, so that when they are simultaneously near 
their lowest positions the bob of the pendulum and a cross 
marked on the pendulum of the clock may be in the field of 
view of a fixed telescope. 
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Suppose tliat after n oscillations of the given pendulum 
they arc again in coincidence close to the same position ; if 
there be m such coincidences in the whole time of observation, 
the number of oscillations in that time will be mn] thus the 
only labour has been to count the n oscillations, and to estimate 
the member of the coincidences before the last one observed. 



t 

113. To measure the accelerating effect of gravity ly means 
of a ^pendulum. 

Let g be the measure of this effect or the velocity generated 
by the force of gravity in a second. 

Let I be the length of a simple pendulum which makes n 

oscillations in m hours, then = number of seconds in one 

n 

oscillation = ir ; therefore g = , in whatever unit 

of length I is estimated. 

This would be a very exact method of determining g^ If we 
could form a simple pendulum ; but it is impossible to do this, 
and it is only by calculations of a nature too difficult to be 
explained k;rc that it can be shewn how to deduce the length of 
the simph/pendulum, which would oscillate in the same time as 
a peuduium of a more complicated structure. 

4. The seconds pendulum at any place is the simple pen- 
dulum whicli at the mean level of the sea at that place would 
oscillate in one second. 

If L be the length of the seconds pendulum, I the length 
of a pendulum making n oscillations in m hours, 



I 


nH 


3G00m , jL 

, and TT^ / — = 1, Z = - 

9 ^ ' V 9 ' (60)Sn^‘ 


15. To determine the height of a mountain hy means of a 
seconds pendulum^ the force of gravity at any point being supposed 

to vary inversely as the square of the distance from the centre of 
the earth 

Let L be the length of a seconds pendulum, x the height 
,of the mountain above the mean level of the sea, a the radius 
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of the earth, all expressed in feet; and let n be the number of 
seconds lost in 24 hours by the pendulum at the top of the 
mountain. 

If g be the measure of tlie accelerating effect of gravity at 


the mean level of the sea, tlien , will be its value at 

[a-\-x) 

the top of the mountain, and the time of oscillation at the top 


will be TT 



\L 

[9 


a 


or 


a + x j . , 

seconds, since tt . / — = 1 ; 

« y 9 


hence, writing N for 24x60 x 60, {N-n) 


a-Yx 


a 


= and 


^ _ N _ n 


d d %\ 1 L A 

•, X = + TT^ « , nearly, but 


j 


N’'' ■ 


a = 4000 X 1760 x 3 and ^=24 x 60 x 60, therefore the height 
of the mountain will be 244'4n + *0027n'*; thus, if n= 10, the 
height will be 2444*7 feet. 


Note. The attraction of the mountain would make a sensible 
variation from the law of the inverse square, this law being true 

2 ’ the earth consisted of homogeneous spherical strata. 

I. To find the number of seconds lost in a day, in con- 
^.e of a slight error in the length of the seconds pendulum ^ 
and conversely* 

Let N be the number of seconds in a day, L the length of 
the seconds pendulum, L-fX that of the incorrect pendulum, 
N-n the number of its oscillations in a day; 



• • 


X __ 2w 

L^N 


nearly. 


raHE EPICYCLOID AND HYPOCYCLOID. 

Def. The curve traced out by a point on the cir- 
cumference of a circle, which rolls upon that of a fixed elide, 
is called an Epicycloid if the concavities of the two circles be 
in opposite directions, a llypocycloid if the concavities be in 

the same direction. 
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118. To shew that the evoluie of an epicycloid is a similar 
epicycloid. 

Let FA be the fixed circle, AFE the rolling circle in any 
position, P the generating point, CAE a line drawn through 

E 



Draw the chord EQ parallel to PA and join CQ meeting 
PA produced in 0. Since EQ is parallel to A 0, 


CO : CQ :: CA : CE; 

therefore 0 and Q describe similar figures. But Q, being the 
other extremity of the diameter through P, will describe an 
epicycloid similar and equal to GPF, being at its cusp when 
Pis at G the greatest distance from G. 

Draw Oa parallel to QA and therefore perpendicular to PO 

meeting CA in a, then 0 generates an epicycloid fF by the 

rolling of a circle AOa^ whose diameter is jla, on a fixed 
circle of radius Ca, 
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Also PO tlie normal to GF is perpendicular to aO and is 
therefore a tangent to /F, hence fF is the evolute of the given 
epicycloid and is a similar epicycloid. 

Let a, h be the radii of the fixed and rolling circles for the 
given epicycloid, then 

Aa\ CAw OQ\ CQ:: AE: CF:: 2J : a + 25; 

therefore Aa\ AE \\ a\ and if a = oo, Aa = AE^ and 

AF^ af become straight lines, whence the evolute of a cycloid 
is an equal cycloid. 

119. Since AO : PA w AO : EQ w CA : CE^ therefore 
PO : PA : : 2 (a 4 J) : a + 2&, which gives PO the radius of 
curvature at P of the given epicycloid; this will be found 
indwendently of the evolute in Art. 121 below. 


\/ 120. To find the length of any aro of the epicycloid. 

By the properties of the evolute, see the last figure, the 

arc OP of the evolute =OP=2AP, and the arc of the 

a-\-2b 

epicycloid generated by Qj measured from Q to the highest 
point, — OF = 2AP. j therefore the arc GP from 


the highest point G of the epicycloid GPF— 2EP, 




121, To find the radius of curvature at any point of an 
epicycloid, 
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Let AB^ BO be consecutive sides of a fixed regular polygon 
of m sides, AB,^ Be sides of another regular polygon of n sides 
equal to those of the former, on the outside of which it rolls, 
in a position in which two sides are coincident. 

Let P he any angular point of the rolling polygon ; P will 
generate a figure composed of a series of circular arcs such 

) P being the position of P when Bo coincides with BO, 
Produce PA, P'B to meet in 0. 


Then lAPB= -, and ^PBP' = ccBC=~ 4 — • 

^ m n ^ 


-cPOP=27r('i+l)-^=^('l+l'). 

\m nj n \m nj^ 

PO : PB : : sin 27r ( — h : sin tt f- + -V 

\m nJ \m nj 

When the number of sides is indefinitely increased, the 
polygons ultimately become circles, the curve traced out by P 
becomes an epicycloid, and PO the radius of curvature at P. 

If a, h be the radii of the fixed and rolling circles m.AB=^ ^ira 
and n.AB=^M^ ultimately ; therefore m:n:xa:h\ 


therefore the radius of curvature is 2P^ . wi,ere PA 

'•}.h * 




( Ml/ 

18 the part of the normal intcreepted between the generating 
point and the point of contact. 

If a = CO, or the fixed circle become a straight line, the 
epicycloi4 will become a cycloid, and tlie radius of curvature 
will W twice the normal, as in Art. 104. 

!2. To find the area of an epicycloid. 

In the last figure, area APAP+sectorPPP'; now 

seotorPPP' = iP5».27r(i + iJ and t,PAB=\PE‘ 


area^PP'P= ^p^p + 2(”^ + ») ’ 


m 


ultimately ; 


hence, by Lemma IV. Cor., the area of the segment of the 
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epicycloid mcludecl between two normals an;l the fixed circle 
is fs-F— '^x the coiTespoiiding segment of the rolling circle. 


a 


Compare Art. 105. 


123. The corresponding properties of the hypocycloid may 
be proved In a similar manner; and the results obtained will 
be the same as for the epicycloid, if in the latter the sign 
of b be changed. 

Thus, if the diameter of the fixed be double that of the rolling 
circle, the hypocycloid will become a straight line, which agrees 
with the result of Art. 121, since a + 25 = 0, and therefore the 
radius of curvature at every point will be infinite. 

1 ^ THE EQUIANGULAR SPIRAL. 

124. Def. The equiangular spiral is a curve which cuts 
all the radii drawn from a fixed point at a constant angle. 


125. If a scries of radii SA, SC, ... be drawn inclined 
at equal angles, and AB^ BG^ CD^ ... make equal angles SAB^ 
SBGj ... with these radii respectively, the curvilinear limit 

a 



of the polygon ABGD ..., when the equal angles ASB^ 
BSGj ... are indefinitely diminished, will be an equiangular 

spiral. 

126. To find the length of an arc of an equiangular spiral 
contained between two radii. 

Let a be the constant angle SAB^ and let SL be the 
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radius from 5^; then, since the triangles ASB^ BSC^ ... are 
similar, SA : SBw SB\ 

Let SB^\,SA, then BC=\.AB, CD^\\AB...FL^\^-\AB- 

AB^\■BG■V,.*^■ FL \ AB 1-f X+...+ A""':l::l-X'': l-X 

:: SA~\\SA : SA^SBi: SA-SL:SA-SB, 

but AB cosa — SA- SB con ASB= SA~ SB ultimately, and 
AB+ BC+,.. is ultimately the arc of the spiral; therefore 
arcj^ = (iSil — SL) seca. 

syi27. To find the area of an equiangular spiral hounded hj 
two radii. 

Employing the same construction as above, 
lASB-^ lBSG-\ a GSB : lASBw 1 -f : 1 

: : 1 - VM - : : S£ - SU t SA^ - SB\ 

but ^^‘^-2^^ .^5cosa +^^^and A^^i?=i6^^.^5sina; 

SA^ — SB"^ — it^ASB y coia^ ultimately; 
area ASL = l{SA^- SU) tana. 


128. To find the radius and chord of curvature through the 
pole at any point of an equiangular spiral. 

Let SP^ SQ he radii drawn to two points P and near to 



one snotlier, let PR, QR, tangents to tlie spiral at P and Q, 

intersect in R, and let the normals PO, QO intersect in 0: 
join OR, SR. ’ 
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Then, since angles SQR^ SPR are equal to two right angles, 
and each of the angles OQR, OPR is a right angle, the circle 
which passes through P, P, and Q will also pass through 8 
and 0, and OR will he its diameter ; therefore l OSR is a 
right angle. Hence, proceeding to the limit, 0 is the centre 
of the circle of curvature at P, and OSP is a right angle. 
Therefore if a be the angle of the spiral, OP- SP coseca will 
be the radius of curvalure, and 2*SP the chord of curvature 
through the pole. 


129. The following is an illustration of Art. 86. 

If PV be the chord of curvature through 8, 

SY^ ^SY: 8P’-SP:: 2SY : PV] 

but in the equiangular spiral SY : SY' :: SP: SP'] 

SY'^SY: SP'-SP::SY: SP; whence PF-2ffi 



THE CATENARY. 

30. Def. The Caknay'y is the curve in which a uniform 
and perfectly flexible string, of which the extremities are sus- 
pended at two points, w'ould hang under the action of gravity, 
supposed to be a constant force acting in parallel lines. 

The directrix is a horizontal straight line whose depth below 
the lowest point is equal to the length of string whose weight is 
equal to the tension at the lowest point. 

lie axis is the vertical through the lowest point 



131. The tension at any jioint of the catenary is equal to the 
weight of the string wMch^ if suspended from that pointy would 
extend to the directrix. 


Let A be the lowest point of a uniform and perfectly flexible 
string hanging from two points under the action of gravity, 
P any other point, A 0 the length of string whose weight is 
equal to the tension of the string at A. Take a point B in OA^ 
and let OJ/, BC drawn horizontally meet a vertical PM in 
M and G. 

If a string pass round smooth pegs at APCBj it is evident 
that there will be a position of equilibrium whatever be the 
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length of the string, or the position of BG, and for some length 
and some position of BG the tangent at A will be horizontal. 



Also, since BDG will hang symmetrically, the tensions of 
the string at B and G will be equal, and BDG may be removed 
and replaced by equal lengths BO, GM of the string, without 
disturbing the equilibrium of AP, therefore the tension of the 
catenary at P is equal to the weight of a string of length PM. 

132. The proposition of the preceding article may be proved 
by considering the catenary as the limit of the polygon formed 
by a series of equal rods of the same substance jointed freely 
at the extremities and suspended from two fixed points, when 
the length of the rods is indefinitely diminished. 



The equilibrium will be undisturbed if each rod be replaced 
by two weights at the extremities, each equal to half that of 
the rod, connected by a rod without weight. 

Let ABj BG be two consecutive positions of tlie rods 

S 
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weights equal to those of the rods being placed at A, G] let 
AM be vertical and BM horizontal, and produce CB to meet 
AM in D; draw perpendicular to AB. 

The forces which keep B in equilibrium act in the directions 
of the sides of the triangle ABD^ and are proportional to them. 

Therefore the difference of the tensions of AB and BG is 
to the weight of the rod ylT? as AB - BD : AB^ that is, ulti- 
mately, as AN : AD or AM : AB\ hence the difference of the 
tensions is the weight of a rod of length AM. 

Therefore, proceeding to the limit, the diiference of tensions 
at any two points of the catenary is equal to the weight of 
string, which is equal in length to the vertical depth of one 
point below the other, whence the truth of the proposition. 


133. P IS a 'point in a catenary^ PM perpendicular to the 
directrix^ PT a tangent at P, MU perpendicular to PT ; to 
shew that PU is egual to the arc measured from the lowest pointy 
and that MU is cmstanL 


Let PTy fig. for Art. 131, meet the directrix OM\n Ty and 
let AO be the axis, then since the arc AP supposed to become 
rigid is in equilibrium under the action of the tensions at 
A and P and the weight, and these forces are in the directions 
of the sides of the triangle TPMy 


• • 


AP: AO ; PM:: PM: MT: TP:: PU: MUi PMy 


by similar triangles TPMy MPU ; 

A PU= AP and MU== A 0. 

/ 134. To draw a tangent to a catenary at any point. 

With centre M and radius equal to A 0 describe a circle, and 
draw PU touching this circle in U] then, since MUy which is 
perpendicular to PUy is equal to AO, PU will be the tangent 

at P. 


135. If a, rectangular hyperbola he describedy having centre 
0 and semi-transverse axis OA, the ordinato of the hyperbola 
will be equal to the arc of the catenary. 

For, let AR be the hyperbola, therefore 

Il]^^=0N'‘-0A^ = P2P- UJiP=PU‘-, PN=PU=AP. 
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136. To find the radius and vertical chord of curvature of 
a catenary. 

Let PQ be a small arc of a catenary, BSPT^ QS tangents at 
P and PM^ QN ordinates, TOM the directrix. 



Since QRS is a triangle of the forces acting upon PQ^ 

tension at P : weight of : QR, 

/. PM : PQ : : RS : QR : : ^PQ : QR^ ultimately ; 

therefore 2Pdf is the vertical chord of curvature, and PG^ the 
part of the normal intercepted between the point P and the 
directrix is equal to the radius of curvature at P, 

Also PG ; PM : : PT : TM : : tension at P : tension at A 
: : PM : A 0, therefore the radius of curvature is a third pro- 
portionaH^ 0 and PM. 

/ THE LEMNISCATE. 

M37. Def, The Lemniscate is the locus of the feet of the 
perpendiculars drawn from the centre of a rectangular liyperbola 
upon the tangent. 

138.^ To find the inclination to the tangent at any point of 
the radius from the centre of the lemniscate. 

Lot CY be perpendicular on PT the tangent at the p:iint P 
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in the hyperbola, then CY. CP= PF. CD = A C\ since A C= BO 
and CP- CD in the rectangular hyperbola. 



Draw the ordinate PM, then CT.CM=AC^ = CY .CP\ 

CY:CTr.CM^CP] 

and CMP, CITare right angles; therefore iPCM-l TOY. 

Draw CZ perpendicular on the tangent at Y to the lemniscate; 
then ZCY and YCP are similar triangles, see page 55 ; 

/. Z ZY C—L CPY = complement of twice L Y CA, 

139. To find the ferpendicular on the tangent at any point 
of the lemniscate, 

CZ,CP^CY\ and CY.CP=A(P] 

/. CZ: CY:: CY^:AC^] 

CZ,AG^=^CY\ 


140. To find the chord of curvature through the centre, and the 
radius of curvature at any point of the lemniscate. 

Let YV be the chord of curvature ; 

YV:^CZ:: CF- CY' : CZ-CZ', ultimately, Art. 86, 
and {CZ-CZ')AG^CY^-GY'\ 

/. CF-Cr : CF-CZ' ::A(P: 3CF^: CY: 3(7F; 

Fr=fCF, or the chord of curvature through the centre 
is two-thirds of the radius vector. 
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Also, tLe radius of curvature : JFF 

: : CZ:: : 6T^: OP: C7, 

hence the radius of curvature is \CP^ or | of the radius at 
the corresponding point of the hyperbola. 


141, Poles of the lemniscate. 

Let S, Hht the foci of the hyperbola, s, h the middle points 
of CS and CH] «, h are called the poles of the lemniscate. 



Draw 8Y\ HZ perpendicular to the tangent to the hyper- 
bola at P, and let SY' meet the auxiliary circle again in Z'^ 
and join sY', sZ', sT, hY, and hZ. 

Since Cs = sS, the perpendicular from s on YY' bisects it; 
therefore sY' = sY, similarly h Y= hZ^ sZ'. 

Now SC.Ss = iSC' = AC' = SY'.SZ'-, 

therefore a circle can be drawn circumscribing CsY’Z'-, there- 
fore lY'sZ' = lY‘CZ'-, also lY'sZ' = \lY' CZ', since the 
altitude of Y’CZ' is double of that of Y'sZ'- 

sY'.sZ' = \CY'.CZ' = \CA'-, ■ 

therefore s Y. h F= J C-d", which is the property of the poles of 
the lemniscate. 

For this proof I am indebted to Prof. Tait. 


XVI. 

.j- H ® ‘0 the base of a cycloid, find the 

limit of the ratio of the aegment of the cycloid to the corresponding 

segment of the generating circle, when the line becomes indefinitely 
near to the tangent at the vertex. ouiuioijr 
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2. A balloon was found to be sailing steadily before tbe wind 
at an invariable elevation above the earth. A seconds pendulum 
suspended to the car was observed to make 2997 oscillations in 
50 minutes; shew that the height of the balloon was 4 miles and 
7 yards nearly, the radius of the earth being 4000 miles. 

3. If a particle be made to oscillate in a cycloid on a smooth 
inclined plane, whose inclination to the horizon is 30®, and the 
base of the cycloid be horizontal, find the radius of the generating 
circle in order that the particle may perform a complete oscillation 
in n seconds. 

4. If P be a point in a cycloid, and 0 the corresponding position 
of the centre of the generating circle, shew that PQ will touch 
another cycloid of half the dimensions. 

5. Shew that the limit of the whole length of an epicycloid 
or hypocycloid, corresponding to a complete revolution of the 
generating round the fixed circle, is eight times the radius of 
the latter, when that of the former is indefinitely diminished. 

6. Prove that the epicycloid of one cusp is the pedal of a circle 
referred to a point in its circumference. 

7. Shew that the evolute of an equiangular spiral is a similar 
spiral, and that the extremities of the diameters of curvature lie 
in a similar spiral. 

8. An equiangular spiral rolls along a straight line, shew that 
its pole describes a straight line. 

9. Prove that, if a catenary roll on a fixed straight line, its 
directrix will always pass through a fixed point. 

10. If F be drawn perpendicular to the tangent to a lemniscate 
at a point P, and SA be the greatest value of SPj prove that 
SP^= SA'^.SYi S being the centre. 

xvn. 

1. From the consideration that the diameter of curvature is the 
limit of the third proportional to the subtense perpendicular to the 
tangent and the arc, prove that the radius of curvature of a cycloid 
at any point is twice the normal cut off by the base. 

2. On the normal to a cycloid a constant length is measured 
both inwards and outwards; find the area included between the 
loci of the points so obtained. 
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3. P, Q are consecutive points on an epicycloid of two cusps ; 
from^, q, the corresponding points of contact of the rolling with 
the fixed circle, pniy qn are drawn perpendicular to the cusp-line; 
prove that the elemeutary area PQpq is twice the elementary area 
pmnq. Hence find the area of the epicycloid and of its evolute. 

4. Prove that the diameter through the point of a rolling circle 
which generates an epicycloid always touches another epicycloid 
generated by a circle ol half the dimensions. 

5. A hypocycloid of n cusps has at any point a tangent drawn, 
prove that the length of the tangent, intercepted between the gene- 
rating circle and the lolnt of contact, is to the arc measured from 
the point to the vertex of the branch in which the point is taken, 
as rt : 2 (n- 1). 

6. A bead slides on a hypocycloid being acted on by a force 
which varies as the distance from the centre of the hy^jocycloid and 
tending to it ; prove that the time of oscillation will be independent 
of the arc of oscillation. 

7. If, along the several normals to an epicycloid, a system of 
particles move from the curve under the action of a force, tending 
to the centre of the fixed circle, and varying as the distance, prove 
that they will all arrive at the fixed circle at the same instant. 

8. A plane curve rolls along a straight line, shew that the 
radius of curvature of the path of any point, fixed with respect to 

the curve, is ^ ^ ^ , r being the distance of the fixed point from 

the point of contact, 0 the angle between this line and tlie fixed 
line, and p the radius of curvature of the curve at the point of 
contact. 


^ 9. In an equiangular spiral, which is its own evolute, the area 
included between the curve and PQ, the radius of curvature at P 
touching the evolute in Q, is iPQ’tnna, where a is the angle of 
the spiral, and PQ is supposed nut to cut the curve between P 

and Q. 


10. Provo, by the method of Lemma IV., that the area included 

between a catenary, the axis, tlie directrix, and the ordinate at any 

point P is twice the area of the triangle formed by the axis, tlie 

tangent at the vertex, and the straight line drawn perpendicular to 

the tangent at P from the point of intersection of the axis and 
oirectru. 



SECTION 11 

CEXTHIPETAL FORCES. 


PEOP. L THEOREM 1. 

When a hochj revolves in an orhit^ subject to the action of 
forces tending to a fixed pointy the areas which it de- 
scribes by radii drawn to the fixed centre of force, are in 
one fixed plane, and are proportional to the times of 
describing them. 

Let the time be divided into equal parts, and in the 
first interval let the body describe the straight line 



AB with uniform velocity, being acted on by no 
force. In the second interval it would, if no force 
acted, proceed to c in AB produced, describing Be 
equal to AB ; so that the equal areas ASB, BSc de- 
scribed by radii AS, BS, cS drawn to the centre Sj 
would be completed in equal intervals. 

But, when the body arrives at B, let a centripetal 
force tending to S act upon it by a single instanta- 
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neous impulse, and cause the body to deviate from 
the direction Be, and to proceed in tlie direction BC. 

Let c(7be drawn parallel to BS, meeting BCin C, then 

at the end of the second interval, the body will be 

found at C, in the same plane with the triangle 

in which Be and cC are drawn. Join SC- 

and the triangle SBC, between parallels SB, Cc 

will be equal to the triangle SBc, and therefore 
also to the triangle SAB, 

In like manner, if the centripetal force act upon the 
body succespely at C, D, E, &c., causing the body 
to describe in the successive intervals of time the 
strait lines CD, DE, EF, &c., these will all lie 
m the same plane ; and the triangle SCD will be 

Therefore equal areas are described in the same fixed 
plane in equal intervals; and, componendo, the 
suras of any number of areas SABS, SAES, are to 
each other as the times of describing them. 

Let now the number of these trianglL be increased, 

and their breadth diminished indefinitely ; tlien their 
perimeter ADFmW be ultimately a curved line ; and 
the instantaneous forces will become ultimately a 
cen ripetal force, by the action of which tlie body is 
continually deflected from the tangent to this curve, 

S f ; and the areas 

r 1 ’ -1 • always proportional to the times 

of describing them, will be so in this case, q.e.d. 

CoK. 1 The velocity of a body attracted towards a 
fixed centre in a non-resisting medium is recipro- 

£ to the perpendicular dropped 

from that centre upon tlie tangent to the orbit. 

For the velocities at the points A, B, C, D E are as 
the bases AB BC, CD^DE, EF of cqual’tHanglcs, 

rccinropTlI " these bases are 

reciprocallj proportional to the perpendiculars from 


T 
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S let fall upon them. [And the same is true in the 
limit, in which case tlie bases are in the direction 
of tangents to the curvilinear limit, therefore the 
velocity, &c.] 

Cor. 2. If on chords AB, BC of two arcs described in 
equal successive times in a non-resisting medium by 
the same body the parallelogram ABCV be com- 
peted, and the diagonal BV oi this parallelogram 
)e produced in both directions in that position which 
it assumes ultimately when those arcs are diminished 
indefinitely, it will pass through the centre of force. 

CoR. 3. If, on AB, BC and on DB, EF chords of arcs 
described in a non-resisting medium in equal times, 
the parallelograms ABCV^ DEFZ be completed, 
the forces at B and E will be to one another in the 
ultimate ratio of the diagonals 5 F, EZ^ when the 
arcs are indefinitely diminished. 

For the velocities of the body represented by BC^ EF 
in the polygon are compounded of the velocities 
represented by Be^ BV and Ef, EZ] and those re- 
presented by B F, EZ, which are equal to cC, fF, in 
the demonstration of the proposition were generated 
by the impulses of the centripetal force at B and E, 
and are thus proportional to those impulses. [And 
the same is true in the limit, in which case the ulti- 
mate ratio of the impulses at any two points is the 
ratio of the continuous forces at those points]. 

CoR. 4. The forces by whicli any bodies moving in 
non-resisting media are deflected from rectilinear 
motion into curved orbits, are to one another as 
those sagittse of arcs described in equal times, which 
converge to the centre of force and bisect the chords, 
when those arcs are indefinitely diminished. 

For the diagonals of the parallelograms ABCV^ DEFZ 
bisect each other, and these sagittse are halves of the 
diagonals B F, EZ when the arcs are indefinitely 
diminished. [And the same will be true whether 
ABC md DEFhe parts of the same or of different 
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orbits described by bodies of equal mass, if the arcs 
be described in equal times]. 

CoE. 5. And therefore the accelerating effects of the 
same forces are to that of the force of gravity as 
those sagittae are to vertical sagittse of the parabolic 
arcs which projectiles describe in the same time. 

Cou. 6. All the same conclusions are true by the 
Second Law of Motion, when the planes, in which 
the bodies move together with the centres of force 
which are situated in those planes, are not at rest, 
but are moving uniformly and parallel to themselves. 

Tlie statement of the proposition in the original Latin is, 

“ Areas, quas corpora in gyros acta radiis ad immobile 
centrum virium ductis describunt, et in planis immo- 
bilibus consistere, et esse temporibus proportionales,” 

Observations on the Proposition, 

142, In all cases of motion of bodies It is of great Importance 
for the student to distinguish between the forces themselves 
under the action of which the bodies may be moving, and the 
effects which these forces produce. 

It is only by an examination of the motion of a body that 
we are able to infer that it is, or is not, acted on by any force; 
if we find that the body is moving with uniform velocity in a 
fltraiglit line, we infer that it is, during such motion, acted upon 
by no force, or that the forces wliicli are acting upon it are in 
equilibrium; if we find that there is any change of direction or 
velocity, gradual or abrupt, we infer that the body is moving 
under the action of some force or forces; if the change be 
gradual, we infer that such forces are finite^ by which we mean 
that the forces require a finite time to produce a finite change 
whether of direction or velocity ; if, on the contrary, the change 
be abrupt, we infer that the forces are what are called impulsive^ 
that is, such as produce a finite change in an instant. 

Since then, in order to make any inference with respect to 
the forces supposed to act, a clear conception of the motion of 
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a body must be first attained, it becomes necessary for the 

student to be able to describe the motion of a particle of matter 

as he would that of a point, independently of the causes of such 
motion. 

In doing this he must give a geometrical description of the 
line traced by the point either in a plane or in space, and then 
he must describe the rate, uniform or variable, with which this 
line is traversed. 

He may then proceed to attribute any change of direction or 
velocity to the action of forces upon the particle whose motion 
he has been examiuino:. 

O 

143. In accordance with this method of separating the geo- 
metry of the motion from the causes of the deviations, the first 
proposition would be stated in such a manner as the following: 

“ AVhen a point moves in a curve, in such a manner that the 
accelerations at every point are in the direction of a fixed point, 
the areas, which it describes by radii drawn to the fixed point to 
which the accelerations tend, are in one fixed plane, and are 
proportional to the times of describing them.” 

And, generally, if the words force and lody^ employed by 
Newton, he replaced by acceleration and pointy the resulting 
statements will be in accordance with this geometrical method 
of description. It will then be easy to use such terms in the 
proofs as will not imply, in the manner of expression, the action 
of force ; thus, instead of saying let a centripetal force tending 
to S act upon the body by a single instantaneous impulse,” 
we may use the words “ let a finite velocity be communicated 
to the point in the direction of /S'.” 

144. It should he carefully observed that, before proceeding 
to the limit, it is proved that any polygonal areas SADS^ 
SAFS^ are proportional to the times of description of their 
perimeters ; so that ultimately these areas become finite curvi- 
linear areas, described in finite times. 

145. In proceeding to the ultimate state of the hypothesis) 
it is concluded readily from Lemmas 11. and III. that the 
curvilinear areas are the limits of the polygons; but a greater 
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difficulty anses in the transition from the discontinuous motion 

under the action of instantaneous impulsive forces to the con- 

ttnuous motion under the action of a continuous force tending 

to 6. For, in the curvilinear path of the body which is the 

limit of the perimeter of the polygon, the direction of the motion 

at the angular points of the polygon is different, and also the 

deflection from the direction of motion is twice as great in the 
polygon as it is in the curve. 

Now, although we may assume that the curvilinear limit of 

the perimeter of the polygon may be described under the action 

of some force, is that force the same which is the limit of the 
senes of impulses? 

The centripetal force supposed to act with a simple in- 
stantaneous impulse, “ impulsu unico et magno,” is supposed 

to generate a finite velocity at once, which effect a finite force 
cannot produce. 

If, mstead of this imaginary impulse, we suppose a force 
nite but very great, and acting for a very short time, the 

The transition from the impulses to the continuous force, in 
the ultimate form of the hypothesis, must be considered as 
axiomatic, hke the ultimate equality of the ratio of the finite 
arc to the perimeter of the inscribed polygon. 

146 We can however, shew that if the curvilinear limit of 
the polygon be described under the action of some continuous 
force tending to S, the effect of this force, estimated by the 
quantity of motion generated in the interval between the im- 

fmpnlse same as that generated by the 

Consider first the geometrical properties of the limit of the 
polygonal perimeter. Let BT, CU be tangents at B, 0 to the 
cur^hnear limit, and let Cc intersect BTln T, fig. page 136. 

Now, since Cc ultimately vanishes compared with Be BO 
and Be or AB and BC are ultimately in a ratio of equality 

OT-OT tr'? rf ^ M P'S' ‘«»i 4 

LU-BU- VI ultimatelj, by (1) page 102. 
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Consider next the effects produced by the different kinds of 
force "which act in the two cases. 

In the polygonal path, the impulsive force at B generates 
a velocity with which the body describes Cc in the time t in 
which AB or BG is described, the measure of the effect of the 

Cc 

impulse is therefore the velocity - . 

In the curvilinear path, the deflection from the direction BI 
at 5, in the same time is TO, by means of the continuous 
action of finite forces, and if we suppose the force ultimately 
uniform in magnitude and direction, the measure of the ac- 

2 TO 

celerating effect of the force will be — ^ , and the velocity 

2 TC Cc 

generated in that time will be 

t z 

Hence the effects of the finite and impulsive forces, measured 
by the quantity of motion produced, are the same. 


147. We can also shew that a continuous force, which gene- 
rates the same quantity of motion as the impulse at B in the 
time from B to O', would cause the body on arriving at G to 
move in the direction of the tangent to the curvilinear limit of 
the perimeter. 

For the velocity due to the action of the finite force at the 
end of time t being ultimately — — in the direction TC^ and 

that In the direction BT being = — — ; therefore TG^ VI 

t t 

represent the velocities in those directions ; therefore VG is the 
direction of motion at (7, that is, the body moves in the direction 
of the tangent at G, 

148. Cor. 1. The corollary may be proved directly from 
the proposition, for the proportionality of the areas to the times 
of describing them will be true if the force suddenly cease to act, 
in which case the body will proceed in the direction of the tangent. 

Let V be the velocity at the point A SB the curvilinear 
area described in any time T, AT—V,T the space described 
if the force cease to act. Join ST and draw SY pei^pendicular 
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to AT, then area triangle SAT=lV.TxSY, also 
area ASB<x T\ therefore V varies inversely as SY. 

Again, if h be twice the area described in the unit of time 



employed in estimating the accelerating effect of the force tend- 
ing to 8 and the velocity of the body, 

2.areaSA5=Ar; /. h=^V.SY. 

By the use of this area the proportions employed in subse- 
quent propositions by Newton may be converted into equations, 
for the convenience of calculation. 

If bodies move in curves for which the areas, described in 
the same time, are not equal, Foe 

SY 

149. Cor. 4, The statement in this corollary requires modi- 
fication, for, unless the forces be considered only with reference 
to their accelerating effects, or unless the bodies be supposed of 
equal mass, the forces will not be proportional to the sagittiB. 

150. Cor. 5. Tlie object of this corollary is to determine 

the numerical measure of the central force which governs the 

motion of a body, when the circumstances of tlie motion are 

known ; for it supplies us with the ratio of this force to the force 

of gravity on the same body at any place, the measure of which 
can be determined by experiment. 

Applications of the Proposition. 

151. Prop. When the fm'ce, instead of tending to a fixed 
point, acts tn parallel lines, the property of the motion enunciated 
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in the proposition may he replaced hj the property that the 
resolved part of ihe space described perpendicular to the direc- 
tion of the force is proportional to the times. 

This is immediately deducible from the second law of motion, 
since there is no force in the direction perpendicular to that of 
the forces, and the velocity in that direction is uniform. 

That this is the result of the properties in the proposition 
may be shewn by removing the centre of force to an infinite 
distance. 



Let S be the centre of force, AMN perpendicular to the 
area is proportional to the time of describing <7, and 

the areas AMN8 and ABCS are ultimately equal when S is 
removed to an infinite distance in BMS^ hence the triangle ASId 
is proportional to the time, and therefore the base AN^ which 
varies as the triangle ASN^ is also proportional to the time, 
and therefore, since CN is ultimately perpendicular to AN^ 
the proposition is proved. 

152. Prop. If a body describe a curvilinear orbit about a 
force tending constantly to a fixed pointy the area described m a 
given time will be unaltered^ if the force be suddenly increased 
or diminished,^ or if the body be acted on at any moment by an 
impulsive force tending to that point. 

For, if in the polygon the impulse at any point B be in- 
creased or diminished by any force tending to or from the 
only effect will be to remove the vertex G of the triangle SBC to 
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some other point in the line cC parallel to BS^ hence the area 

will be unaltered, and the argument which establishes the 

equality of polygonal areas in a given time will proceed as 

before. Hence in the limit the curvilinear areas described in 
a given time will be unaltered. 


If the new force introduced at B be impulsive, the angle 

.^5(7 will remain less than two right angles when we proceed 

to the limit, and the two parts of the curve will cut one another 
at a finite angle. 

Hence, in any calculation made upon supposition of such 
changes of force, the value of A, Art. 148, will be the same 
before and after the change of the force. 

Apses i 

153. Def. In any orbit described tinder the action of a 

force tending to a fixed centre, a point at which the direction 

of the motion is perpendicular to the central distance is called 

an apse, the distance from the centre is called an apsidal 

distance, and the angle between consecutive apsidal distances 
is called an apsidal angle. 

Thus, in the ellipse about the centre, the four extremities of 
the axes are apses; there are two different apsidal distances, 
and every apsidal angle is a riglit angle. 

In the ellipse about a focus, tlie apses are at the greatest and 
least distances, and the apsidal angle is two right angles. 


154. In a central orhit described under the action of forces 
tending to a fixed point, each apsidal distance will divide the orbit 
symmetrically, if the forces he always equal at equal distances. 

It is easily shewn that, in any orbit described by a body 
under the action of forces tending to a fixed point, the forces 
depending only upon the distance, if a second body be projected 
at any point with the velocity of the first in the opposite direc- 
tion, It will proceed to describe the same orbit in the reverse 
direction, under the action of the same forces. 

For, let ABC be a portion of the polygon whoso limit is 
the curvilinear path of the body, and produce AB to c, and 
Cit to a, making Be = AB, and Ba = CB. 



146 


NEWTON. 


The Impulse at B is measured by cG when the body de- 
scribes ABG^ and if the motion be reversed, the same impulse 
at B would cause the body to move in BA^ with the velocity 
which it had in AB^ since aA = cG. And the same is true 



throughout the polygonal path, hence the assertion is true for 
the whole path, described under the action of impulses which 
are always the same at the same points, and therefore, proceed- 
ing to the limit, the statement made for any orbit is proved. 

Hence, since the forces are equal at equal distances on 
both sides of the apse, the path of the body from an apse 
being similar and equal to the path which would be described 
if the velocity were reversed at the apse, is similar to the path 
described in approaching the apsej whence the proposition 
estahlished. 

155. There are only tioo diffrent apsidal distances^ and 
all apsidal angles are equal. 

For, after passing a second apse, the curve being symme- 
trical on both sides, a third apse will be in such a position that 
the apsidal distance is the same as for the first apse, and all the 
apsidal angles are shewn similarly to be equal. 

156. Cor. Hence a central orbit can never re-enter itself 
unless the ratio of the apsidal angle to a right angle be com- 
mensurable, and if it be so, the curve will always re-enter. 

s 

Illustrations, 

(1) If a hody describe an ellipse under the action of a force 
tending to one of the foci^ the square of the velocity varies inversely 
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I 

as the distance from that focus^ and directly as the distance from 
the others 

For BC ^ : SY^ :: HZx SYi: HP: SP; 

, / 1 ,2 1 HP 

• • 

(2) The velocity is greatest token the body is at the extremity 
of the major axis which is nearer to the focus to which the force 
tends^ and least at the other extremity^ 

For SYh the least io the first and gi'eatest in the second 
position. 

(3) The velocity at an extremity of the minor axis is a 
geometric mean between the greatest and least velocities. 

For at this point HZ=BCj and at the extremities of the 
major axis the values of HZ are Sa and SA, and BC^ = SA . Sa. 

(4) In the equiangular spiral described under the action of a 
force tending to the focus, the velocity oc 

For, ^7 qc SP, 

(5) If the force fend to the centre of the elliptic orbit described 

by a body, the time between the extremities of conjugate diameters 
will he constant 

For the area PCD ia constant. 

|G) The velocity at any point of an ellipse about a force tend- 
ing to a focus is compounded of two uniform velocities one 

perpendicular to Ae radius vector, and the other perpendicular to the 
major axis. 

Let S be the centre of force, 8Y, EZ pci-pcndiculars on the 
tangent at P, join SP, CZ. Then EZ, ZC parallel to PS, and 
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CE are perpendicular to the three directions; therefore the 
velocity represented by EZ in magnitude is the resultant of 
the two represented by CZ and EG] but the velocity perpen- 
dicular to EZ= ^2 therefore the velocities perpen- 
dicular io EC and CZ are % ae and ~ a, 

0 0 


XVIII. 

1. If different bodies be projected with the some velocity from 
a given point, all being attracted by forces tendiug to one fixed 
point, shew that the areas described by the lines drawn from the 
fixed point to the bodies will be proportional to the sines of the 
angles of projection. 

2. When a body describes a curvilinear orbit under the action 
of a force tending to a fixed point, will the direction of motion or 
the curvature of the orbit at any point be changed, if the force at 
the point receive a finite change ? 

3. A body moves in a parabola about a centre of force in the 
vertex, shew that the time of moving from any point to the vertex 
varies as the cube of the distance of the point from the axis of the 
parabola. 

4. In a parabolic orbit described round a force tending to the 
focus, shew that the velocity varies inversely as the normal at any 
point. Shew also that the sum of the squares of the velocities ta 
the extremities of a focal chord is constant. 

5. If the velocity at any point of an ellipse described about 
the centre can be equal to the difference of the greatest and least 
velocities, the major axis cannot be less than double of the minor. 

6. If an ellipse be described under the action of a force tending 
to the centre, shew that the velocity will vary directly as the 
diameter conjugate to that which passes through the body ;_ also 
that the sum of the squares of the velocities at the extremities of 
conjugate diameters will be constant. 

7. In an ellipse described round a force tending to the focus, 
compare the intervals of time between the extremities of the same 

latus rectum, when AC=2CS, 

8. In the ellipse described about the focus Sy ASEA being the 
pajor axis, time in AB : time in BA ' : : - 2^ : tt + 2^. 
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9. If the velocities at three points in an ellipse described by 
a particle, the acceleration of which tends to either of the foci, be 
in arithmetical progression, prove that the velocities at the opposite 
extremities of the diameters passing through these points will be 
in harmonical progression. 

10. If t >2 be the velocities at the extremities of a diameter 
of an ellipse described about the focus, and u the velocity at either 
of those points when it is described about the centre, prove that 
M (iJ, + Vg) will be constant. 

11. In a central orbit, the velocity of the foot of the perpen- 
dicular from the centre of force on the tangent varies inversely as 
the length of the chord of curvature through the centre of force. 

12. A particle is describing a parabola about its focus 5; if P 
and Q be two points of its path, shew that its velocity at Q will 
be compounded of the velocity at P and a velocity which will bo 
constant if the angle P5Q be constant. 


XIX. 

1. A body describes a parabola about a centre of force in the 
focus; sliew that its velocity at any point may be resolved into 
two equal constant velocities, respectively perpendicular to the axis 
and to the focal distance of the point. 

2. A body describes an ellipse under the action of a central 
force tending to one of the foci ; shew that the sum of the velocities 
at the extremities of any chord parallel to the major axis varies 
inversely as the diameter parallel to the dii-ection of motion at 
those points. 

3. A body moves in an ellipse under the action of a force 
tending to the centre ; shew that the component of the velocity at 
any point perpendicular to either focal distance is constant ; and 
that the sum of the squares of the velocities, at the extremities 
of any pair of semi-conjugate diameters, resolved in any given 
direction is constant. 

4. In an ellipse described about a focus, the time of moving 
from the greatest focal distance to the extremity of the minor axis 
is m times that from the extremity of the minor axis to the least 
focal distance ; find the eccentricity, and show that, if there be 
a small error in m, the corresponding error in the eccentricity will 
vary inversely as (1 + m)®. 

6. If the velocity of a body in a given elliptic orbit be the same 
at a certain point, whether it describe the orbit in a time t about 
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one focus, or in a time t' about the other, prove that, 2a being the 

major axis, the focal distances will be and — , . 

tr t t ^ V 

6. A body describes a parabola about the focus; if the seg- 

ments PiS, Sp of the focal chord FSp be in the ratio n ; 1, prove 
that the time in pA : time in AP : : + 1 :«=(» + 3). 

7. If SFbe perpendicular to the tangent to a curve at P, and 
P and I^both move as if under the action of a central force tending 
to Sf prove that the radius of curvature at P will vary as ST. 

If -P) Q he any two points in an ellipse described by a 
particle under the action of a force tending to the centre, prove 
that the velocity acquired in passing from P to Q will be in the 
direction QP', where P' is the other extremity of the diameter 
through P. 

9. Two points P, P' are moving in the same ellipse, in the 
same directions, with accelerations tending to the centre C; shew 
that the relative velocity of one with regard to the other is parallel 
and proportional to CP, where 7' is the point of intersection of the 
tangents at P and P'. If the points move in opposite directions, 
what will be their relative velocity ? 

10. Two particles revolve in the same direction in an oval 
orbit round a centre of force Sj w'hich divides the axis unequally, 
starting simultaneously from the extremities of a chord PQ, drawn 
through S. Prove that, when they first arrive in positions P, T 

. respectively, such that the angle P5Pis a minimum, the time from 
P to the next apse will be an arithmetic mean between the times 
from P to the next apse and to Q from the last apse. 

11. Two equal particles are attached to the extremities of a 
string of length 2/, and lie in a smooth horizontal plane with the 
string stretched ; if the middle point of the string be drawn with 
uniform velocity « in a direction perpendicular to the nitial direc- 
tion of the string, shew that the path of each particle will be a 

. /?r 

cycloid, and that the particles will meet after a time . 

12. If the velocity in a central orbit can be resolved into two 
constant components, one perpendicular to the radius vector, and 
the other to a fixed straight line, shew that the curve must be 
a conic. 

13. The velocity in a cardioid described about a force tending 
to the pole varies in the inverse sosquiplicate ratio of the distance. 

14. The velocity in the lemniscate varies inversely as the cube 
of the central distance, when a particle moves in the curve round 
a force tending to the centre. 
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PROP. II. THEOREM II. 

, Every hdy, which moves in any curve line described in a 
plane, and describes areas proportional to the times of 
describing them about a point either fixed or moving 
uniformly 'in a straight line, by ra Hi drawn to that 
point, is acted on by a centripetal force tending to the 
same point. 

Case I. Let the time be divided into equal intervals, 
and in the first interval let the body describe AB 
with uniform velocity, being- acted on by no force; 
in the second interval it would, if no force acted, pro- 
ceed toe in AB produced, describing Be equal to AB- 
and the triangles ABB, BSc would be equal. But’ 
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parallel to c C, and therefore BS was the direction of 
the impulse at B. 

Similarly, if at C, D, ... the body be acted on by im- 
pulses causing it to move in the sides CD, DE , ... of 
a polygon, in the successive intervals, making the 
triangles CSD, DSE, ... equal to ASB and BSC, the 
impulses can be shewn to have been in the directions 
CS, DS , .... Hence, if any polygonal areas be de- 
scribed proportional to the times of describing them, 
the impulses at the angular points will all tend to S. 

The same will be. true if the number of intervals be 
increased and their length diminished indefinitely, 
in which case the series of impulses will approximate 
to a continuous force tending to 8, and the polygons 
to curvilinear areas, as their limits. Hence the pro- 
position is true for a fixed centre. 

Case 2. The proposition will also be true if /S' be a 
point which moves uniformly in a straight line, for, 
)y tlie second law of motion, the relative motion will 
be the same, whether we suppose the plane to be at 
rest, or that it moves together with the body which 
revolves and the point 8, uniformly in one direction. 

Cor. 1. In non-resisting media, if the areas be not 
proportional to the times, the forces will not tend 
to tlie point to which the radii are drawn, but will 
deviate in consequentid, i.e. in that direction towards 
which the motion takes place, if the description of 
areas be accelerated ; but if it be retarded, the devi- 
atioii will be in antecedentid. 

Cor. 2. And also in re.sisting media, if the description 
of areas be accelerated, the directions of the forces 
will deviate from the point to which the radii are 
drawn in that direction towards which the motion 

takes place. 

SCHOLIUM. 

A body may be acted on by a centripetal force com- 
pounded of several forces In this case, the meaning 



PROP. II. THEOREM IL 


16 B 

of the proposition is, that that force, which is the 
resultant of all, tends to S. Moreover, if any force 
act continually in a line perpendicular to the plane 
of the areas described, this force will cause the body 
to deviate from the plane of its motion, but will 
neither increase nor diminish the amount of area 
described, and therefore must be neglected in the 
composition of the forces. 


Observations on the PropositioUi 

157. The description of an area round a point in motion 
may be explained by the following construction for the relative 
orbit, in the case of motion about a point which is itself moving 
uniformly in a straight line. ^ 

Let SS be the line in which S moves uniformly, and let the 
body move from A to B in the same time that S moves from S 
to S , and let P, o- be simultaneous positions of the body and of S. 

A 



If PP' be drawn equal and parallel to aS, and the same 
construction bo made for every point in the path of the body, 
he curve APF, which is the locus of P', will be the orhit whidi 
tbo body would appear to describe to an observer at S, who 
referred all tlm motion to the body ; for SP will be equal and 
paral el to aP and therefore the distance of the body^nd the 
direction m which it is seen, will be the same in the two cases. 

it y, Q be corresponding points near P and F, and the force 
t u be supposed to act impulsively, the relative motion round <r 
.11 be unaltered if we .apply to both P and a velocities equal to 
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that of <T and in a contrary direction, but in tins case a will 
be reduced to rest and the velocity of P will be the velocity 
relative to g. Take PQ and cro-', which arc described in the 
same time, to represent the velocities of P and <7, and let Qq be 
equal and prallel to o-'tr, then Pq represents the velocity of P 
relative to <7; and, since Qq^ Sg- a a = P'P^ P'Q is equal 
and parallel to Pq^ and therefore tlie velocity in the orbit AS' 
about S at rest is equal to the relalive velocity about S in 
motion. 

158. Cor, 1 . FLCvcrtiug to the polygonal arcaj if the tri- 



angle SBC be greater tlian the triangle SAB^ the impulse at B 
will not be in the direction BS^ but BU^ parallel to cC\ that is, 
if the areas be not proportional to the times but be in an 
increasing ratio, the direction ot the force will deviate towards 
the direction in which the description of areas is accelerated } 
and vice versa, when the description is retarded, 

4 

Wd. CoK. 2. The effect of a resisting medium is to retard 
the motion, or, supposing it the limit of a series of impulses, we 
must conceive an impulse at in the case ot the polygon, in the 
direction BA ; if therefore the description of areas be accelerated, 
the impulse applied at B in the direction ^0" must act still 

further fa cuaseyacHfi'd than that in BUj in order that, with the 

impulse corresponding to the resistance of the medium, it may 
produce a resultant impulse in the dlrcction of BU. Ihe effect 
of the resistance alone is to retard the description of areas. 

If the force act in conscqujilutj the resultant of this fore® 
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and the resistance of the medinm may act in tlie direction 
and the proportionality of tlic areas to the times be preserved, 

IGO. Prop. Let ABODE he or^y plane emr, S any point 
in the pkne^ to shew that^ generally^ the curve can he described 
under the action of a force tending to or from with finite velo- 
city^ the velocity at any given point being any given velocity. 

For arcs AB^ BO^ ... can be measured from any point A^ 
along the curve, such tliat tlie areas SAB^ SBCy„ are all equal] 



and of any magnitude. Also a body can be made, by some force 
to move along the curve with finite velocity, so as to'describe the 
arcs^i?, BC^ in equal times, unless tlie tangent to one of 
tlic arcs, as DE^ pass through 8, in which case, if the arcs ho 
indefinitely diminished, DEzAB will not be finite ultimately. 

Hence by Prop, II. a body can move with finite velocity 
under the action of some force teuding to or from generally, 

161. Note 1 . Since in making the motion of the body such 
that It shall describe equal areas in equal times we are only con- 
eerned with the ratio of the velocities, the velocity at any point 
A may bo any given velocity, 

162. Note 2. Or if we please wc may suppose the force at 
Rny point any given force ; for, in the case of the polygon, tim 
vdocitj generated by the impulse at B is to the velocity In A B 
as eCto Be, hence the impulse at B may be of any magnitiul^ 
It we choose the velocity in AB properly. 

163. Note 3. The ratio of the velocities will be llie same 

at two given points, for all forces tending to a given centre 
under the action of which the curve can be deswibed, * 
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164. Note 4, Hence a body can move tbroughout any 
ellipse under the action of a centripetal force tending to the 
centre or focus, the force depending only on the distance, since 
in these cases the curve is symmetrical on opposite sides of any 
apse ; or about any point within the ellipse, if the forces do not 
depend only on the distance, since no point within an ellipse lies 
on any tangent. 

165. Note 5. In the case of an oval, S being an external 
point, a body can move with finite velocity under the action of 
a force tending to the point N, in the portion which is concave to 
/S', and from S, in that which is convex to S, but not from one 
portion to the other. 


XX. 

1. If an ellipse be described so that the sum of the areas 
swept out by radii drawn to the vertices is proportional to the 
times of describing them, prove that the resultant acceleration 

will tend to the centre. 

2. A body is moving in a parabola, and the time from the 
vortex to any point varies as the cube of the ordinate ; shew that 
this motion could be caused by the action of a central force. 

3. A body was moving in a circle, and it was observed that the 
time of describing any arc from a fixed point varied as the sum of 
the arc and the perpendicular distance from one extremity of the 
ai’c on the diameter through the other ; shew that the body was 
acted on by a central force. 

4. A heavy particle falls from the cusp to the of ^ 

cycloid, whose axis is vertical ; shew that a particle could describe 
the cycloid in the same manner under the action of a constant lorce 
directed to a certain moving point. 

5. From the centre of a planet a perpendicular is let fall upon 
the plane of the ecliptic ; prove that the foot of this perpendicular 
will move as if it were a particle acted on by a force tending to the 
sun’s centre. 
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PROP. TIL THEOREM HI. 

Eoery hody^ which describes areas proportional to the times 
of describing them by radii drawn to the centre of another 
body which is moving in any manner tvhatever^ is acted on 
by a force compounded of a centripetal force tending to 
that other body^ and of the whole accelerating force which 
acts upon that other body. 

Let the first body be X, the second T, T moves under 
the action of some force P, L under the action of 



another force F. At every Instant apply to botli 
bodies the force P in the contrary direction to that 
in wliich it acts, as represented by the dotted arrows. 

L will continue to describe about P, as before, areas 
proportional to the times of describing them, and 
since there is now no force acting on P, P is at rest 
or moves uniformly in a straight line. 

Therefore, by Theorem IL, the resultant of the force F 
and the force P applied to L tends to P. 

Hence Pis compounded of a centripetal force tending to 
P, and of a force equal to that which acts on P. q.e.d. 

Cor. 1. lienee, if a body L describe areas proportional 
to the times of describing them by radii drawn to 
another body Pj and from the whole force which 
acts upon Z, whether a single force or compounded of 
several forces, bo taken away the whole accelerating 
force which acts upon the other body Pj the whole 
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remaining force, wlilch acts upon will tend to the 
other body as a centre. 

Cor. 2, And if these areas be very nearly proportional 
to the times of describing them, the remaining force 
will tend to the other body very nearly. 

Cor. 3. And, conversely, if the remaining force tend 
very nearly to the other body the areas will be 
very nearly proportional to the times. 

Cor, 4. If the body L describe areas which are very 
far from being proportional to the times of describing 
them, by radii drawn to another body and that 
other body T be at rest, or move uniformly in a 
straight line, then either there will be no centripetal 
force tending to that other body or such centri- 
petal force will be compounded with the action of 
other very powerful forces, and the whole force com- 
pounded of all the forces, if there be many, may bo 
directed towards some other centre fixed or moving, 

Tlie same will hold, when the other body moves in any 
manner whatever, if the 'centripetal force spoken of 
be understood to be that which remains after taking 
away the whole force acting upon the other body T. 

SCHOLIUM. 

Since the equable description of areas is a guide to the 
centre to wliich that force tends, by which a body is 
principally acted on, and by which it is deflected 
from rectilinear motion, and retained in its orbit, we 
may, in what follows, employ the equable description 
of areas as a guide to the centre, about which all 
curvilinear motion in free space takes place. 

IUustration» 

166. As an illustration of the last propositions and their 

corollaries, we may state some of the observed facts in the 

motion of the Moon, Earth, and Sun, and make the deductions 

corresponding to them. 
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Suppose the Moon’s orbit relative to the Earth to be nearly 
circular, and let ABCD be this orbit, E the Earth. 



(1) The areas described by the radii drawn from the Moon 
to the Earth are nearly proportional to the times of describing; 
hence the resultant force on the Moon tends nearly to E, 

(2) If the line joining the centres of the Earth and Sun 

meet the Moon’s relative orbit about the Earth in 6’, and 

DEB be perpendicular to CS^ the description of areas will be 

accelerated as the Moon moves from D \o A and from B to ( 7 , 

and retarded from AioB and from GioD\ hence the direction 

of the resultant force on the iloon in the positions 

3/3, will be in the directions of the arrows slightly inclined 
to the radii drawn to E. 

From these observed facts, we see that when the force, nnder 

the action of which E moves, is applied to the Moon in the 

contrary direction, the remaining force tends in the directions 
of tlie arrows. 

By the supposition that the Earth and Moon are acted on 
by forces tending to the sun, wliose distance compared witli EM 
IS very great, and tliat the differences of tlie forces on these 
bodies are not very great, the accelerating effect of the force on 
the Moon in DAB being greater than that on the Earth, and in 
BCD less, the circumstances of the description of areas in the 
motion ol the Moon ai'c accounted for. 
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PROP. IV. THEOREM IV. 

The centripetal forces on equal hdies, which describe dif- 
ferent circles with uniform velocity^ tend to the centres of 
the circles^ and are to each other as the squares of arcs 
described in the same timCj divided by the radii of the 
circles. 

The bodies move uniformly, therefore the arcs described 
are proportional to tlie times of describing them ; and 
tlie sectors of circles are proportional to the arcs on 
which they stand, therefore the areas described by 
radii drawn to the centres are proportional to the 
times of describing them ; hence, by Prop. IL, the 
forces tend to the centres of the circles. 

Again, let AB^ ab be small arcs described in equal times. 




AD^ ad tangents at A, a] ACSG, acsg diameters 
through A, a. Join AB^ ah^ and draw BC^ be per- 
pendicular to AG^ ag. 

When the arcs AB^ ab are indefinitely diminislied, since 
ACy ae are sagittse of the double of arcs AB^ ah 
described in equal times, they are ultimately, by 
Prop. L, Cor. 4, as the forces at A and a. 

But AC,AG = (chdAi?/ and ac,ag ^ (chdaJ)"; 
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« • 


force at A : force at a :: AC : ac ultimately, 


(chd45)^ (chdizi)* (arc^5)'* farcai)’ 

• • a ^Sd h 


Aff 


ag 


AG 


ag 


, Lem. VII, 


Take AE^ ae two arcs described in any equal finite 
times, then AE: ae::AB: ah^ since the bodies move 
uniformly, and this is also true in the limit; 


AE'^ 

/. force at A : force at a :: 


ae 

as 


2 


Q.E.D. 


Cor. 1, Since these arcs are proportional to the velo- 
cities of the bodies, the centripetal forces will be in 
the ratio compounded of the duplicate ratio of the 

velocities directly, and the simple ratio of the radii 
inversely. 

Tliat is, if V, v be the velocities in the two circles, i?, r 
the radii, J^,/the centripetal forces, AE: ae::V :v] 


Cor. 2. ^ And since the circumferences of the circles are 
described in their periodic times, the velocities are in 
the ratio compounded of the ratio of the radii directly 
and the ratio of the periodic times inversely ; hence 
the centripetal forces are in the ratio compounded 
of the ratio of the radii directly, and of the ratio of 
the squares of the periodic times inversely. 

If P, be the periodic times in the two circles re- 
spectively, 



R r 



0 • 




r 

It 


V 

r 




» • 


R 


r 


P 


Cor. 3. ITonce, if the periodic times be equal, and there- 
lore the velocities proportional to the radii, the cen- 
tripetal forces will be as the radii ; and conversely. 

Y 
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11 P=p, then V : v R : r; 


^ R r 

Cor. 4. Also if the periodic times be in the subduplicate 
ratio of the radii, the centripetal forces will be equal. 

That is, if P' : : A : r, then F= f by Cor. 2. 

Cor. 5. If the periodic times be as the radii, and 
therefore the velocities equal, the centripetal forces 
will be reciprocally as the radii ; and conversely. 

Cor. 6. If the periodic times be in the sesquiplicate 
ratio of the radii, and therefore the velocities recipro- 
cally in the subduplicate ratio of the radii, the cen- 
tripetal forces will be reciprocally as the squares of 
the radii ; and conversely. 

That is, if P' P’ : ri, 

P- P 1 1 

then r' : y* :: : -j :: r/- 

P f P r 


V 1 1 


9 Tp • ^ • _ • * 

^ R ' r" R' f 


Cor. 7. And, f>'enerally, if the periodic times vary as 
any power P" of the radius P, and, therefore, the velo- 
city vary inversely as the power P” ', the centripetal 
force will vary inversely as P"'“‘; and conversely. 

Cor. 8. All the same proportions can be proved con- 
cerning the times, velocities, and forces, by which 
bodies describe similar parts of any figures whatever, 
which are similar and have centres of force similarly 
situated, if the demonstrations be applied to those 
cases, uniform description of areas being substituted for 
uniform velocity, and distances of the bodies from the 
centres offeree for radii of the circles. 

Let AE, ae be similar arcs of similar curves described 
by bodies about forces tending to similarly situated 
points S, s ; and let AB, ah be small ares described 
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in equal times ; BD^ hd subtenses parallel to SA^ sa ; 
A F, av chords of curvature at a, so that 

AV \ av w AS ; as. 







Then, force at A : force at a :: DB : db, ultimately, 

AB^ a¥ AB^ aV 


« • 


« • 


AV' av" SA ' 


, ultimately ; 


and if F, v be the velocities at A^ a since AB, ab are 
described in equal times, AB : ab::V:v, ultimately ; 


F 


V 


force at A : force at a :: vrv • — i as Cor. 1. 

hA sa 

Again, \fABj ab be small similar arcs described in times 
2\ tj instead of being arcs described in equal times, 
and P, p be the times of describing similar finite 
arcs AB, ae, 

T\ P aread^SP : area ASEw area«5f : area« 5 c ’:.t\p\ 

therefore, when AB, ab are Indefinitely diminished, 
T\ t:\ P \p, 

I-Ience, 


^ * 


SA sa SA sa ^ 

-717 : -T , as Lor. 2, 

P p ' 




• • 
5 • • 


Cor. 9, It follows also from the same 
the arc which a body, moving with 
ina circle under theaction of a given 
describes in any time, is a mean 
tween the diameter of the circle, 
through which the body would fall 
the action of the same force and in 


proposition, tliat 
uniform velocity 
centripetal force, 
proportional bc- 
and the spaco 
from rest under 
the same time. 
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FoTj let AL be the space described from rest in the same 
time as the arc AE^ then since, if BD be perpendi- 
cular to the tangent at BD will be ultimately the 
space described by the body, under the action of the 
force at in the time in which the body describes 
the arc AB^ and the times are proportional to the arcs ; 


• • 


AL:BD: : AE^ : AB^ 


/. AL.AG : BD.AG :: AE ' : AB'^; 
and BD,AG = (c\idABy = (^a,YcABJ\ ultimately; 
therefore AL.AG = AE\ or AL : AE :: AE : AG. 


Q. £. D. 


SCHOLIUM. 

The case of the sixth Corollary holds for tlie heavenly 
bodies, and on that account the motion of bodies acted 
upon by a centripetal force, which decreases in the 
duplicate ratio of the distance from the centre of force, 
is treated of more fully in the following section. 

Moreover, by the aid of the preceding proposition and 
its corollaries, the proportion of a centripetal force 
to any known force, such as gravity, can be obtained. 
For, if a body revolve in a circle concentric with 
the earth by the action of its own gravity, this 
gravity is its centripetal force. 

But, from the falling of heavy bodies, by Cor. 9, both 
the time of one revolution and the arcs described in 
any given time are determined, 

And by propositions of this kind Huygens, in his ex- 
cellent tract, De Horologio Oscillatorio^ compared the 
force of gravity with the centrifugal force of re^ 
volving bodies. 

The preceding results may be proved in this manner. 
In any circle let a regular polygon be supposed to 
be described of any number of sides. And if a body 
moving with a given velocity along the sides of the 
polygon be reflected by the circle at each of its 
angtdar points, the force with which it impinges on 
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the circle at each of the reflections will be propor- 
tional to the velocity ; and therefore the sum of the 
forces, in a given time, will vary as the velocity and 
the number of the reflections conjointly. But if the 
number of sides of the polygon be given, the velo- 
city will vary as tlie space described in a given 
time, and the number of reflections in a given time 
will vary, in different circles, inversely as the radii of 
the circles, and, in the same circle, directly as the 
velocity. Hence, the sum of the forces exerted in a 
given time varies as the space described in that time 
increased or diminished in the ratio of that space to 
the radius of the circle ; that is, as the square of 
that space divided by the radius, and therefore, if 
the number of sides be diminished indefinitely so 
that the polygon coincides with the circle, the sum 
of the forces varies as the square of the arc described 
in tlie given time divided by the radius. 

This is the centrifarjal force by which the body presses 
against the circle, and to this the opposite force is 
equal, by which the circle continually repels the 
body towards the centre. 



Si/mhoUcal representation of Areas^ Lines^ 


167. In the statement of the proposition the words arcuura 
quadrata applicata ad radios," in the text of Newton, is rendered 
the squares of arcs divided by the radii. ISuch expressions as 


AB^ 

AG 


may be regarded as representations of lines this 


expression denotes ./1 6^) whose lengths are determined by such 
constructions as the following: 

To AG apply a rectangle whose area is that of the square on 
ABy and let bo the side adjacent io AG] AG \s thus 
obtained by applying the square on AD to AG. The propriety 


AB^ 


of the symbol employed to represent a line ACj assumed 


from algebra, is obvious, since tlie number of units of area in 
the square on AB and in the rectangle whose sides are AOy 
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AC are the same; hence, if r be the number of units of 
length in these Hues, m'‘ = nxr aud r = — . 

71 


A 

168. If symbols or this kind, viz. , be used in tlie same 

manner as a fraction, we may either treat them numerically, 
considering AB'^ to represent the number of units of area con- 
tained in the square on AB^ and AG as the number of units of 
length in AG^ and thus apply the rules of Arithmetical Algebra; 
or we may look upon AB'^ as the absolute representation of an 

AB'^ 

area, and Aff as that of a line, in which case would have 

’ ’ AG 


no meaning except by interpretation. In this interpretation we 
are guided by the principles upon which Symbolical Algebra is 
applied to any science, the laws of operation by symbols being 
the same in Arithmetical and Symbolical Algebra, and the 
symbols being interpreted so that these laws are not contra- 
dicted. Thus if, in the application to Geometry, the symbol A 
be supposed to denote an area equal to that of a rectangle whose 
sides are represented by a and the assumption that A- ah 
or ha will imply that ah = ha^ hence the laws remain the same 

as in Arithmetical Algebra, and ” = ^J so that the interpretation 

is legitimate, that, if a rectangle be applied to a, whose area is A, 
A 

— will denote the other side of the rectangle. 
a 


Ohsermtions on the Proposition, 

169. In the statement of the proposition the word * equal’ 
Las been inserted before ‘ bodies ’ in order to make the theorem 
correct, whether we suppose the centripetal force to be estimated 
with reference to the momentum or the velocity generated. 

It would, perhaps, be better to state the proposition as 
follows : “ The resultant of the forces, under the action of which 
bodies describe different circles with uniform velocity, are centri- 
petal aud tend to the centres of the circles, and their accelerating 
effect are to each other, &c.,” for it is not known, prior to the 
proof, that the forces are centripetal. 
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170. Cons. 1 find 9. The first corollary asserts that the 
centripetal forces on bodies moving in different circles vary as 

, but the ninth shews that the accelerating effects of the 



centripetal forces are in each circle equal to 

Jit 

For, if V be the velocity, F the accelerating effect of the 
force in any circle, T the time of describing any arc, FT will be 
the length of the arc, \F'P will be the space through which 
the body would move iiiuler the action of the same force con- 
tinued constant, in the same time in which the arc Is described, 

\Fr : FT:: FT: 2T: V‘ = FE. 

171. Scholium. In uniform circular motion the centripetal 
force is employed in counteracting the tendency of the body to 
move in a straight line, which it would do, according to the first 
law of motion, with the uniform velocity which it has at any 
point of the circle, if the centripetal force were suddenly to cease 
to act. This tendency to recede is called a centrifugal force 
improperly; for the effect of a force being to accelerate or 
retard the motion of a body, or to alter its direction, if tlic 
tendency could properly be termed a force and the centripetal 
foi-cc which counteracts it were removed, it would accelerate or 
retard the motion of the body, or alter its direction, which it 
docs not. 


The only sense in which the term centrifugal force can be 
used with propriety as a force may be obtained by the con- 
sideration of relative equilibrium, In which case, if the same 
centripetal force acted on the body, the centrifugal force would 
keep it in equilibrium, supposing the bodv were at rest as 
it would appear to be to an observer moving w-i :t. 

Thus, if a body be supported on the surhee jf the earth, 
since the body desenbes a circle about the axis of the earth 
with uniform velocity, the pressure of the support and the 
attraction of the eartli must have a resultant, whose direction 
will pass through the centre of this circle, and whose magnitude 
will he such as would cause the body to describe It* this rc- 
Bultant and the centrifugal force will be in statical cqnilil: ium. 
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172. In this case of circular motion the force is exerted 
not in accelerating or retarding the motion, hut in changing its 
direction. 

Thus, referring to the figure of Prop. L, if the direction of 
the impulse at B bisect the angle ABO^ the triangle CBc will 
be isosceles, m^BG=Bc = AB] therefore the velocities in 56’ 
and AB will be equal, and the effect of the impulse has been to 
change the direction without altering the velocity of the body. 
Hence, the regular polygon Inscribed in a circle, centre 5, can 
be described with uniform velocity under the action of impulses 
tending to the centre; and, by similar triangles 55(7, C5c, 

Gc\BG\\BG:BS. 


And if V be the uniform velocity in the polygon, T the 

WT 

time in a side 5(7, BG= V,T] therefore Gc = . 

If now the number of sides be Indefinitely increased, Gc will 
be ultimately twice the space through which the body will be 
drawn from the tangent by the continuous force, see Art. 346 ; 

Gc 

therefore will be the measure of tlie accelerating effect 

1 Bb 

of the centripetal force tending to the centre of the circle, 


J Illustrations of Gircular Alotion, 

I) A small hody is attached hy an inelastic string to a 

point on a smooth horizontal table^ to determine the tension of the 

string when the hody describes a circle. 

If the body be set in motion by a blow perpendicular to the 

string, the string will remain constantly stretched, and the only 

force which acts on the body in the horizontal plane being in the 

direction of the fixed point, the areas described round this point 

will be proportional to the time, and the body will move in a 

circle with uniform velocity, ^ 

Let V be the velocity of projection, and I the length of ihe/ 

string, then the accelerating eflect of the tension of the string 
is - ; that is, j is the velocity which would be generated in an 

I ’ I 
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unit of time from rest by the action of this tension continued 
constant, therefore the tension of the string : the weight of the 

body :: y 

Ex. If a velocity of two feet a second be communicated 
perpendicular to a stiing whose length Is a yard, 

v’': 4 : 3 x 32 :: 1 : 24, 

hence th^tension is ^th of the weight, and the time of 

revobfion is evidently — seconds =^ = 9*4", nearly. 

(2) If a ’particle he attached hy a string of given length to ct 
point %n a rough horizontal plane^ and a given velocity he communi- 
cated to it, perpendicular to the string supposed tight, find the 
tension of the string at any time, the time in lohich it v)ill he 
reduced to rest, and the xoliole arc described. 

Let Fbc the velocity of projection, I the length of the string 

in feet, v the velocity at any time t. Since the particle describes 

a small arc ultimately with uniform velocity tlie accelerating 

2 

effect of the tension at the time < is j . Again, if /i he the 

coefficient of friction, the retarding effect of friction is which 

is constant, hence the velocity destroyed in the time t since . 

friction is the only force acting in the direction of the tangent * 
is/i^^, and v = V-pgt. 

Therefore the particle comes to rest in — seconds after 
describing the arc — feet. 

The tension of the string at the time /: the weight of tlio 

partieW :: -^'gi: ^ : g- therefore tlie tension oc ( 

cc thi square of the time which will elapse before the particle 
coraM to rest. 

(3) Sugyposing that the Moon describes a circle with uniform 

velocity about the centre of the Earth as its centre, to find the ^'atio 

of the centripetal acceleration of the Moon's motion to gravity at 
the Earth's surface. 
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Let n= number of seconds in the boon’s periodic time, 
B = the radius of the Moon’s orbit in feet ; therefore the velocity 

of the Moon is — and ^ . (^— j measure of the acce- 

lerating effect of the force exerted on the Moon, and the measure 
of the same for gravity at the Earth’s surface = 32.2 ; hence, 
the /atio required is WB : 32.2n’'. 

/( 4 ) A body is suspended hy a string from, a fixed point, and 
iJing drawn out of the vertical is projected horizontally so as to 
describe a horizontal circle with uniform velocity. Find the 
velocity and the tension of the string. 

Let yl be the point of suspension, BG the radius of the circle 
described ; therefore, the circle being described uniformly, the 
resultant force on the body tends to the centre B, and the 

measure of the accelerating effect of this resultant force is ^ 

in the direction GB. Let T, TF be the tension of the string and 
the weight of the body, acting in GA and parallel to AB 

respectively, therefore T‘. W:: GA: AB] 



and if GD be perpendicular to AG, BG‘ = AB.BD] and the 
velocity will be that due to falling through the space \BD. 


XXI. 

1. If the cube of the velocity, in circles umformly - 

inversely proportional to the periodic t me, she^v that the law of 
force will vary inversely as the square of the raan. 
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2. Compare tlie areas described in the same time by the 
planets, supposed to move iu circular orbits about the Sun in the 
centre exerting a force which varies inversely as the square of the 
distance. 

3. If the forces by which particles describe circles with uniform 
velocity vary as the distance, shew that the times of revolution will 
be the same for all. 

4. If the velocity of the Earth’s motion were so altered that 
bodies would have no weight at the equator, find approximately the 
alteration in the length of a day, assuming that, before the altera- 
tion, the centrifugal force on a body at the equator was to its 
weight : : I : 288. 

5. A particle moves uniformly on a smootli horizontal table, being 
attached to a fixed point by a string, one yard long, and it makes 
tliree revolutions in a second. Compare tho tension of tho string 
with tho weight of Ike particle. 

C. A body moves in a circular groove under tho action of a 
force to the centre, and the pressure on the groove is double the 
given force on tho body to the centre, find the velocity of tho body. 

7. If a locomotive bo passing a curve at the rate of twenty-four 
miles an hour, and the radius of tlie curve be of a mile, prove 
tlial tlio resultant of the forces which retain it on the line, viz. of 
the action of the rails on tho flangos of the wheels, aud the liorizontal 
part of tho forces whicli act perpendicular to tho inclined road-way, 
will bo Tiii of tlio weight of tho locomotive, nearly. 

8. If a body he attached by an extensible string to a fixed 
point in a smooth horizontal table, find tho velocity wdth wdiich tlie 
body must move iu order to keep tlie string constantly stretched 
to doublo its length. 

If W bo the woiglit of the body, and « IV bo the W’cight which if 
suspended at tho extremity of the string wouM just double its length, 

I tho length of tho string, show that the square of tho required 
velocity 

9. A man stands at the North Pole and wliirls 21 lbs. troy 
weight on a smootli horizontal plane by a string a yard long at tho 
rate of 100 turns a minute; ho finds tliat tho difference of the 
forces which ho has to exert according as lie whirls it one way or 
Uie opposite is roughly 39 grains ; find tho period of tho rotation of 
the earth. 

10. Two equal bodies lie on a rough horizontal table, and are 
connected by a string which passes through a small ring on tho 
table ; if the string bo stretched, find tlie greatest vehjcity with 
wl'.ich one of the bodies can bo projected in a direction perpendicular 
to its portion of the string without moving the other body. 
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PROP. V. PROBLEM I. 

Having given the velocity with which a lodij is moving at 
any three points of a given orhit, described by it under 
the action of forces tending to a common centre^ to find 
that centre. 

Let the three straight lines FT, TQV, VR, touch the 
given orbit in the points P, Q, R respectively, and 
let them meet in T and V. 


V. z 



Draw PA, QB, 2^(7 perpendicular to the tangents, and 
inversely proportional to the velocities of the body 
at the points P, Q, R. Through A, B, C draw AJ), 
DBE, C® at right angles io PA, QB, meeting m 
D and E. Join TD, VE; TD and VE produced, if 
necessary, shall meet in 8 the required centre offeree. 

Dor, the perpendiculars SX, SY, let fall from 8 on the 
tangents PT, TQV, are inversely proportional to the 
velocities at P, Q (Prop. i. Cor. 1), and are therefore 
directly as the perpendiculars AP, BQ, or as the 
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perpendiculars DM^ DN on the tangents. Join XY^ 
MN, then, since SX\SY\\ DM : DN and the angles 
XSY^ 3IDN dxo equal, therefore the triangles SXY^ 
MDN are similar; therefore SX\DM\\XY\MN 
\\XT\MT^ and the angles SXT^ DMT are right 
angles ; therefore, D^ T are in the same straight 
line. Similarly E, V are in the same straight 
line, and therefore the centre S is the point of 
intersection of TD^ VE. q.e.d. 


XXII. 

1. If AB^ BCj CBy the three sides of a rectangle, be the 
directions of the motion of a body at three points of a central orbit, 
and the velocities be proportional to these sides respectively, prove 
that the centre of force will be in the intersection of the diagonals 
of the rectangle. 

2. If the velocities at three points of a central orbit be respec- 
tively proportional to the opposite sides of the triangle formed 
by joining the points, and have their directions parallel to the same 
sides, prove that the centre of force will be the centre of gravity of 
the triangle. 

3. Three tangents are drawn to a given orbit, described by a 
particle under the action of a central force, one of them being parallel 
to the external bisector of the angle between the other two. If the 
velocity at the point of contact of this tangent be a mean propor- 
tional between those at the points of contact of the other two, prove 
that the centre of the force will lie on the circumference of a 
certain circle. 

4. If the velocities be inversely proportional to the sides of the 
triangle formed by the tangents at the three points, the centre of 
force will be the point of concourse of the straight lines joining each 
an angular point of this triangle to the intersection of the tangents 
to its circumscribing circle at the ends of the opposite side. 

6. If the velocity of a particle describing an ellipse under the 
action of a centre of force vary as the diameter parallel to the 
direction of its motion directly, and as its distance from one of 
the axes inversely, prove that the centre of force will be at an 
infinite distance. 
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If a hdfj revolve about a fixed centre of force^ in any orbit 
whatever^ in a non-remting medium, and if at the ex- 
tremity of a very small arc, commencing from any point 
in the orbit, a subtense of the angle of contact at that point 
he drawn parallel to the radius from that point to the 
centre offeree, then the force at that point tending to the 
centre tvill be ultimately as the subtense directly and the 
square of the time of describing the arc inversely. 

Let PQhe the small arc, PS the radius drawn from P 



angle of contact at P, parallel to PS. T the time of 
describing PQ, F the accelerating effect of the 

force at A ^ . 

Then, when the body leaves P, it would, if not acted on 

by the central force, move in the direction PR, and if 

the force F continued constant in magnitude and 

direction throughout the time T, QR would be the 

space through which it would have been drawn by F 

. . . 1 rr 2 ^ 7 ? 

in that time; therefore ultimately, I = ~'rp'r^ 

CoR. 1. Draw ^^perpendicular to aSP, and let twice 
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the area described in an unit of time. Then area 
FSQ = ^hT, Prop, i., also, since triangle PSQ 
= ^SP. $ r, and area PS Q = triangle PS Q, ultimately, 
Lemma VIII., therefore hT = SP.QT, ultimately; 

QR _ 2^ QR 

~SF ■ Qr ■ 

Coe. 2. Draw SF perpendicular on PR. Tlien, a PS Q 
= A PSR = ^SY. PR ; 


hence, ultimately, F=2 


kT=SY.PR = SY.PQ, ultimately ; 

t. u- . 1 T, C.QR S/i' QR 
hence, ultimately, F=2-^ = . 

Coe. 3. If the orbit have finite curvature at P, and P V 
be the chord of the circle of curvature whose direction 
passes through >S', PV.QR=PQ‘, ultimately; 

F= 


SY\PV' 


PQ 


Coe. 4. If V be tbe velocity at P, then V = -y , and 
j._2QR_2QR (PQs’ ^ , 

■*“212"* jpQ* ' \ ^ ultimately j 




or V^=2F, 



tliat is, the velocity at any point of a central orbit 
at which the curvature is finite is that which would 
be acquired by a body moving from rest under tlio 
action of the central force at that point continued 
constant, after passing through a s])ace equal to a 
(juarter of the chord of curvature at that point drawn 
in the direction of the centre of force. 

CoR. 5. Hence, if the form of any curve bo given, and 
the position of any point Sj towards which a centri- 
petal force is continually directed, the law of tlio 
centripetal force can be found, by which a body will 
bo deflected from its direction of motion, so as to 
remain in the curve. Examples of this investiga- 
tion will bo given in the following problems. 
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Ohservations on the Pro]^osition. 

173. In Newton’s enunciation of the proposition, the sagitta 
of the arc, which bisects the chord and is drawn in the direction 
of the centre of force, is employed instead of the subtense used 
in the text, but these are ultimately proportional by Art. 90. 

The variations by which Newton expresses the results of the 
first three corollaries are replaced by equations, in order to 
facilitate the comparison of the motion of bodies in different 
orbits and the forces acting upon them. 

174. The figure employed in proof of the proposition is 
drawn upon supposition that the force is attractive, the orbit 
being concave to the centre of force ; the same proof will apply 
also to the case of a repulsive force, if the curve be drawn in 
the direction of the dotted line PQ and the same construction 
be made. 

The exception, however, should be made, that the method fails 
in the particular positions in which the body is at the points of 
contact of tangents drawn from the centre of force to the curve; 
in such cases QR does not ultimately meet the tangent at a finite 
angle or is not a subtense ; the result of the proposition is there- 
fore not demonstrated for these particular positions. A further 
discussion of the case is given on the next proposition. 

175. In the proof it is assumed that the body moves ulti- 
mately in the same manner as if the force at Preraained constant 
in magnitude and direction, in which case the body would 
describe a parabola, whose axis is parallel to PP, and which is 
evidently the parabola which has at P the same curvature as 
the cuiwe. By this consideration the proposition contained in 
Cor. 4 can be readily proved. For, since the body moves in 
a parabola under the action of a constant force in parallel lines, 
the velocity at P is that acquired by falling from the directrix 
under the action of the force at P, continued constant, ie. 
through a space equal to the distance of the focus of the 
parabola, which is equal to a quarter of the chord of curvature 
at P, drawn through P. 
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176. The supposition that the force at P continued constant 
in magnitude and direction, causes the body to move in a curve 
which is ultimately coincident with the path of the body, may be 
justified by considering that if PQ be the ai’c of the parabola 
described on this supposition in the same time as the arc PQ 
actually described, the error Q'Q is due to the change in the 
magnitude of the forces and the direction of their action in the 
two cases * now, the greatest difference of magnitude varies as the 
difference of SP and SQ ultimately, and the ratio of the error 
from this cause to QR vanishes ultimately; also, since zP/S'tg 
vanishes ultimately, the ratio of the error, arising from the change 
of direction, to QP vanishes; therefore, Q'Q : Q'R vanishes, and 
the curves may be considered ultimately coincident. 


177. It is evident that the results of the Proposition and of 
the fourth corollary are true of the resultant of any forces, under 
the action of which any plane orbit is described, for this resultant 
may be supposed ultimately constant in direction and magnitude, 
in which case the curve described is a parabola. Hence, as in 
Art. 175, if P be the accelerating effect of the resultant of the 
forces, QR the subtense parallel to the direction of the resultant, 


PV 


and 

llomogmeit^. 


178. Cor. 1,2. In the expressions for F obtained in these 
corollaries, it is of great importance to observe the dimensions 
of the symbols. Thus h T represents an area and h is of two 
dimensions in linear space and of - I in time ; therefore ]i‘. QR 
IS of dve in space, and of -2 in time, and SF\QT of four 


dimensions in space; hence, is of one dimension in 


space and of - 2 in time, and represents cither twice the space 

through which a force would draw a body in an unit of time, or 

the velocity generated by the force in an unit of time, cither of 

which may bo taken as the measure of the accelerating effect of 

the force ; moreover, this uuU is the same by which the raaKui- 
tude of h is determined. 


AA 



178 


NEWTON. 


Hence, if the actual areas, lines, &c., be represented by the 
symbols, and not the number of units, as mentioned in Art. 168, 
every term of an equation or of a sum or difference must be 
homogeneous, or of the same number of dimensions, both in space 
and time; for example, PQ-l- F.T representing a line, V must 
be of — 1 dimensions in time. 


Tangential and Normal Forces, 

t 

179. To find the accelerating effect of the components of the 
"forces^ under the action of which a body describes any plane curve^ 
taken in the directions of the normal and tangent at any point. 

Let PQ be a small arc of the curve described under the 
action of any forces, T, N the measures of the accelerating effect 
of these forces, in the direction of the tangent and perpendicular 
to it. Then, if V be the velocity at P, t the time of describing 
the forces may be supposed ultimately to remain constant; 
therefore, if QR be perpendicular to PP, we shall have 
ultimately QR — \N,f^ and PR=Y,t-^\T,f=V,t since the 
ratio of T.f : Vt vanishes ultimately; hence, if p be the radius 

PR 

of curvature at P, 2p = 


OR 


2 . 
ultimately ; therefore — will 


be the measure of the normal acceleration estimated towards 
the centre of curvature. 

Again, if V’ be the velocity at Q, F' will be ultimately the 
component of the velocity in the direction PR] therefore, by 
Art. 5jB, we obtain two measures of the tangential acceleration, 

f F'^'-F'' , F'-F 

the limits of — and 


2PQ 


t 


visb. To find the velocity at any point of an orbit descnbea 
under the action of any forces in one plane. 

Let AB be any arc of an orbit, F, v the velocities at A and 
B and suppose the arc AB divided into a large number of small 
portions, of which PQ is one, ^ velocities at P and Q, Pthe 
accelerating effect of the tangential component of the forces at P, 


V 


2 _ = 2T.PQ ultim ately, 

andv^'-'F' is obtained by taking the limit of the sum of the 
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magnitudes ^T.PQ corresponding to the different arcs when 
their number is indefinitely increased. 

That this is rigidly correct may be shewn by considering that 
: H.PQ Is ultimately a ratio of equality; therefore, by 
Cor., Lemma IV., or Art. 22, the limiting ratio of the sums is 
also a ratio of equality. 

In the case/of a central force, whose accelerating effect is 

T=F cobEIjS] 

/. v\^Jv: = ^F,PQ (^o^EPS=^2F[SP- SQ) ultimately, 
whence v'>- if F depend only on the distance. 

/ Radial and Transversal Forces, 

>81. To find the accelerating effect of the components of 
forcej under the action of which a body describes any plane curve, 
taken in the direction of a radius vector drawn from a fixed 
point, and perpendicular to it. 

Let PQ be a small arc described in the time T] QEU, 
PU parallel and perpendicular to SP] P, Q the measures of the 
accelerating effects of the components in PS and PU] PE a 



tangent at P. If V be the velocity at P, make Pr=F.P, 

draw TN perpendicular to ^P, and let Qq be the arc of a 
circle, centre S, 

Since the forces may bo considered ultimately constant in 


magnitude and direction, iP,F = Nn = Nq-^ 


tSq 


ultimately# 
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Let h be twice the area which would be described in an 
unit of time by radii from if the transverse force Q ceased 

to act, ihtTi Qn>SP=^TN,SP-li.T\ therefore = 

ultimately ; and if F be the measure of the accelerating effect 
of a force, under the action of which the body would move 
in PS, so that its distance from S would be always equal to 
that of the body in PQ at the same time, \F,T‘ = Nq ulti- 

mately; therefore P=P'+ 

Again, if at Q It correspond to 1i - \ the increase of A, 
will be due to the increase of velocity in direction PP, which 
is equal to Q.T ultimately; therefore [li - li] T == Q.T\ SP 

Jl h 

ultimately hence ultimately. 



Angular Vehcitg. 

.82. Drf. rc/oc% of a point moving about a fixed 

point is the rate at which angles are described by radii drawn 
to the fixed point. 

Uniform angular velocity is measured by the angle described 
in an unit of time. 

Variable angular velocity is measured by the angle which 
would be described by a radius in an unit of time, if moving with 
nnifornv angular velocity equal to the angular velocity at the 
time under consideration; this is the limit of the angle, described 
in a tiL T, divided by % when Tis indefinitely diminished. 

j’3. To find the angular velocity in a central orbit. 

Let PQ be a small arc described in the time T, draw QN 
perpendicular to SP, then A. r= twice the area PSQ= QN.SP 
ultimately ; and, if the angles be supposed estimated m circular 

measure, L PSQ = ultimately ; therefore the angular 

. • , • PSQ , h 

Velocity, which is Z ultimately, — » 
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tangent from the centre of force. 

Draw SY perpendicular on the tangent PY, and let PV be 
the chord of curvature through S. 

The angle described by 8Y in the time T is equal to the 
angle between the tangents at P and Q, or to twice tbe angle 
PVQ-, therefore angular velocity of 5F: angular velocity of 

SP:: 2 1 PVQ : i PSQ -.liSQ : QV ultimately; hence the 
angular veht^ity of SY = 

\ / Illustrations. 

(v '^ofind the tension of a string hg which a hodg is attached 
to the centre of a vertical circle in which it revolves. 

Let P be the position of the body at any time, CP, GA 
radii drawn to P and tbe lowest point, and let r, u be the 
velocities at P and A. Draw PM perpendicular to CA, Tlien 

u'‘-v' = 2g.AM and is the accelerating effect of the forces 

in the direction PG, viz. the tension of the string and tbe com- 
ponent of the weight of the body. Let T be the tension of 
the string and m the mass of the body ; 

. v" T CM , ^ 

■■ Cl~7n~^'lJp T-.mg-.-.v‘->rg.CM-.q.CA-, 
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therefore the tension of the string ; the weight of the body 

:: — 2g.CA + 3^. Oil/ : g,CA. 

Note 1. In order that the complete circle may be described, 
since the siring must be stretched at the highest point where 
— CA must be written for CJ/, w''^= or >5^.0il, and if the 
circle be just described, the tension at the lowest point will be 
six times the weight. 

Note 2. If the body oscillate, the extent of the oscillation 
will be given by the consideration that at the extremity P' of 
the arc of oscillation there will be no velocity, therefore 
n'^2g.AM\ and AM' is less than AG, otherwise the string 
woul^not be stretched, so that the tension at A : the weight 

y.^lM’-^AGiAG. 

2) Find the force under the action of which a bodg may 
)cribe the equiangular spiral uniformly. 

The velocity being constant, there is only a normal force 

Psina 

measured by (vel.)’* h- radius of curvature = , Art. 128. 

% 

(3) Find the force tending to the pole of the cardioid, under 
the action of which the curve is described. 

F F BG 

Since PF= and (vel.f = ^ = , see page 105, 

^ ^ . Zli\BG 1 

therefore the accelerating effect of the lorce is ^ 


(4) Two equal rings P, Q slide on a string which passes round 
two fixed pegs A, B in a smooth horizontal plane / the rings are 
brought together, and then projected with equal velocities, so as to 
hep the string stretched symmetrically. Shew that the tension of 
he string varies inversely as the distance AP. 
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The figure represents the position of the system at any time. 
Let CR bisect AB and PQ^ and let DE be drawn parallel to 
CR^ so that EP-PA^ then EPR-AP-\-PR is constant; 
therefore DE is fixed, and P moves in a parabola whose focus 
is A and directrix DE, 

Also, the tensions of the string in PA, PQ being equal and 
equally inclined to the tangent to P’s patli, the resultant of these 
tensions, which are the only forces acting in the plane of the 
curve, acts in the normal, hence the rings move with uniform 
velocity equal to the velocity of projection F, and if T be the 
measure of the accelerating effect of the tension, PG the normal, 

/ 

p the radius of cu^ature, ^TcofiAPG=. — , and 2p cosAPG 
= chord of cui-vmre through A = 4PA ; therefore 

/ r- ^ 

/ 4PA PA * 

(5)jnody revolves in a smooth circular tube under the action 
of a force tending to any yoint in the circumference^ and varying 
as the distance from that 'point. Find theiwessure on the tule^ and 
the point where there is no pressure^ the motion commencing from 
a given point. 

Take A the centre of force, C that of tlie circle ; let B be the 
point of starting, PQ a small arc, BD, PM, QN ordinates to the 



diameter through the centre of force. Am, Qn perpendicular on 
GP\ lot ti.PA be the measure of the accelerating cflect of the 
force at P; therefore ij,.mA, fi.Pm are those of the tangential 
and normal forces, =fi.PM and respectively. 
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(vel.f at g-(vel.)^ at P= 2 /i.PJ/;P$= 2 /i.CP.il/«^ultlmately, 
see Art. 179, whence, taking the limit of the summation for all 
the small arcs in PP, (vel.)^ at P=2ii.CP,DM, 

^vel.)*'^ at P 

Also, — -gp — =/ti.^M+the accelerating effect of the 

pressure of the tube, the upper or lower sign being taken 
according as the pressure is from or towards G] therefore the 
pressure on the tube has for the measure of its accelerating effect 

± fx {AM- WM) = ± {^AM- 2 AD ) ; 

lienee the pressure is outwards from B until AM^^^ADy at 
which point there is no pressure, and inwards from that point to 
the corresponding one on the opposite side, liaving its greatest 
value at J, and the outward pressure at B is half the inward 
pressure at A, 

( 6 ) If in a smooth elliptic tube a particle he placed at any 
and he acted on hy two forces which tend to the foci and 
vary inversely as the square of the distances from those points^ 
shew that the pressure at any point will vary as the curvature. 

Let 0 be the point of starting, PQ a small arc described by 
the body, QT^ QU perpendiculars on SP, HP, 

i 

Take ^ , -^2 j -^5 ^ measures of the accelerating 

effects of the forces, and of the pressure of tube outwards. 

Then, employing the usual letters for the lines of the figure, 
the accelerating effect of the tangential component of force 

to S is 







PT p{SP-SQ)_ 

SP^' PQ~ SP.SQ.PQ PQ,SQ 




PQ.SP 


ultimately ; 



and similarly for the force tending to P"; 
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2/i 


Also ^ i^\PF Ti -f , . 

* p “■ [hP PP ) “ P be the radius 


PF 


^CIP 


of curvature at P, and 2p. = PF= _ ^SP.HF 

’ ^ PE AG ~ 


AC 


. ^ /.'.5P ;..FP 

• • XI4P j ^ TTT-fcl 


2/t' 2/i 2/i' 2/4 

AG.UP^ AG.SP HP SP^W^M 


2/4' 


, _jp p_ — (l^'SO fiH0\ 1 

HO SO AG AG~ \ll6 ”50 j lo ’ 

which is constaot j therefore R varies as the cuiwature. 


XXIII. 


1. A body IB attached to a poiat by a thread, and is projected so 

as to describe a vortical circle, prove that, if T,, T be the tensions 

01 the string at the extremities of any diameter, the arithmetic mean 

between /„ T, is independent of the position of the diameter, and 

‘ component of the weight in the direction 

of the diameter. 


2. Astrmg of given length Ha capable of sustaining a weiffht IF 

Olio end IS fixed, and a given weight P less than IF, attached to the 
other end, oscillates in a vortical plane, find the greatest arc through 
winch the weight can oscillate without breaking the string. 


3. A ring slides on a string hanging over two pegs in the same 
horizontal lino, find the tension of the string at the lowest point if 

the ring begin to fai from the point in the hori^iontul lino through 
the pegs, the string being stretched. ® 


AV vortical axis of a cycloid, A the highest point, 

AM, ANa.T6 the abcissiD of points at which a body begins to sHde 

down the are of t m cycloid, and at which it loaves the cmrve ; prove 
that IV IB the middle point of MB, ’ ^ 

6. If in a central orbit tho direction of motion change uniformly 
prove that the normal force wiU vary as tho radius of curvature. ^ 

BD 
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6. Given the Sun’s motion in longitude at apogee and perigee 
to be 67' 10" and 61' 10" ; find the eccentricity of the Earth’s orbit, 
supposed to be an ellipse about the Sun in one of the foci. 

7. Prove that the angular velocity of a projectile about the 
focus of its path varies inversely as its distance from the focus. 

8. A particle, constrained to move on an equiangular spiral, is 
attracted to the pole by a force proportional to the distance, prove 
that, at whatever point the particle be placed at rest, the times of 
describing a given angle about the centre of force will be the same. 

9. A body slides down a smooth cycloidal arc, whose axis is 
vertical and vertex downwards, find the pressure at any point of the 
cycloid, and shew that, if it fall from the highest point, the pressure 
at the lowest point will be twice the weight of the body. 

10. Find the law of force, tending to the centre, under the 
action of which a lemniscate can be described. 


XXIV. 

1. Two straight lines AB are united at B\ ^^revolves 

about A, and ^ O' about B with the same uniform angular velocity ; 
shew that the acceleration on C tends to A and varies as CA. 

2. A particle describes an ellipse, the centre of force being 
situated at any point within the figure. Shew that at the point 
where the true angular velocity is equal to the mean angular 
velocity, the radius vector is a mean proportional between the 

semiaxes. 

3. A particle begins to move from any point of a smooth 
parabolic tube, being attracted to the focus by a force which varies 
inversely as the square of the distance ; find the greatest pressure. 

4 If 5 F be the perpendicular on the tangent at a point P of 
an orbit, described about a centre of force 5, prove that the 
acceleration at P will be equal to the product of the velocities of P 

and F divided by 5F. 

5 A smooth cone is placed with its axis vertical and vertex 
upwards, shew that there is a certain portion of the surface upon 
which a particle can describe a circle, if properly projected and 
acted on by gravity and by a force tending to the vertex and 
varying as the distance. 
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6. Shew that the force required for the description of an ellipse 

about the vertex A varies as , where PJV is the perpendicular 
on the axis. 

7. If a particle describe an ellipse under the action of a force 

Dj)’^ 

tending to any fixed point Oj the force will vary , where 

P is the position of the particle, FP' the chord through 0, and 
7)])' the diameter parallel to this chord. 

8. Shew that in the elliptic orbit described under the action of 
a force tending to a focus, the angular velocity round the other 
focus varies inversely as the square of the diameter parallel to the 
direction of motion. 


9. A particle moves in a circular tube, under the action of a 
force which tends to a point in the tube, and whose accelerating 
effect varies as the distance, shew that, if the particle begin to move 
from a point at a distance from the centre of force equal to the 
radius, there will be no pressure on the tube at an angular distance 
from the centre of force equal to co8''| . 

10. A particle moves in a smooth elliptic groove, under the 
action of two forces tending to the foci and varying inversely as the 
squares of the distances, the forces being equal at equal distances. 
Prove that, if the velocity at the extremity of the axis major be to 
that at the extremity of the axis minor as to then the 

velocity at any point will vary inversely as the normal; find the 
pressure on the tube. 


11. Determine the relation between // and X and the velocity of 
projection, in order that an ellipse may be described under the 

action of forces * ffp^ foci and X. CP to tho centre, acting 
Bimultanoously. 


12. A particle is attached to a point C by a string, and is 
attracted by a force which tends to a point 8, and varies inversely as 
the square of the distance from 8. Find the least velocity with 
which the particle can be projected from a point in CS, or CS pro- 
duced, BO as to describe a complete circle. If CS be less than the 
length of tho string, prove that the tension will bo a maximum at 
a point P, where 8P is perpendicular to CS, and that if CS be half 
the length of the string, the two minimum and the maximum 
tensions will bo as 0, 4 and 3 ^3. 
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PEOP. VII. PKOBLEM II. 

A lody moves in the circumference of a circle, to find the law 
of the centripetal force, tending to any given point in the 
plane of the circle. 

Let AP Fbe the circumference of the circle, S the given 
point to which the centripetal force tends, PV the 



chord of the circle drawn through S from P, tlie 
position of the body at any time, and VOA the 
diameter through V. Join PA, and draw SY 
perpendicular to PY, the tangent to the curve at P. 


By Prop. VI. Cor 3, if F be the measure of the accele- 
rating effect of the centripetal force, F = ’ 


and, since the angles SPY, VAP are equal, and also 
the right angles PYS, APV, the triangles SPY, 
VAP are similar, and : SP :: PV: VA‘, 



2Jf. F4’ , 
SP\P V^ ’ 


therefore, since h and VA are given, F varies 
inversely as SP\P V\ 


Prop. vn. problem it. 
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Cor. 1. Hence, if the given point S to which the 
centripetal force tends, be situated on the circum- 
ference of the circle, V will coincide with S, and F 
vary inversely as 

Coe. 2. The force, under the action of which a body 
P revolves in a circle APTVy is to the force, under 
the action of which the same body P can revolve ia 
the same circle in the same periodic time about any 
other centre of force R, as RP\SP to SG\ SG being 
a straight line drawn from the first centre /S', parallel 
to the distance RP of the body from the second 
centre offeree i?, to meet PG, a tangent to the circle. 

For, by the construction of this proposition, since the 
periodic times are the same, the areas described in 



a given time are the same ; therefore, h is the same 
for both centres, hence, if PRT be the chord through 
R, the force to S : the force to R RP\Pr 
:SP\PV\ but, by similar triangles TPV, GSP, 
PT : PV:: SP : SG] therefore force to S : force to R 
: : RP'.SP ’ : SP\SG " : : RP'SP : SG\ 

CoR. 3. The force, under the action of which a body 
P revolves in any orbit about a centre of force S, is 
to the force, under the action of which the same 
body P can revolve in the same orbit in the same 
periodic time about any other centre of force R, as 
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BP‘.SPtoSG\ being the straight line drawn from 

the first centre of force S, parallel to BP the distance 
of P from the second centre of force B, to meet PG 
the tangent to the orbit. 

For, in each case, the body maybe supposed for a 
short time to be moving in the circle of curvature, 
and the forces are the same as those which would 
retain the body in the circular orbit; therefore, 
since the areas described in a given time are equal, 
the ratio of the forces is BP‘.SP : SG\ 

Observations on the Proposition, 

, 185. In the figure employed in the proposition, the force is 
supposed to be attractive, but the investigation of the law 
of force applies also to the case in which the centre of force 

D A 



8 is exterior to the circle, in which case the force is repulsive 
through the arc 5(7, which is convex to the centre of force, and 
contained between the tangents drawn from 8 to the circle. 

It is important, however, to observe that this problem is to 
find what would be the law of force tending to 5, under the 
action of which a body would be moving, supposing that it 
could move in the circle, or any portion of the circle, under the 
action of such a force, but it does not assert the possibility of 
such a motion, which is considered in Art. 165. 
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In fact, the comjplete description of a circle ABG^ under the 
sole action of a central force tending to an external point is 
impossible, because, as the body approaches the point the 
component of the velocity perpendicular to SB remains finite 
however near the body approaches B^ and since there is no 
force to generate a velocity in the opposite direction, the body 
must proceed to describe an arc BU on the opposite side. SB 
•would be a tangent to both curves, because the velocity in 
direction becomes larger than any finite quantity, as the body 
approaches 5, and therefore the angle between BS and the 
direction of motion is indefinitely small at B. 

That a finite velocity in the direction perpendicular to SB 
could remain up to 5, may be shewn by producing SB to T 
in the tangent FY at P\ then the component of the velocity 


at F perpendicular to SB is ~ = ite 


body arrives at a point very near to B. 


186. The force at a point indefinitely near to B cannot be 
properly determined by the method of Prop, vi., because the 
lines parallel to the direction of the force from which the mea- 



sures of the force are obtained are not subtenses, or sagitfas, 

since they are in this case not inclined at a finite angle to the 
tangent. 
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But it can be seen in another manner from the polygon of 

Prop. I, that the force is infinitely great, when the distance from 
B becomes infinitely small. 

Thus, if CDEF be a portion of the polygon whose limit 
touches the radius from S between D and the angle between 
BE and BS or ES may be made as small as we please compared 
with the angle between GB and BE^ hence the velocity 
generated by the impulse in the directions BS and SE will 
become infinitely great compared with the velocities in CD 
and EF. In the figure, the impulses at B and E^ whose 
directions are denoted by the arrows, have corresponding to them 
in the limit the forces on opposite sides of the tangent, which 
are attractive and repulsive respectively. 

187. Cor, l. For the reasons given above, a limitation 
should be made, vis., when Pis at a finite distance from S. In 

this case PV=SP and , B being the radius of the 

circle. 

We may also observe here that the possibility/ of a description 
of a circle is not asserted, but only the law of force required 
in case o/* description of any portion of the circle. The complete 
description of the single circle is, in fact, impossible, for, under 
the action of the force obtained, the body would pass to the other 
side of the tangent on arriving at S, then proceed to describe 
another equal circle, and, on arriving again at P, return into the 
original circle, 

188. Cor. 3. The orbit being the same, and also the 
periodic times about S and E being equal, the value of k, in 
the two cases, is the same; also, the force tending to 8 for 
the orbit being of the same magnitude at Pas that under the 
action of which the circle of curvature would be described, and 
Sr, PV being the same in the orbit and the circle, K is also 
the same, Prop. VI. Cor. 3 ; and, similarly, h is the same in the 
circle and orbit described about B ; therefore it is the same in 
the circle described about S and B as centres of force, and hence 
Cor, 2 applies. 
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Absolute Farce. 

189. If the force upon a body placed at any distance from 
the point S vary inversely as the nth power of that distance, 
the magnitude of the force, or its ratio to any given force, 
as that of gravity, will be determined when the distance SP is 
given. The measure of the accelerating effect of the force is 

written j where the constRiit part of this measure is an 


algebraical symbol of n + 1 dimensions in linear space. If the 

unit of space = a, ^ is the measure of the accelerating effect of 

the force on a body at an unit of distance, and fi is called the 
Absolute Force, being the measure of the accelerating effect of 
the force at an unit of distance x the nth power of that unit. 
Tlie absolute force i^ot the measure of the accelerating effect 
of any force, unless fhe symbols be treated numerically, in which 
case /i is twice tW number of units of space through which a 
constant force, ^ual to the force at an unit of distance, would 
draw a body {mm rest in an unit of time. 

Law of Force in a Circular Orbit 


190. The law of force may be expressed in terras of the 
distance for SD^ Sd being the greatest and least distances 
of the body from 8, SI).8d= SP.SV; see figure, page 188. 


SP,PV=8r±SD.Sdj 

+ or - according as 8 is within or without the circle ; 

, „ U\AV\SP 

(SF±8I),Sdf- 

If 8 be on the circumference Sd - 0, therefore jF= — . 

If 8 be exterior to the circle, SD.Sd=Sn\ and the low 
sign must be taken: therefore F= 

* {SP^-SBy' 

Velocity in the Circular Orbit _ 

191. To find the velocity in the circular orbit describee 

^horbU ^ in the plane oj 



CO 
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The velocity at P= 


h SP h VA 


1 


^ • -v-x 


sr sp*S7 sp^pv sp.pv 


Coe. If S be In the circumference of the circle, and ^ 
be the accelerating efiFect of the force, fi = 2V8A ^ ; 

hence the velocity at P= . 


Or, we may employ the rc'5ult of Prop, vi., Cor. 4, 




PV 




SP 


li\i ] 




1 


cc 


2 ' V2r/SF'^ 6P** 


Periodic Time. 

J 192, Po the 'periodic time in a circular orlit described 
under the action of a force tending to a point in the circumference. 

Let P be the periodic time, R the radius of the circle, and 
let -^6 measure of the accelerating effect of the force at 
Fj then A. P= twice the area of the circle = 27rP*, 

and p = 2VAS^ = 8PP* ; /. P = — ^ — ♦ 


Jd3, To compare the periodic times in .the same circle when 
""mcrihed under the action of a force Unding to a point in the 
circumference^ and a force tending to the centre^ of the same 
magnitude as that of the first force at a distance equal to the radius 

of the circle. 


Let F be the periodic time, and Fthe uniform velocity in 

fjh f. 

the circle in the second case, V‘ = ^. E].\ r = ^ , 


27rP^ 

and P'.F= 27rP;.-.P' = -^' 


2v/2* 


Illustrations, 

(l) When the force in a circular orbit tends to a point within 
the circle^ to find the pointat which the true angular velocity is 
equal to the mean angular velocity. 
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The true angular velocity = , the mean = 27r, ; 

therefore at the required point SF=Bj or the perpendicular from 
the required point upon the line joining -S' to 0 the centre of the 
circle bisects OS. 


(2) A hody describes a circle under the action of a force 
tending to a point within it^ the measure of whose accelerating 
effect at the greatest and least distances SD and Sd are the radius 
and twice the diameter respectively ^ the unit of timebeing a second] 
find the number of seconds in passing from D to d. 


Since 


SD\I)(P 



SJiR 


2 


SdWd^ 



SD = 2Sdy 2in^ 3Sd=Dd=2E] h = 2E.Sd=iR^ ] 


and the number of seconds from D to d = 




XXV. 


1. Jf fi he the absolute force in a circular orbit described under 
the action of a force tending to a point in tlio circumt'orence, jirovo 
that the time in a quadrant commencing from the extremity of tho 
diameter through the centre of force will be (t + 2) E ^ 

In what unit of time is the result expressed ? 


2. A point describes a circle, with an acceleration tending to any 

^ I ^ \ ^ ^ 1 rove that, if three points be taken at 

which Its velocities are in harmonical progression, the velocities at 
the other extremities of the diameters, passing through those points, 
will also be in harmonical progression. 


3. In tho case of a centre of force $ within a circle, if two points 

Z, M be taken, such tlmt ZS, MS mako equal angles with the 

diameter through 5, and on the same side of it, then the forces at 

i and M will be to each other in tho inverse ratio of tho squares on 
OL and OM. 


4. The sum of tho reciprocals of the velocities at the extremities 

ol any diameter is independent of tho position of tho centre of force 
and varies as tlio periodic time. * 

6. Prove that, when a circular orbit is described alioiit an in- 
ternal point, the sum of tlie square roots of the accelerations at the 
extremities of any chord passing through that point varies invorsedv 
as the square root of tho length of tho chord. ^ 
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6. Prove that, if the law offeree tending to S, a point without a 
circle, be the law of force under which part of the circle can be de- 
scribed, the body will move near ^ as if acted on by a force tending 
to £ and varying inversely as the cube of the distance from £. 

7. OE is a radius perpendicular to the diameter through -S' in a 
circular orbit about a central force tending to a point S within the 
circle, SB an ordinate, perpendicular to OS, shew that, i^he force 
at B be an arithmetic mean between the forces at the greatest and 
least distances, OE'^^ SB.SE^, 


8. Prove that, if a circle be described about a force tending to a 
point in the circumference, and BQ be a chord parallel to the dia- 
meter through that point, the times of describing equal small arcs 
near F and Q will differ by a quantity which varies as PQ. 

9. When a particle is describing a circle under the action of a 
central force, shew that at every instant the angular velocities 
about all points in the cii’cumference are the same. 


10. The period in an orbit described under the action of a central 
force, whose accelerating effect is fir” is given to be -r a be- 
ing a line and X a number, find 


11. Apply the proposition contained in Cor. 3, to prove that if 
in an elliptic orbit described under the action of a force tending 
to the centre, the force vary as the distance from the centre, then 
the force tending to the focus will vary inversely as the square of 
the focal distance. 


12. Deduce, by Cor. 3, the law of force, when a parabola is 
described under the action of a force tending to the focus, from the 
constant force parallel to the axis, under the action of which the 
same parabola may be described. 


13. Shew, by the method of projections, that the centripetal 
force at any point P tending to a fixed point 0 in the axis major 
of an ellipse under which the ellipse can be described, varies as 



. OPj POQ being the chord of the ellipse through 0. 
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VIII. PROBLEM III. 


/ 



4 ' 


■ ¥ • 


A lody moves in a semicircle PQA under the action of a 
force tending to a point S so distant that the lines PS, QS 
drawn from the body to that point may he considered 
parallel; to find the law of force. 

Let CA be a semidiameter of the semicircle drawn from 
the centre perpendicular to the direction in which the 
^ force acts, cutting C^initfandiV, andjoin CP. 



Let PPZ be tlie tangent at P, ZQT perpendicular to 

PMS, meeting PRZ in Z^ and let SNQ meet PRZ 
m R, 

Then the force at P - ultimately, if the arc 

PQ be indefinitely diminished, and SP may be con- 
sidered constant; also, by Euclid iii. 86, 

QR.{RN-\- QN) = Rr\ 

and, since RQ is parallel to PT, and the triangles 
PZTy CPM are similar, 

PP: QT::ZP:ZT::CP:P3I; 


4 ♦ 


Qr _ Qr BF r3P , „ ^ ,,, 

Qli ItP' ^QR ~ np* ■{RN-\- QA ) 


CP 

“ ^ ■ ultimately j 

Lonco force »t P = . 
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Aliter. 


In fig. page 190 draw OE a semidiameter perpen- 
dicular to SD, and let the distance SP cut the 
circle in F, and OE in AI, then, by the pre- 

8 

ceding proposition, F = gprjjyi > 

very distant, the ratio Pi/ : SAP or SO will vanish; 
therefore, SP = SO ultimately, and PV is ulti- 
mately perpendicular to OE and equal to 2Pi/; 


V 

/• F=— 


1 


X 


SO\PAP PAI 


8 • 


SCHOLIUM. 

A body moves in an ellipse, hyperbola or parabola, 
under the action of a force tending to a point so 
situated and so distant that the lines drawn from 
the body to that point may be considered parallel, 
and perpendicular to the major axis of the ellipse, 
the axis of the parabola or the transverse axis of 
the hyperbola. To shew that the force varies 
inversely as the cube of the ordinates. 

Let AAIG be the axis to which the direction of the 
forces may be considered perpendicular, PAI, PG 



the ordinate and normal, PO the diameter of 
curvature, and PV the chord of curvature in direc- 
tion PS. 
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Then F= 


2h 


8 


2/i“ P ff 


$ 9 


8Y\pv 8t\i^rp3r^ 


^P_PG 

SY~'PM^ 


Foo 


PG 


PG" 1 

OC OC 


PM\PV PM\PO PM^’^ 


since POqcPG\ Art. 84. 


Observations on the Proposition* 

194. It has been shewn in Art. 151, that the equable de- 
scription of areas may, in the case of forces acting in parallel 
lines, he replaced by the uniformity of the resolved part of the 
velocity in the direction perpendicular to that of the forces. In 
the proof given In the text, when S is removed to an infinite dis- 
tance, li and SP are both infinite magnitudes, but the expression 

^ is finite, for area SPQ described in the time T is ultimately 

equal to area SMN^ whose base is equal to uT^ u being the com- 
ponent of the velocity perpendicular to the direction of the 

li‘ 

forces; therefore /i u T. iSP ultimately, and on 2 =w^ hence 

bP ’ 

the acceleration due to the force, when a body describes the 

.... 

semicircle, is • 

* PM * 

195. The accelerating effect of the force, acting in parallel 
lines, may be obtained directly from the proposition of Art. 151, 
as follows. 

Lot w bo the constant component of the velocity 7, perpen- 
dicular to the direction of the force, and let Fhe the accelerating 

9 y* 

effect of the force, therefore F= 


PV PM 


also V , u :: <7P; PJ/; P= 


PM^~ 


Extension of Scholium. 

190. TF^en a lodij describes any curve under the action of a 
foi’ce tending to a point Sj so distant that the lines drawn from 8 
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to the lody may he considered parallel ; to find the law of force 
and the velocity at any point. 

Let AP be any curve, AMG the line to which the forces are 
perpendicular, PIT, PG the ordinate and normal at the point P, 
PF the chord of curvature in the direction of the force, PO the 
diameter of curvature. 

Let F be the accelerating effect of the force at P, u the 
component of the velocity Fin the direction AMG] 

V:u :: PG : PM^ 
also PF:PO:: PM:PG] 



2F^ 2 u\PG^ PO _ 2 u\PG^ 
PV “ PM\PO * PF“ POF^ 

and the velocity — u. 


Illustrations, 


(1) A cycloid is described by a particle^ under the action of a 
force acting in a direction parallel to the axis y find the accelera^ 
tion and the velocity at any point. 

In the cycloid PO — i^PGj and PM,AB=PG^^ AB being 
the length of the axis ; 

^ 2 u\PG^ PG u\AB 1 
PM^ ■ PO 2 PM'^ * PO* ' 

AB 1 
'"• PG"^ PO' 


PG 


and the velocity at P=w. ^ = 


(2) A particle moves in a catenary under the action of forces 
acting in vertical lines j find the accelerating effect of the force 
and the velocity at any point. 

Let AM be the directrix, AB the ordinate at the lowest 
point. 

Then PG : PM r. PM : AB and PO = 2P6^ 5 


“^“PD.PJP 


u\PM 


AB 


X PM a: PO^j 


PG PM 

and the velocity at P= u. ^ = u, ^ cc PM, 
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1. A body \s moving in a semicircle under the action of a force 
tending to a point, so distant that the lines drawn from the body 
to that point may be considered parallel ; if the centre of force be 
transferred to the centre of the circle, when the direction of the 
body’s motion is perpendicular to that of the force, its magnitude 
at that point being unaltered, prove that the body will continue to 
move in the cii’cle. 

2. If a cycloid be described under the action of forces in the 
direction of the base, the force at any point will vary inversely as 
AM.MQ; AMf JIQ being the abscissa and ordinate of the cor- 
responding point of the generating circle. 

3. A catenary is described under the action of a horizontal 
force, prove that the force varies as the distance from the directrix 
directly, and the cube of the arc from the lowest point inversely. 

4. If the same parabola be described by particles when the 
force tends to the focus, and when it is parallel to the axis, the 
velocities will be etjual at the points at which the forces are e(jual. 

^ 6. A parabola having its vertex at A and its axis coincident 
with AB the diameter of a semicircle, is described so as to cut the 
semicircle in P; prove that, if a body move in the semicircle under 
the action of a force perpendicular to AB, the time of moving from 
AtoP will vary as the difference between AB and the latus rectum. 
Prove also, that if a second body move from ^ to P in the parabola 
in the same time under the action of a force perpendicular to its 
axis, and the velocities in the two curves at P be equal, the latus 
rectum of the parabola will be iAB, 
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PKOP. IX. PEOBLEM IV. 


If a lody revolve in an equiangular spiral^ required the 
law of centripetal force tending to the pole of the spiral. 

Draw SY from the pole of the spiral, perpendicular 
to the tangent PZ, and let PF be the chord of 
curvature at P, whose direction passes through S ; 
then P', the measure of the accelerating effect of 

2P 

the force tending to the pole, is 

a be the angle of the spiral, SY—SP sin a and 
PF=2;S'P, Art. 128; 


• P= — 

^ % V OT 


li 




1 


siu“a SF - SF 'SF‘ 


197. To find the vehcitij of a lody descriling an equiangular 
spiral under the action of a force tending to the pole. 

If Jf_ be the accelerating effect of the force tending to S, 

SF 


r^F.\PV=^.SP-, F= Jp. 

198. To find the time of describing any arc of the equi- 
angular spiral. 

Let AL be any arc, SA^ SL bounding radii, P the time of 
describing the arc. Then areaSAZ»=|(/SA^-SP)tana, Art. 127 ; 

2 X arca&4Z» SP SA^ SL 

199. In any orhit^ described under the action of a force tending 
to any point S, when the angle between the tangent PY and the 
radius SP is a maximum or minimum^ the velocity is equal 0 
the velocity in a circle at the same distance about the same force 

in the centre. 

For, the curve, near this point, may be considered an equi- 
angular spiral ultimately, since the angle is constant for a shoit 
time; therefore the chord of curvature is = 2SP, and 
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XXVII. 

1. In different equiangular spirals, described under the action 
of forces tending to the poles which are equal at equal distances, 
shew that the angular velocity varies at any point as the force and 
the perpendicular on the tangent conjointly. 

2. The angular velocity of the perpendicular on the tangent is 
equal to that of the radius. 

3. The velocity of approach towards the focus, called the para- 
centric velocity, varies inversely as the distance. 

4. A body is describing a circle, whose radius is a, with uniform 
velocity, under the action of a force, whoso accelerating effect at 

any distance r is ^ . Prove that, if the direction of its motion be 

deflected inwards through any angle /3 without altering the velocity, 

the body will arrive at the centre of force after a time — r 

bin/i ’ 

5. Deduce from the time in an equiangular spiral the time of 
passing from one point to another, when a body moves alon^- a 
straight line with a velocity which varies inversely as the distance 
from a fixed point in that line. 

6. A body describes an equiangular spiral in a resisting 
medium \yith uniform angular velocity under the action of a 
force tending to the pole ; prove that the force to the pole varies 
as the distance and the resistance as the velocity. 

7. Two particles of equal mass m, and at a distance 2a apart, 
are projected simultaneously with velocity F in the same direction 
perpendicular to the line joining them, the only force acting is a 
mutual force of attraction varying inversely as the cube of the 
distance between the particles, and equal at the distance 2a to mf, 

Provo that, if after a time one of the particles be 

stopped and kept at rest, the other will proceed to describe an 
eqmangular spiral about it as polo. 

8. Three particles A, B, C start from rest and move with 
uniform velocities, A always directing its course towards B, 
B towards C-, and towards A. Prove that if thoir velocities 
be projportional to i c, c% a\ whoro a, b, c are the initial distances 
of B from C, C from A, and A from B respectively, they will 
ttescribe similar equiangular spirals with a common polo. 
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PEOP. X. PROBLEM V. 

If a body he revoloing in an ellipse^ to find the law oj 
centripetal force tending to the centre of the ellipse. 

Let CB be the semiaxes of the ellipse, P the 
position of the body at any time, PCij, BCD 
conjugate diameters, Q a point near P, QT, PF 
perpendiculars from Q and P on PG^ DD' \ draw 
QU m ordinate to PCG, QR a subtense parallel 
to CP. 




Then ultimately. 


But, by similar triangles QTU, PFC, 

QF _PF^ QU‘ CD 

% allQ 


CP 


2 ) 


QT 


'i 


P U. UG CF ’ 
PF\CD‘ AC\BO‘ 


• • 


PU.UG 


CF 


CP 


) 




JJG — %CP ultimately, and PU=QR\ 
Qr AC\BC 


« • 


2QR 


ultimately ; 


1’= limit of 


CF 

W.QR _ 
CF.QT‘~AC\BC’‘ 


h\CP 


oc CP; 


therefore the force is proportional to the distance 
from the centre. 
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AUter, 


Let CY be perpendicular on the tangent at P, and 
P F be the chord of curvature at P which passes 

through the centre = , Art. 79, 


Then F= 


W h\CP K 
CY\P V~ PF\ m ~ ~AC\BC^* ^ 


Cor. 1. And conversely, if the force be as the 
distance, a body will revolve in an ellipse having 
its centre in the centre of force, or in a circle, 
which is a particular kind of ellipse. ^ 

CoR. 2. And the periodic times will be the same in 
all ellipses described by bodies about the same 
centre of force. 

For the periodic time in any ellipse 

_ 2xarea of ellipse _ 27rA C, BC 

h ~ h » 

and the forces, at different distances in the same 
or different ellipses, vary as the distance ; therefore 

K , 

AC^ fhe same in different ellipses, 

therefore the periodic times in different ellipses 
is the same, and 

•Jfi 


SCHOLIUM. 

If the centre of an ellipse be supposed at an infinite 
(ustance, the ellipse will become a parabola, and 
the body will move in this parabola ; and the force, 
now tending to a centre at an infinite distance, 
will bo constant and act in parallel lines. This 
theorem is due to Galileo. And, if the parabola 
be changed into an hyperbola, by the change of 
me ination of the plane cutting the cone, the body 
will move in this hyperbola under the action of a 
repulsive force tending from the centre. 
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200. To find the velocity in the elliptic orhit under the action 
of a force tending to the centre^ the measure of whose accelerating 
effect is p x distance. 

The velocity at P= -^= WXD "" A 

Aliter, 

pv 

{Vel.f at P==F.-^^ =fi.GP.^] /. vel. at P=f/i.CD. 


201. If a hyperbolic orbit be described under the action of 
a repulsive force tending from the centre.^ the force will vary as the 
distance., and the velocity at any point as the diameter of the 
conjugate hyperbola parallel to the tangent at the point. 

This may be proved exactly as ia the case of the ellipse, 
employing the proper figure. 


202. To find the time in any are of an elliptic orhit about a 
force tending to the centre. 

If Pbe any point of the orbit, Q the corresponding point in the 
auxiliary circle, time in ^Poc areay^CPx ^xez,ACQcf:LAGQ\ 
therefore time in ^P; periodic tirae::^: 27 r, if ^ be the 


27r 


circular measure oil AGO. and periodic time therefore 

dp 


time in AP^ 



203. If at a given point, the velocity of a body be known, 
and the direction of its motion; to determine the curve which 
the body will describe under the action of a given centripetal 
force, which varies as the distance from the point to which it 
tends. 

Let Pt be the direction of motion at P, V the velocity at P, 
CP the measure of the accelerating effect of the force tending 
to G. On PC produced, if necessary, take PV equal to four 
times the space through which a body must move from rest, 
under the action of the force at P continued constant, in order 
to acquire the given velocity F; so that P = 2/iCP.{PF. 
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Draw CD parallel to Pt^ a mean proportional to CP and 
|P7, and let an ellipse be constructed with (7P, CD as semi- 
conjugate diameters, then PF is the chord of curvature at P 
through (7, 





In this ellipse let a body revolve under the action of a 
force tending to 6', whose magnitude at P is that of the given 
force, see Arts. 160, 162, then, when it arrives at the point P, 
it will be moving in the direction Pf, also the square of the 
velocity at P= ^l.CD^ ^ ^iXP .\PV=V'\ or the velocity at P, 
in the constructed ellipse, is F. Hence the body revolving 
in this ellipse is under the same circumstances as the proposed 
body, in all respects which can influence the motion of a body ; 
therefore the proposed body will describe the ellipse constructed 
as above, 

A direct solution of the problem, which is solved syntheti- 
cally in this Article, is given in pages 78 and 79.- 

204. Geometrical comfruction for the jmsition and magnitude 
of the axes of the elliptic orhit^ described hj a body about the centre^ 
when the velocity at a given point is knowrij and also the direction 
of motion. 

Produce CP to P, making PP a third proportional to CP and 
CD\ bisect CP in C, and draw UC perpendicular to CP, 
meeting the tangent at P in C, and with centre 0 describe a 
circle passing through C, P, and cutting the tangent in Paud /; 

/. PT.Pt^CP.PR=CD^i 
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Let TG intersect the ellipse in A'j and draw FM parallel 
to the diameter conjugate to ACA'^ 

then Pr:Cff\x TA.TA’iGA^ 

:: Gr-GA'^iGA^'^ 

Pr : PT.Pt :: Gr-GT.GM: GT.GM; 

A PT:Pt:i3rT: ftli; 

hence Gt Is parallel to PM^ and GT^ Gt are In the directions of 
conjugate diameters; but TGt is a right angle, therefore GT, 
Gt being in the direction of perpendicular conjugate diameters, 
are the directions of the axes of the ellipse, and if PM, Pm be 
p^pendlculars from P upon these directions, the semiaxes are 
^kn proportionals between G3I, GT, and Cm, Gt. Q.E.P. 

! 

20o. Equations for determining the position and dimensions 
of the orhit. 

Let be the measure of the accelerating effect of the force 
at the distance GP=R, V the velocity, a the angle between CP 
and the direction of motion at the given point P. Let a, h be 
the semiaxes of the ellipse, the angle which CP makes with 
the major axis. 

Then r^ = fjL.G3T and ClT-\-GF==a^-^h^: 


72 




Also V.R sma = h = >Jfi,ab', 

, F.P since 

ab= ; ....... 

V/A 

and, by the properties of the ellipse, 


( 2 ), 


-j- cos tv + sin V = 1 

a b 


(3). 


The equations (1), (2), and (3) determine a, 5, and ■CT, whence 
the magnitude and position of the ellipse is determined. 

We can obtain an equation for ■nr, immediately in terms of 
the data, as follows : 

(|r - 1 ) slnV = (1 - -1) cosV, by (3), 
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+ 


le 


= cosec a 




= cosec*a. 


Y '^ ) 


, by (1) and (2), 

by (2), 





sintir cosCT 


cot a 


cosV — sinV 



cosec a 1 + 




- 2 


/ 


cot — - tan a ^cot’a — 1 + coscc'^a 



= cot 2a + cosec 2a. 




whence iir Is known immediately from the initial circumstances of 
the motion. 


206. Jf the force be repulsive, the equations for determining 
G, XT will be 







VR sin a 

Vm 


(1), 

( 2 ), 



cosV - 



8in'‘'cr = 1 



The direction and magnitude of the axes of the hyperbola 

may bo determined geometrically, by observing that the 

asymptotes are the diagonals of the parallelograms of which the 

conjugate semi-diameters arc sides, and that the axes bisect the 
angles between the asymptotes. 


207. a particle is acted on hj any nmile.r of forces, 

which tend to different centres, and vary as the distances from those 
centres^ to find the resultant attraction. 


£E 
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Let /A. i?, /i'. R be the magnitudes of two of the forces at the 
distance i?, B the centres to which tliey tend, P the position 
of a particle acted on by the forces. 



Let G be the centre of gravity of two particles at A and B 
whose masses are in the ratio of to join PA^ PB, PG, 

The components of the force fi.PA, in the directions POj 
GA^ are fi. PG and /i. GA^ and those of the force fi .PB, in the 
directions PG^ GB^ are fi.PG^ and fx\GBj but ii.GA = fi. GB^ 
therefore the resultant of the forces tending to A and B is 
{fi + fi) PGj which is a single force of magnitude (/^ + /^ ) 
the distance i?, tending to the centre of gravity of masses /i, 
placed at A and B. 

Let fi'R be the magnitude of a force at the distance i?, 
tending to C, the resultant attraction is that of a force tending 
to the centre of gravity H of particles at G and (?, whose masses 
are in the ratio fi" : /x', which varies as the distance from if, 

and whose magnitude at the distance i? is (/x + /x' + /x ) 

And generally, the resultant of any number of forces is a 
single force, tending to the centre of gravity of a system of 
particles, placed at the different centres, whose masses are 
proportional to the magnitudes of the forces at the unit distance, 
and whose magnitude at any distance is the sum of those of the 
forces at the same distance. 

208. Cor. 1. If every particle of a solid of any form attract 
with a force which varies as the mass of the particle and the 
distance conjointly, the resultant attraction of the solid upoR 
any body will be the same as that of the whole mass of the solid 
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collected into its centi*e of gravity and attracting according to the 
same law. 

209. Cor. 2. If any of the forces be repulsive, as that 
whose centre Is G will He in AB or BA produced, according 
as is greater or less than /i, and the resultant of the forces, 
tending to A and from B^ will be PG from (?, or 

(/i- yci') PG towards G^ 


Illustrations, 

(1) A hody revolves in a circular orbit about a force which 
varies as the distance^ and tends to the centre of the circle^ and the 
centre of force is suddenly transferred to a point in the radius 
which at the moment of change passes through the hody ; to find 
the subsequent motion of the hody. 

Since the force varies as the distance, and is attractive, the 
orbit will be an ellipse. And, since the force is a finite force, 
the body will move in tlie same direction as before, at the 
moment of the change. Also, tlic velocity will, for the same 
reason, be unaltered at that moment. 

Let GA be the radius passing through the body at the 
moment of change, CB perpendicular to CA^ fi.GA the force 
at distance GA^ V the velocity in the circle. 



Then fi.CA,GA=s p.GA** and if 5, the new point to 
which the force tends, be in CA^ let AF be the ellipse described, 
SA will be one of the semUaxes of the ellipse, since A is an 
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apse, and, SB’ being the other, if a body revolved in this ellipse 
round S, SB'^ would be the square of the velocity at that 
is, /i. SB"' = fi, CA\ and therefore SB' ^ GA~ GB] hence the 
magnitude and position of the two semi-axes SA and SB' are 
known, and the ellipse is completely determined. 

The ellipse lies without the circle at A^ because, the velocity 
being unaltered, the force has been diminished in the ratio of 
SA : GAj and therefore the curvature diminished in that ratio. 

If S had been in AG produced, as at S', the force would 
have been increased, and the orbit AB" would be within the 
circle near A. 

The greatest distance from GA which the body reaches is in 
all cases the same for this law of force, because the component of 
the force perpendicular to GA is the same at the same distance 
from GA in whatever cuiwe the body moves; therefore, in each 
orbit, the velocity being the same at -4, the velocity perpen- 
dicular to AG is destroyed by the force at the same distance 
from A G, 

(2) A body is describing a circle about a force which varies as 
the distance and tends to the centre ; if the centre to which the 
force tends be suddenly transferred to a point in the circumference^ 
at an angular distance of 60'’ from the position of the particle at 
any tirne^ to determine the orbit described. 

The orbit is an ellipse, since the force is attractive. 


€ 



P 


Let P be the position of the body at the instant the centre of 
force is transferred from (7, the centre of the circle, to Sj where 
BGP is an equilateral triangle. 
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The velocity at P is >Jii.CP= ■^fi.SP-, and, since it is un- 
altered by the change of the centre of force, the semi-diameter 
conjugate to SP is equal to SP. 

Draw DSn perpendicular to CP, meeting It in F, and take 
SD=SD' = SP. Construct an ellipse having SP, SD as equal 
conjugate semi-diameters ; 8A, SB the semi-axes bisect the angles 
PSD, PSD, The ellipse so described will be the orbit required. 

Prove the following construction : 

On CP as diameter describe a circle cutting SD' in B\ A 
SA, SB’ are the lengths of the semi-axes. 

Explain why the orbit is exterior to the circle. 

( 3 ) Two bodies whose masses are m, m revolve in an ellipse 
under the action of a force tending to the centre; shew that, if 
they be at one time at the extremities of two conjugate diameters 
they will always be so, and in this case find the locus of their 
centre of gravity. 

Let P, D be their positions at any time, CP, CD being 
serai-conjugate diameters. Let the ordinates MP, ND, meet 
the auxiliary circle in Q and R, 

Since the angles ACQ, ACE are always proportional to the 
times, RCQ will always be a right angle ; therefore the bodies 
will always be at the extremities of conjugate diameters. 



Let Gllhe^ the ordinate of their centre of gravity. 

Join <2 and produce IlG to meet RQin K] 

.'. KU : GH— QM : PM, a constant ratio, 
also, RK:KQ=^DG\ GP, ; 

hence CK is constant, or the locus of Z is a circle, and the 

locus of G is an ellipse, whose axes are proportional to those 
of APD, * 

Shew that the semi-major axis x CA\: -f ; m + ni. 
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(4) A body is composed of matter winch attracts with a 
"^orce varying as the distance ; shew tliat^ however a particle be 
projected^ unless it strike the hody^ it will describe its orbit in 
the same periodic time. 

This is obvious immediately from Art. 208, relating to the 
resultant of attracting forces. 

(5) A body moves in an ellipse under the action of a force 
varying as the distance ; if the velocity at any point he slightly 
increased in the ratio 1 + n : 1, find the consequent changes in the 
axes of the ellipse. 

If.^ when the change takes place^ the body be at the end of one 
of the equal conjugate diameters^ shew that the eccentricity will be 
unaltered^ and that the apse line will regrede through a small angle^ 

, . ; . nab 

whose circular measure is -s — n • 

a - 0 

4 

When V is changed to (1 + n) V, CD is changed to 
(1 + n) CD ; let the corresponding changes of a, h and ct be 
m, and 7 ; a, /3, 7, and n being so small that we may neglect 
their squares. Then by the equations of Art. 205, 

(1 + <x)V + (1 + fi'iT = {\^nfCD‘^ E = + 5“ + 2n CD ^ ; 

.-. ad‘-\-^V = n. CD\ 

Again (1 + a)a. (1 + /8)6 = (!+«) CD. .R sina = (1 + n)db ; 

.-. a + /8 = «, and a(a“ - CT') = ^ ( CD^ - b% 

a 0 n 


• • 


- S’* 


In the particular case = + ct — ^ — hence, 

a and h being altered in the same proportion, the eccentricity 

will be unaltered. 

Also, cos’* (® + 7) + ^ sin'‘ (tj + 7) = 1 + n 

Of 0 


, E , 

and -5 cos 
a 


E 

V + ^ Sin CT = 1 ; 
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and, since tlie axes bisect the angles between equal conjugate 
diameters, a 5 = i2*siu2t!j-, therefore 7, being expressed in circular 

nah 

measure, = . 

^ a -0 


(6) In any jposition of a particle describing an ellipse^ under 
the action of a force tending to the centre^ the centre of force is 
suddenly transferred to the focus. Find the axes of the new orbit 
and shew that its major-axis bisects the angle between the focal 
distance and the major-axis of the given ellipse. 

Employing the equations of Art. 205 , if a, yS be the semi- 
axes of the new orbit, P the position of particle when the centre 
s transferred to 5 , since the semi-diameter conjugate to BP in 
the new orbit will be equal to GD^ 

a’' + = CD* + BF = BP. HP-\- BF = 2a. BP, 

and BY* : BC * :: BP: HP:: BP^ : CD*i 

aB=CD.SY^b.BP] 

/. (a* - ^ 7 ^ = 4 (a“ - U*) BP\ and a'^ = ^aeBP, 

ai*-a{\ +e) BP, and I 3 '* = a (l-e) BP. 


Also 


BF 


a 


- cos XJT -f 



• • 


fl { 1 6^) 

— — — = (1 - e) cosV + (1 4 e) sinV = 1 - e cos 2 ct ; 


therefore 2 ct = ^P6'A, or the major-axis of the new orbit 
bisects the angle between PB and the major-axis of the 
original orbit. 

Note. By the construction of Art, 204, since PR is a third 
proportional to BP and CD, and therefore is equal to IIP, the 
circle which determines 2\and t passes through H, and the arcs 
BT, TR are equal, that is, BT bisects the angle PBA, 


XXVII. 

1 . Shew that the velocity in an ellipse about the centre is tlie 
same at the points whose conjugate diameters are equal as that in 
a circle at the same distance. 
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2. A body is revolving in a circle under the action of a force 
tending to the centre, the law of force at different distances being 
that the force varies as the distance ; find the orbits described when 
the circumstances are changed at any point as follows : 

i. The force is increased in the ratio of 1 : 

ii. The velocity is increased in the ratio 1 : n. 

iii. The force becomes repulsive, remaining of the same mag- 
nitude. 

iv. The direction is changed by an impulse in the direction of 
the centre, measured by the velocity equal to that in the circle. 

3. If a body be projected from an apse, with a velocity double of 
that in a circle at the same distance, find the position and magnitude 
of the axes of its orbit. 

4. A particle is revolving in a circle acted on by a force which 
varies as the distance ; the centre of force is suddenly transferred 
to the opposite extremity of the diameter through the particle 
and becomes repulsive: shew that the eccentricity of the hyperbolic 
orbit = 1V5. 

5. A body is moving under the action of a force tending to a 
fixed centre, and varying as the distance. The force suddenly 
ceases, and after an interval commences to act again. Prove that 
the radii of curvature of the orbit at the points where the body 
ceases and recommences to be attracted are equal. 

6. A body moves in an ellipse about a centre of force in the 
centre, and its velocity is observed when it arrives at its greatest 
distance, and again after a lapse of one-third of its periodic time. 
If these velocities be in the ratio of 2 : 3, prove that the eccentricity 
of the ellipse will be Vi 

7. The particles of which a rectangular parallelepiped is com- 
posed attract with a force which varies as the distance, and a body is 
projected so as to describe a curve on one of the faces supposed 
smooth ; find the periodic time. 

8. An elastic ball, moving in an ellipse about the centre, on 
arriving at the extremity of the minor axis strikes directly another 
ball at rest ; find the orbits described by both bodies. 

9. A body is projected in a direction making an angle cos'* 

with the distance from a point to which a force tends, varying as 
the distance from it, and the velocity = VJ x velocity in the circle at 
the same distance ; prove that one axis is double of the other and 
that the inclination of the major axis to the distance is J cos‘'J* 
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10 From points in a line CA betii^een C and A particles are 

f velocities proportional to their 

distances from A, C being a centre to which the force tends, and 

f projected in parallel directions from two 
points in a straight line passing through a centre of force, the 
acceleration towards which varies as the distance, with velocities 
proportional to their distances from that centre. Prove that ali 

-h i°‘- of the outer, 

aics descnb6d m equal tunes. * 

12. An hyperbola and its conjugate are described by particles 
round a force m the centre. The/are at an apse at^tL same 
instant, shew that they will always be at the extremities of con- 
jugate diameters. Also if tj, o' be their velocities, o^ -«;'* = /! (a“ - P), 

j ellipse and an hyperbola have the same centre and foci. 
They are described by particles, under the action of forces in the 
centre of equa intensity. If be their seini-transverse Les 

Jit Tu bet 

14. If any numlmr of particles ho moving in an ellipse about a 
force in the centre, and tho force suddenly cease to act, Vew that, 

after tlie lapse of of the period of a complete revolution, 

SuJfeVemlist' ■“ “ 

fnrci^.'en^- '^“SCT'b'n!? "n ellipse under the action of a 
force fending to he centre. Prove that its angular velocity about 

a focus i^mvursely proportional to its distance tfom tliat focL. 

1 




XXVIII, 

•‘“e» inclined at any angle, and a force 
SSs in cV'di'klenr “V*!® 

cTanrsL“1- ‘1‘® r"'® “'y -m aluit a? 

CX at the same time and place; and they will also do so if tho 
force cease to act for any iutervai of time. * 

^ particles move in hyperbolas, under tho action 

of the same ropuleivo force from their cmiimon centre. Show that 
if the transverse axes coincide, and tho particles start from thn 
vertex at the sumo instant, tliey will always lie in a straight line 
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perpendicular to tlie major-axis. If tlie hyperbolas have all the 
same asymptotes, shew that the particles will at every instant be in 
a straight line passing through the centre, if they be so at any given 
time. 

3 . A body is revolving in an ellipse under the action of a force 
tending to the centre, and when it arrives at the extremity of the 
major-axis, the force ceases to act until the body has moved through 
a distance equal to the semi-minor axis, it then acts for a quarter 
of the periodic time in the ellipse ; prove that, if it again cease to 
act for the same time as before, the body will have arrived at the 
other extremity of the major axis. 

4. A small bead slides on a smooth wire in the form of an arc 
of a circle, under the action of a force tending to the other end of 
the diameter through its middle point and varying as the distance. 
If the bead be initially situated at the middle of the arc and just 
displaced, prove that, whatever be the length of the arc, the sum of 
the squares on the axes of the elliptic orbit, which the bead will 
describe after leaving the wire, will be equal to the square on the 
diameter of the circle. 

5. A point is moving in an equiangular spiral, its acceleration 
always tending to the pole S When it arrives at a point P, the 
law of acceleration is changed to that of the direct distance, the 
actual acceleration being unaltered. Prove that the point will then 
move in an ellipse, whose axes make equal angles with SP and the 
tangent to the spiral at P, and that the ratio of the axes is tan ^ a : 1, 
where a is the angle of the spiral. 

6. A particle is attached by an elastic string to a centre of 
attractive force of constant intensity, and of such magnitude that 
it would exactly double the length of the elastic string. The string 
is now stretched and the particle projected at right angles to it. 
Shew that the particle will begin to move in an ellipse; but if the 
velocity of projection be less than the velocity in a circle at the 
same distance, the ellipse will be deserted after a certain interval of 
time. In the latter case find the velocity and direction of motion at 
the moment of leaving the ellipse. 

7. A particle is projected from a point P, in a given ellipse, 
perpendicular to the major-axis, and is acted on by a force which 
tends to the centre P, and varies as the distance from it; and the 
velocity is that in a circle whose radius is CS ; prove that the major- 
axis of the orbit is equal to that of the given ellipse, and that 
CP~ = the sum of the squares of the semi-minor axes of the orbit 
and of the given ellipse ; also that the tangents of the inclinations 
of CP to the major-axes of the elliptic orbit and of the given 
ellipse are in the duplicate ratio of the minor-axes. 
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8. A body describes an ellipse about a centre of force in the 
centre ; prove that if r, r' be two radii vectores and a the angle 
between them, the time of describing the intercepted arc 

1 . Irr' sin a\ 

What is this time when rr' sin a = and the periodic time in 
the ellipse is 12 days ? 

9. If two particles describe the same ellipse, in opposite 
rotatory directions with accelerations tending to the centre, prove 
that the line joining them will move parallel to itself with a velocity 
proportional to its length. 

10. A triangular plate is made of material, each particle of 
which attracts with a force wliich varies as its mass x distance. A 
particle is projected so as to pass through its angular points ; prove 
that its velocity at each of the angles is proportional to the side 
opposite, the time betsveen any two angles being the same ; also 
that the mean of the squares of these three velocities is also the 

moan of the squares ot the greatest and least velocities in the 
orbit. 

11. Two ellipses are described by two particles about a common 
centre, the axes ot the two are in the same directions, and the sum 
of the axes of one is equal to the diiierence of those of the otlier; 
prove that, if the particles be at corresponding extremities of the 
major-axes at the same moment, and be moving in opposite 
directions, the line joining them will be of constant length during 
the motion, and will revolve with uniform angular velocity. 

^ 12. The angle ^ of a triangle ABC is a centre of force which 

10 /xic at any distance R, A particle is projected in any direction 
from B 80 as to pass through (7, shew that the time of passage 
from B io C is // 4 siu ‘(27r/«), whore m is the ratio of the area of the 
triangle to that of the orbit. 

13. A number of bodies which describe ellipses about the centre 

of force Q8 centre in the same periodic time, are projected from a 

given point with a given velocity in different directions in a piano. 

Irove that their paths will all touch a fixed ellipse with the given 
point as focus. * ® 



SECTION III 


ON THE MOTION OF BODIES IN CONIC SECTIONS, UNDER 
THE ACTION OF FORCES TENDING TO A FOCUS. 


XL PROBLEM VI. 

A loch/ is revolving in an ellipse, to find the law of fioree 
tending to a focus of the ellipse. 



Let S be the focus to which the force tends, P the 
position of the body at any time, PCG, DCK 
conjugate diameters, Q a point near P, QT, PP 
perpendiculars on SP, DCK, from Q,, P respectively, 
PR a tangent at P, QR parallel to SP, Qxv parallel 
to PR, meeting SP in x, and PC' in v, and let SP , 
DCK intersect in E. 


Then P = ultimately, when PQ is indc' 

finitely diminished. 

But, by similar triangles QTx, PFE, 


qr PF^ PF^ BC^ 
'QF ~PE'^~AC‘~ CD‘‘ ' 



CD‘ 

, by the properties of the ellipse. 
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Pv Pv CP 

QR 


and ^ = similar triangles ; 


Qv^ Cff 

•*’ QRVvC^CP.AC^ 

and vG = 2CP, Qz=Qv, ultimately; 

. Qr 2BC^ ^ 

■ ^R^'A^ ultimately, 

if L be tbe latus rectum of the ellipse ; 

• i ' SF SP^' 

Aliter, 

Since the force tending to the centre of an ellipse, 
under tlie action of which the ellipse can be 
described, varies directly as the distance CP from 
the centre C\ let CE be drawn parallel to the 
tangent PQ to the ellipse; then if S be any point 
within the ellipse, and EP^ CE intersect in E, force 
tending to C\ orce tending to 8 

:: (7P.>SP'^:P^^(Prop. vii. Cor. 3); 

PP* 1 

A force tending io 8 x. oc , 
since PE is constant. 


PROP. XII. PROBLEM VII. 

A body is revolmng in a Injperlola^ to find the law of force 
tending to a focus of the figure. 

The investigation is exactly the same ns in the last 
proposition, employing the subjoined figure. 

Also, repulsive force i'rcmi C oc (7P, and by Prop. vii. 
Cor. 3, force from C \ force to P :: GP.8P ' : PE^^ 

whence force to 8 oc , since PE is constant. 
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In the same manner as in these propositions, it can be 
shewn that the repulsive force tending from a focus, 



under tlie action of whlcli the body describes the 
opposite branch of the hyperbola, varies inversely 
as the square of the distance. 


PEOP XIIL PEOBLEM VIII. 


A l^ody is moving in a parabola^ to find the law of force 
tending to the focus. 


iset S be the focus of the parabola, P the position o 
the body at any time, Q a point near P, PRY a 
tangent at P, QR parallel to SP^ Q:vv parallel to 
PP, meeting PP in and the diameter through 
P in Vf QT, jSF perpendicular to ^P, PY 
respectively. 

Then P=^^. ultimately, when QP is indefi- 
nitely diminished. 

Since RPj Pv make equal angles with the tangent, 
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Pxv is an isosceles triangle, therefoi'e Pv 
and by similar triangles 

Qr _8r _ AS. sp 

Qx^ SF sr ~ SP ’ 
and Qu' = iSP.Pv-4:SP. QE; 


- Px = QRy 



also, Qx = $y, ultimately, 

QT^ AS QT^ 

4<ST. QK "" iAS=L, ultimately ; 

. P_2/i 1 1 

Z • SP sP ■ 


Cor, 1. It follows from the last three propositions, 
tliat if any body move from the point P iu any 

any velocity, and be at the 
same time acted on by a centripetal force, which is 
inversely proportional to the square of the distance, 
the body will move in some one of the conic 

sections, having a focus in the centre of force, and 
conversely. 

For when the focus, the point of contact, and the 
position of the tangent are given, a conic section 
can be described which will have a given curvature 
at that point. But when the force is given and the 
velocity of the body, the curvature is known; and 
two orbits touching one anotlier cannot be described 
with the same centripetal force, and the same 
velocity at the point of contact. 

CoK. 2.^ If the velocity, with which a body leaves its 
position P, bo such that the body would describe 


224 


newton. 


the small space PR in some very small time, and in 
the same time the centripetal force were able to move 
the same body through the space <2, this body will 
move in some conic section whose latus rectum is the 


of "P when the lines PR, QR are indefinitely 
diminished. 


In these corollaries the circle is included as a particular 
case of an ellipse ; and the case is excluded in which 
tlio body moves in a straight line to the centre of 
force. 


Obse7'V(itions on the preceding Propositions, 

210. If p, be the absolute force, in any conic section, whose 
latus rectum is L, described under the action of a force tending 

to the focus, and p is given, either when the force at 


any point is given, or when the velocity at any point in a given 
conic section is given, for, in the latter case, L and V. SY or h 
are given. 


21 h If we assume the chord of curvature through the focus 
for any point In an ellipse or hyperbola, we may obtain the law of 

2/i" 

force from the expression F = gya py • 

For, PV.AG^2 CP = 2SP, HP', 
and SY^:BG^y.SP:EP-, 

h\AC h\AG 


A F = 


SY\H?,SP BG\SF* 


Similarly for the parabola, 

since PF=45^?,and SY'^^AS.SP, 

2F P 


F = 


AS.SP.PV 2AS.Sd^' 


Cor. 1. It is assumed in this corollary that a conic section 
can be described under the action of a force tending to the 
focus : see Art. 164. 
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If any number of bodies revolve about a common centre^ 
and the centripetal force vary inversely as the square of 
the distance^ the latera recta of the orbits described 
will be in the duplicate ratio of the areas^ which the 
bodies will describe in the same time by radii drawn to 
the centre of force. 


For in each orbit the latus rectum is equal to the limit 

QT^ 

of-^(by Cor. 2, Prop, xiii.) when the arc PQ 


is made indefinitely small. 

But QR in a given time is ultimately in the different 
orbits as the centripetal force, that is, reciprocally 
as the square of the distance SP. 


Of 

Hence, ultimately, QT.SF^ or the latus 

rectum is in the duplicate ratio of QT.SP or of 
twice the area PSQ described in the given small 
time, which, since the area in each orbit is pro- 
portional to the time, varies as the area described 
in any given time. 

CoR. Hence the whole area of the ellipse, and the 
rectangle under the axes, which is proportional to 
it, vary in a ratio compounded of the subdu])licat 0 
ratio of the latera recta and the ratio of the periodic 
times. 


For the whole area is as QTx >S'P described in a given 
small time, multiplied by the periodic time. 


PROP. XV. THEOREM VII. 

On the same supposition^ the squares of the periodic times 
in ellipses are proportional to the cubes of the major 
axes. 

For, by Prop. xiv. and the Corollary, since QT.SP, in 

ou 
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each ellipse, described in a given small time vanes 

BC 

as , and the area ccAC.BC. the periodic time, 


which varies as the area divided by QT.SP^ x ACk 

Cou. Hence the periodic times in ellipses are the same 
as in circles whose diameters are equal to the major 
axes of the ellipses. 


Olscrmtlons cn the p'ecerlinrj rropositions. 


212. Prop. XIV. and Cor. may be also proved as follows. 
Let /i, K be tbe double areas described in the unit of time m 
any two of tbe orbits, i, B tbe latera recta; then, since the 
absolute forces are tbe same In tbe different orbits, 


L'' L 




bence tbe latera recta are in tbe duplicate ratio of tbe areas 
described in a given time. 

Cor. Let P, F be tbe periodic times in any two of tlie 
orbits. Then the areas are as hP : JiP ' : LKP: L'KPJ 


213, To find the periodic time %n an ellipse described under 
the action of a given force tending to the focus. 

Let P be the periodic time, /m tbe absolute force, 
then \h , P= the area of tbe ellipse =irAC . BCy 



AG.h 

BC^ 



• • 


BG 

P=2'n‘AC, -j- 

h 




/ 


Therefore, in different ellipses described about tbe same 
centre of force, the squares of tbe periodic time vary as the cubes 

of tbe major axes. 


214. To find the time from an apse to any point of an elliptic 
orbit described under the action of a force tending to the focus. ■ 
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Let ASa be the apsidal line, A being the further apse, AQa 
the circle on the major axis as diameter, P any point in the orbit, 
Q the corresponding point in the circle. Join 5P, SQ.^ CQ. 


u 



Time in AP: periodic time :: area ASPi it AG. BO 

area .455 ; itAC'\ 

and area .4>S'Q=: sector^ (7^ + A SCQ = ^AC. AQ -^^SO. QMy 

therefore, if m be the circular measure of lACQj and e the 
eccentricity of the ellipse, area ASQ = ^AG^ [a + e sin u) 

, . . . - n 27r^ 0 ^ 

and time in AP: — — ::u-^ e sin u: 2 it, 


A 0^ 

x.e. the time from the further apse to Pis — (M + esIn?4). 

Similarly, if u be the circular measure of aPtJ, the time from 

A 0^ 

the nearer apse will be — (w-eainw). 


215. Dep. laOQ^ from the nearer apse, Is called the 
eccentric L a^Ptlie trm n»oma/y, and the mean anomahj 
ifl the E^lo which would be described in tlie same time as L aSP 
by a jmdy moving with uniform angular velocity equal to the 
mcM angular velocity in the ellipse. 

216. To find the relatwns between the inean^ the true^ and the 
eccentric anomalies. 


Let wi, u, and u bo the three angles. 

Since the mean angular velocity in the ellipse Is 27 r divided 


by the periodic time, or , m = u-«BmM, Art. 214 ; 
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and, if a be llie semi-major axis, 

SP cosv = a cosu 

(1 -“e**) cosy 

cosu= +e 

1 -hecosv 


ae] 


e + cosy 

- • 

1 +ecosy ^ 


• ♦ 


1 — cosw 1— € 1 — cosy 

• 

1 + cosM 1 -I- e * 1 -I- cosy ^ 


u 

•’ 2 = 



1-C , V 

' — tan - . 
1+e 2 


Also 5P= A 0+ 0 , CM = a (1 - e cos w). 


217. To find the time of describing any angle from the vertex^ 
in a parabolic orbiL 

Let T be the time of describing the angle ASP in a 
parabolic orbit, whose focus is 8 and vertex A ; draw PJf, 8Y 
perpendicular to the axis ASM^ and the tangent PY^ and let 
PK be the normal at P. 

Then PJ/=il/jrtanPriI/=2^Ptan^i5P; 
therefore AM= i45tan''^A5P; 
hT= 2 are^ASP^ ^AM. MP- SM. MP 
= ifP(AP+ ^AM) = 2AS^ (tan^APPi i tan^^A^P), 
where, if /* be the absolute force, k' = fi .2A8* 


KeplePs Laws, 

218. The three laws discovered by Kepler are: 

I. That planets move in ellipses having the sun’s centre in 
one focus. 

IL That the areas swept out by the radii drawn from the 
planet to the sun’s centre are, in the same orbit, proportional to 
the time of describing them. 

Ill, That the squares of the periodic times are proportional 
to the cubes of the major axes, 

219. Kepler’s laws, although not rigidly true, are sufficiently 
near to the truth to have led to the discovery of the law of 
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attraction of the bodies of the solar system. The deviation 
from complete accuracy is due to the facts, that the planets are 
not of Inappreciable mass, that, in consequence, they disturb 
each other’s orbits about the sun, and, by their action on the 
sun itself, cause the periodic time of each to be shorter than 
if the sun were a fixed in tbe subduplicate ratio of the 
mass of the sun to the sum of the masses of the sun and planet ; 
these errors are appreciable but very small, since the mass 
of the largest of the^lanets, Jupiter, is less than of the 

sun’s mass. 



Deductions from Kepler's Laws, 


220. From the law of the equable description of areas, 
stated as the second law^ it is deduced, by Prop, ii., that the 
forces acting on the planets are centripetal forces tending to the 
sun’s centre. But this law gives no information regarding the 
nature or intensity of the forces. 

From the elliptic motion of the planets, as asserted in the 
first law it is deduced, by Prop, xi., that the force which acts 

upon each planet varies inversely as the square of the distance 
from the centre of the sun. 

From the relation between the periodic times and lengths of 
the major axes, stated in the third law^ it is inferred, by Prop, xv., 
that the planets are acted on by the same centripetal force ; and 
that the attraction, being the same for all bodies, independently 
of their form and substance, is not of the nature of the elective 
action of chemical or magnetic forces. 


221. The same laws hold for the motion of the satellites of 
Jupiter, Saturn, and Uranus, and the first two for our moon, 
their respective primaries taking the place of the sun in the 
statement of the laws. Hence it is inferred that forces tend to 
the centre of the planets, varying according to the same law as 
the forces tending to the sun. 


222. By such deductions the law of gravitation is rendered 
probable, that every particle attracts every other particle with a 
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force which acts in the line joining the particles^ and mrm 
inversely as the square of the distance. 

The law thus suggested is assumed to be universally true, 
and calculations are made of the effects of the action of the 
bodies of the solar system upon one another in disturbing their 
elliptic motion ; and also of the disturbances of the motion of the 
satellites due to a want of exact sphericity in tlie primaries; and 
these calculations have been found to agree with the results 
of most minute astronomical observations. 

Predictions of the return of comets have been fulfilled, 
founded on the supposition of the truth of the law, and the 
existence and position of a planet have been recognized, before 
its discovery by actual observation, from its assumed action 
according to this law upon another planet. 

Thus the law of gravitation has satisfied every test which 
Las hitherto been applied to it, and it is so far proved to be true 
where our system is concerned. 


PROP. XVL THEOREM VIIL 


On the same supposition^ the velocities of the bodies are in 
the ratio compounded of the inverse ratio of the per- 
pendiculars from the focus on the tangent and iho 
subduplicate ratio of the latera recta. 


For, in any two orbits, 


F: F;: 


h Ji 


SF 


• • 


P Z'i 

SY • sr • 


Cor. 1. The latera recta of the orbits are in the 
ratio compounded of the duplicate ratio of the 
perpendiculars and the duplicate ratio of the 

velocities. 


For Z : r : : /i' : Sr : F. Sr. 


Cor. 2. The velocities of the bodies, at their greatest 
and least distances from their common focus, are in 
the ratio compounded of the ratio of the distances 
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inversely, and the subduplicate ratio of the latera 
recta directly. 

For the perpendiculars on the tangents are these very 
distances. 


Cor. 3. And therefore the velocity in a conic section, 
at the greatest or least distance from the focus, is to 
the velocity in a circle at the same distance from the 
centre in the subduplicate ratio of the latus rectum 
to twice that distance. 


F or the latus rectum of a circle is the diameter, 
therefore^ if SA be the greatest or least distance, 
velocity in the conic section : A’-elocity in the circle 


SA 


::P: {2SA)K 


Cor. 4. The velocities of bodies revolving in ellipses 
are, at their mean distances from the common 
focus, the same as the velocities of bodies revolving 
in circles at the same distances ; that is (by Cor. 6, 

Prop. IV.), in the inverse subduplicate ratio of the 
distances. 


For the peipmdlculars are now the setniaxes minor, 
that is SY=BCy and the distance = A therefore 

velocity in the ellipse at the mean distance : velocity 
in the circle at the same distance 

AO 

CoR. 5. In the same figure, or in different figures 

having their latera recta equal, the velocity varies 

inversely as the perpendicular from the focus on tlic 
tangent. 

Cor. 6. In the parabola, the velocity varies in tlio 
inverse subduplicate ratio of the distance of the body 
from^the focus, in the ellipse it varies in a greater, 
and in the hyperbola in a less inverse ratio. 
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For (vel.)' « oc ^ in the parabola, 


oc 


HP 2AC-SP. 
SP 


oc 


— in the ellipse, 


oc 


HP 2 A Ca SP . 


SP 


oc 


SP 


in the hyperbola. 


Cor. 7. In the parabola, the velocity of the body at 

any distance from the focus is to the velocity of a 

body revolving in a circle at the same distance 

from the centre, in the subduplicate ratio of 2 ; 1 ; 

in the ellipse it is less, in the hyperbola greater than 
in this ratio. 


For, velocity in the conic section : velocity in the 
circle at the same distance 


.. H (2SP)i ,L.SPA , 
"SY- iiP 


:: V2 : 1 in the parabola, 


■■ \ao.syJ • 



bola, and HP <2AC in the ellipse, and>24C'in 
the hyperbola. 

Hence also, in the parabola, the velocity is every- 
where equal to the velocity in a circle at half the 
distance, in the ellipse less, and in the hyperbola 
greater. 

CoR. 8. The velocity of a body revolving in any 
conic section is to the velocity in a circle at the 
distance of half the latus rectum, as that distance 
is to the peprendicular from the focus on the tangent. 

For, the velocity in the conic section : the velocity in 

the circle at distance IL:: — i IL : S7 

2 

Cor. 9. Hence, since (Cor. 6, Prop, iv.) the velocity 
of a body revolving in a circle is to the velocity in 
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any other circle in the inverse subduplicate ratio of 
the distances, the velocity of a body in a conic sec- 
tion will be to the velocity in a circle at the same 
distance as a mean proportional between that 
common distance and half the latus rectum to the 
perpendicular from the focus on the tangent. 

For velocity in a circle at distance iL : velocity in a 
circle at distance SP: therefore velocity 

in conic section : velocity in circle at distance SP 

y^iiL.SPfiSr, 


Notes. 

223, To find the velocity in a conic section described under 
the action of a force tending to the focus. 

In the central conic sections 

_ ^L.B(7 n.np 

sy^ Ac.sY^~:rc.bP^^ 

or ebe, F' = F. \PV=^ - . 

’ ^ SP‘ AU SP.AO' 

but nP=2AC ^ SP\n the ellipse, 
and, Z7P= SP~~ 2ACj in the hjpcrbola, force repulsive, 

*= SP-i- 2A Of in the hyperbola, force attractive j 

• p_ A fo 

, , ■ SPr^ACj- 

III the parabola, 

^•1 _ ^ /i.25i4 

~ sr " SA7SP" 

or else, F“ = P.iPF= — - 2SP= — 


224. The expression ^ ^2 - for the square of the 

velocity in tlie ellipse reduces itself to that for the hyperbola 
under an attractive force by changing the sign of CA, wliicli 
corresponds to the opposite direction in which ylC is measured 
in the hyperbola; it is reduced to that for the hyperbola inidci 
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a repulsive force by changing the sign of /i, nbich corresponds 
to changing the direction of the force; and to that for the 
parabola by making AC infinite. 


225. To compare the velocity in the ellipse or hyperbola with 
that in the circle at the same distance. 


Let U be the velocity in the circle, 




The Hodograph. 

226. Def, If from any point lines be drawn representing 
in direction and magnitude the velocity of a particle desciibing 
an orbit under the action of a force tending to a fixed centre, 
the locus of the extremities of these lines \% the Hodograph, 

This name is given to the curve by Sir William Hamilton, 

in his work on Quaternions. 

227. Since the velocity in a central orbit is if be 

taken in equal to tbe locus of Q will be tbe polar reci- 

procal of the orbit with respect to a circle, the square of whose 
radius is A; and if it be turned about S through a right angle 
will be the hodograph of the orbit. 


228. If a conic section he described under the action of a 
force tending to a focus^ the hodograph will be a circle. 

For, in the case of an ellipse or hyperbola, the velocity 
varies inversely as S7, and therefore directly as HZ, to which 
its direction is perpendicular, and the locus of Z is a circle. 
And, in the case of a parabola, A Y being the tangent at tbe 
vertex, AU perpendicular to 57, 


SY:AS::AS:Sn, 

therefore SU varies as the velocity, and the locus of C/ is a circle 
which passes through S. 
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229. General properties of the hodograpfh of a central orhit. 

In tbc figure of Prop. I., ^5 or Be and BG are propor- 
tional to the velocities with which the body moves along AB 
and BG\ therefore, if 0^ represent these velocities in 
magnitude and direction, (i) a.B will be parallel to Gc or SB^ 
and will represent the velocity generated by the impulse at 
B\ and if Oy, 03, Os... represent the velocities in GD^ DE^ 
EF ^y, yS, 3s ... will represent the velocities generated by 
the impulses at 0, i), (ii) hence the perimeter of any 

portion of the polygon a^SySe will represent the sum of the 
velocities generated by all the impulses tending to Sin the cor- 
responding perimeter of the polygon ABGDE\ (iii) also the 
chord as will represent the resultant of these velocities in 
magnitude and direction. 

Proceeding to the limit, a^ySs... becomes the hodograph 
of the central orbit which is the curvllinc ir limit of the polygon 

ABGDE. 

Hence we arrive at the following properties of the hodo- 
graph of a central orbit. 

(i) The Tangent to the hodograph at any point Is parallel to 
the radius drawn to the corresponding |)oint of the orbit. 

(ii) Any Huite arc of the hodograph represents the sum of 
the velocities generated by the central force in the correspond- 
ing arc of the orbit. 

(iii) The chord of tlie arc represents in magnitude and 
direction the resultant of the whole action of the central force in 
the passage through the corresponding arc. 

From Art. 227, it follows that 

(iv) If r, p and r', p be the radius and perpendicular on the 
tangent at corresponding points in the orbit and hodograph 
rp^h^rp ^ and the angles between r, p and r\ p will be equal. 

Note. In this article and in Art. 227, A represents an area 
and not a rate of description of areas. 

Illustrations, 

(1) The hodograph for an ellipse^ described under the action 
of a force tending to the centre^ is a similar ellipse. 
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For CD Is parallel to the direction of motion and propor- 
tional to the velocity. 

(2) The hodorjrapli for an hjperhoh^ described under the action 
of a force repdling from the centre^ is a hyperbola similar to the 
conjugate hyperbola. 

(3) The hodograph for a parabola.^ described under the action 
of a constant force parallel to the axis^ is a straight line parallel 
to the axis. 

For the square of the velocity x 5Px and the locus of 
F is a horizontal line, therefore, since SY is perpendicular to 
the direction of motion, and proportional to the velocity, turning 
the locus of F through a right angle, the hodograph is a 
vertical line. 


(4) p be the radii of curvature at corresponding points 
of a central orbit and its hodograph^ r, r corresponding radii^ 
p.^p the perpendiculars on the tangents^ then willpp pp —r'V^. 

Let PQ, pq be corresponding small arcs, then iPSQ is 
equal to the angle between the tangents at p^ and pSq 
to the angle between the tangents at P, Q] 



and, if The the time in P(3, we have ultimately 

pSq h PSQ _ h PQ ^ y p<l 
^T ’^riPV^ ~T "P* T~ ^ T 


, v.F.pvy _ vv 

PP F 


r r 


pr.rp 


9 9 2 ^8 

; jtppp = r r . 


(5) If F be the accelerating effect of the force in a central wlit, 
and F' that of a force tending to the pole of the hodograph by 
•which it can be described as a central orbit, FF' oc rr, 

. 1 r 1 r 

ForJeo-, — , F a: 

P PP P PP 

I 

/. FF' X X ?•/. 

PP rr 

Note. The motion in the hodograph considered as a central 
orbit, is not generally the same as that of the point which w 
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guided by tbe motion of the corresponding point in the original 
central orbit, so as to generate the hodograph. 

(6) The onJ}/ central orhifs^ ichose hofJoqrnphs are also central 
orhits^ with accelerations tenditKj to their poles^ the motions hdnfj 
the same as in the description of the hodotjraph^ are those in 
which the acceleration varies as the distance.^ 

Let 8 be the centre of force taken as the pole of the 
bodograph, P, P\ P" corresponding points in the orbit, the 
hodograph, and the bodograph of tbe bodograph. Then tlie 
bodograph being a central orbit, the tangent at P" is In tlie 
direction of the acceleration of P', hence it is parallel to SP\ 
and therefore to the tangent at P. Also SP'* represents P'’s 
velocity, and therefore P’s acceleration in magnitude and direc- 
tion; hence P"iSP is a straigitt line, and the tangents at PP' 
are parallel, therefore P"*s orbit is similar to the central orbit. 
Hence jSPoc SP” x acceleration of P. 


PROP XVIL PROBLEM IX. 

Given that the centripetal force is inverseh/ proportional to 
the square of the distance from the centre^ and that the 
absolute force of the centre is known ; it is required to 
find the curve which will he described bp a bodtf which is 
projected from a given point with a given vciocitg in a 
given direction. 

Let Fbe the velocity, PY the direction of projection 
from P, S the point to which the force tends, and let 
PUhQ measured on PS^ produced, if necessary, equal 
to twice the space through wliich the body must be 
drawn from rest by the action of the force at P con- 
tinued constant, in order that the velocity V may bo 
generated; therefore since the absolute force is given, 
PU \^ given. Draw PG perpendicular to P 7 , and 
PZf 80 that II Py or IIP produced, and SP make 
equal angles with PG. Di'uw UG perpendicular to 

PGmAynnSG. 


♦ Tuit, R.S.E., 67-08. 
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Here three distinct cases arise: 

L If PC' be equal to 2SP, S will be the centre of a 
circle described about PGU^ and lSGP = lSPG 

= iIIPG] therefore SG^ produced either wav, will 
not meet PII. 



In this case, draw GL perpendicular to PS^ and with 
8 as focus and 2PL as latus rectum, describe a 
parabola whose axis is in the direction SG, 

Then P P is half the chord of curvature at P through 8, 

11. If P Pbe less than 28P^ l8GPi^ greater than l SPG 
or /.IIPG, therefore SG produced meets P//in ZT. 



In this case, with 8 and H as foci, and ^S^P+PZTas 
major axis, describe an ellipse, then PPis lialf the 
chord of curvature at P through 8, 

III. If PPbe greater than 2>S^P lSGP is less than 
z/SPtr, and angles 8GP^ EPG are together less than 
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two right angles, therefore GS produced meets PH 
in H, 



In tliis case, with S and H as foci, and EP-SP as 
transverse axis, describe an hyperbola, then PC' is 
half the chord of curvature at P through S. 

In all these cases, a body may be supposed to revolve 
in the conic section described, under the action of tlie 
force tending to S, Art. 164, and the velocity at P is 
that due to falling through one-fourth of the chord 
of curvature through P, or half PZ7, under tlie action 
of tlie force at P supposed constant, and is therefore 
equal to F, the velocity of the projected body ; also, 
since SP and IIP, or UP produced, make equal 
angles with IG, PY is a tangent, therefore the 
direction of motion is that of the projected body. 

Therefore, the circumstances of the two bodies are the 
same in all respects which can influence the motion 
at the point P, and they will therefore describe the 
same orbits ; that is, the projected body will describe 
a conic section of that kind which corresponds to 
the velocity, 

Tlie orbit, therefore, will be an ellipse, parabola, or 
hyperbola, according as PU\s less, equal to, or greater 
than 2SP, that is, since F* = P. P U, according as V* 
is less, equal to, or greater than 2F.SP, or twice the 
square of the velocity in a circle whoso radius is SP, 


240 


NEWTON. 


CoK. 3. Hence if a body move in any conic section, and 
be disturbed from its orbit by any impulse, the orbit 
in which it will proceed to move may be discovered. 
For, by compounding the motion of the body with 
that motion which the impulse alone would generate, 
the motion and direction of motion will be found, 
with which the body will proceed from the point at 
which the disturbance took place. 

CoR. 4. And if the body be disturbed by any con- 
tinuous extraneous force, its course can be deter- 
mined, approximately, by calculating the changes 
whicli the force produces at certain points, and 
estimating from analogy the changes which take 
place at the intermediate points. 


\ 


sciioLimr. 




If a body P move in the perimeter of any conic section, 
whose centre is P, under the action of a centripetal 
force tending to any given point R, and the law of 
force be required, draw CG parallel to RP ^nd 
meeting in G the tangent PG to the conic section. 

Then, by Prop vii. Cor. 3, the force tending to R: 
the force tending to P :: CG^ : CP, RP\ but the force 
tending to P varies as PP, therefore the force tend- 


ing to P oc 


PP 

RF* 


Observations on the Proposition, 

230. In the solution of Prob. ix, it is assumed that if, in 
anv conic section, G be the intersection of the axis and normal 
at P, and PP, parallel to the tangent, meet SP in P, PPwill 
be half the chord of curvature at P drawn through the focus; 
this property may be proved as follows. 

1. In the ellipse and hyperbola, let PG meet the conjugate 
diameter inP; theu PP.PP=^P.PP, and PP.PP=PP'; 

PP PE^CD^ 

PP~PP"PP’ 
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FU ^PG BG CD 
CD BC^PF~~AG 


CD^ 


FU= ~ ^ = half the cliord of curvature at Ptbroagh S. 

Also, if GL be perpendicular to SP, PL will be equal to 
the semi-latus-rectum. 

PL PF BC^ 

PG ~ PE"* '** - half the latus rectum, 

2. In the parabola, 

PU SP 

PG ~~ PG — 2SY^ 

/. PZ7=2^P=haIf the chord of curvature at P through S. 

PL SY 
FG ~ SF ’ 

2SY^ 

FL= —^p- =25^ = half the latus rectum. 


231. To shew that if the central force vary inversely as 
the square of the distance^ a hody^ projected from any point in any 
direction^ will describe a conic section. 

Let S be^ the centre of force, P any point of the orbit 
described, PF' an arc described in a small time. Draw SY SY' 
perpendicular to the tangents PY, P'Y' at P and p] and 
produce them if necessary to Q, Q', so that SY.SQ=SY'.SQ'=h, 
then SQ, SQ represent the velocities at P, F in magnitudo| 
and are perpendicular to their directions; hence QQ represents 
the velocity generated by the force PS, and is perpendicular 
to FS\ that is, the tangent to the locus of at (? is perpen- 
dicular to SP. Now the angle FSF described in a given small 
time varies inversely as 5F, so also does the velocity generated 
in the same time; therefore QQ^lFSF, and, by Lemma IV., 
if PP^ be any finite arc of the orbit described, ' QQ^, the cor- 
responding; arc of the locus of Q, will vary as the angle FSP^, 
and therefore will vary as the angle between the tangents at 
Q and which is a property peculiar to a circle. Hence, tin 
locus of Q being a circle, that of Y is either a circle or a 

II 
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straight line, being tlie inverse of the locus of Q. Hence, the 
feet of the perpendiculars from the centre of force on a tangent 
to the body’s path lie in a circle or straight line, which is a 
property of a conic section only, since straight lines drawn 
according to a fixed law can only have one envelope. 

Therefore, the patli will be an ellipse, parabola, or hyperbola^ 
according as S lies within, upon, or without the perimeter of the 
locus of Q. 


Note. The radius of the circular locus of Q is 



232. GeompincaJ consinictwn for the conic described by- a 
body projected icith a yiven velocity in a given direction. 

Let Fbe the given velocity, PY the given direction. Draw 
SY perpendicular to PI", and produce if necessary to so 
that S§=r, then SQ,SY^]i is given. Draw QO parallel 


to PS and equal to j , and, since the tangent to the circular 


locus of Q is perpendicular to 5P, 0 is its centre and is, by 
symmetry, on the axis of the conic described. Draw SZ per- 
pendicular to SP, meeting PY in Z, then ZD perpendicular 
to SO\^ the directrix of the conic. 


Note. Let PZ, QO intersect in J/, since the angles at 
P, Y are right angles, SD.SO — SZ.SM= SY.SQ = h^ and, 

e.SP = scmi-latus-rectum = — , therefore therefore V 

II a 

is compounded of ^ and ^ perpendicular respectively to OQov 

SP and SO, 


233. Equations for determining the elements of the orbit 
described by a body projected from a given point with a given 
velocity in a given direction. 

Let V be the velocity of projection, a the angle between 
SP and PY the direction of projection, p tlie absolute force, 
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tlie orbit will be an ellipse, hyperbola, or parabola, according as 
P<,>,or=^. 

L For the elliptic and hyperbolic orbits, let a, Z-, e be the 
semi-axes, semi-latus-rectum, and eccentricity, and let SP-Ej 
and ^fr be the angle PTS between PY and the transverse axis 
in the figures on pages 238, 239 ; 

" B- 

Also, ii.L = K‘= V‘E‘ sin“a ; 

sin*a 

/. - = a (1 ^ e') OO- 

CL 

Draw SY^ HZ perpendicular to the tangent, and EK to >S'F, 
then SEco$SHK=^HK=^ YZ^{EP±SP) cosSPY] 

/, 2ae cosi|r = 2a cosa ; 

/. e co3^/r = cosa (iii)* 

Also, SH sin SHK= SK^ SY+ HZ\ 

2ae 8in'/r = (5P+77P) sin a 

= (PT(2aTP)J sin a; 

.% c Blni/r= sina; 

/, tam|r= ^ 

( 

The equations (i) and (ii) determine a, 5, and c, and (iv) de- 
termines immediately from the given circumstances of pro- 
jection, (iil) is also a convenient equation for determining the 
position of the axes when e has been previously found. 

Instead of (iii) or (iv) we might employ the equation 

L .. .on V^Esm^a 

^ = \ie cos ASP = 

2R fA 

to determine the angle ASPy which also gives tho direction of 

the axes. 
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II. For the parabolic orbit, fig. 1, page 238, SP.AS^ 
and the tangent makes equal angles with the axis and SP*j 
therefore AS=R sin'^a, and yjr = aj which determine the position 
and dimensions of the orbit. 


234. To find the elements of the orlit described under the 
action of a repulsive force varijinfj inversely as the square of the 
distance from the point from which the force tends. 

Let 11 be the point from which the force tends, EP=R^ 


y,.SP fi HP-^AG 
EP.AC~ UP AG 



The other equations are similar to those in Art. 233. 


Illustrations, 


(1) A body ts revolving in a circle under the action of a force 
which tends to the centre and varies inversely as the square of the 
distance from it. When the body arrives at any pointy if the force 
begin to tend to the point of bisection of the radius through the 
body^ to determine the orbit described by the body. 

Let GA be the radius, S the new centre of force. Then, 

. since the force is finite, the velocity at A is unaltered, and A is 


pse of the new orbit 


A « 


hence the body moves in an ellipse ; 





-. = f and e = 
a 


Instead of equation (ii) we might determine e from the con- 
sideration that A is one extremity of the major axis; 

SA = a(l + e); l±e = f, and e = 

since the upper sign must be taken, and therefore A is the 
greatest focal distance. 

The orbit lies entirely within the circle, since the force at A 
is increased, and therefore the curvature is greater than that 
in the circle. 
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( 2 ) If the new centre of force he m the hisection of the 

radius lolnch^ if p’oduced^ passes through the hodg^ to determine 
the orbit, 

a A 

The orbit must be elliptic since = | <25 


A - - 1-) i ••■ « = 


3CA 


also <S'^ = a(l+e); e = i, 

and A, in the new orbit, is the nearest point to 8. 

^ In this case the force, and therefore the curvature, is dimi- 
nished, which accounts for the orbit being exterior to the circle. 

(3) A particle, acted on ly a force which varies inversely as 

the square of the distance, is projected from a fixed point, with a 

velocity which is to the velocity in a circle at the same distance as 

V5 : i,making an angle tan'i with the line joining the point of 

projection to the fixed point; shew that the eccentricity of the 

orbit IS i, and that the major axis is perpendicular to the distance 
of projection, 

lia[\-d]=V\E‘4 = pRhy (ii); 

therefore a = |.R, e = i, and R being the seini-latus-rectum, is 
perpendicular to the major axis. 

Or, since e cos f = cos « hj (iii); cosf =4=sin«; hence, 

the angle between the direction of projection and major axis is 

the complement of a, that is, the major axis is perpendicular 
to the distance of the point of projection. 

(4) A body revolves in a circle under the action of a force 

tending to the centre and varying inversely as the square of the 

distance. Find the orbit described, if the force suddenly tend to 

a point 8 in the circumference of the circle, at an angular dis- 
tance from the body. 

Since the velocity is unaltered at A by the change. 


8A 


81 
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that is, A is the extremity of the minor axis of the new orbit; 
hence the major axis is parallel to the tangent at Aj or perpen* 
dicular to CA^ and the centre is in the bisection of GA, 

The curvature is less than that of the circle, because the 
normal force is diminished by the change. 

(5) A hody^ revolviny in an ellipse^ under the action of a 
force tending to a focus S, has the direction of its motion altered 
at a given point of its path^ the velocity remaining unaltered • 
to determine the corresponding change in the position of the 
major axis. 

Since the velocity, as well as the distance in the new 
orbit is the same as in the old, the length of the major axis is 
the same; therefore PR is the same in the two orbits; that is, 
the other focus lies in a circle whose centre Is P, and SP, PR 
make equal angles with the new direction. 

(6) To find at what point of an elliptic orbit a slight alteration 
may he made in the. direction of motion,^ the velocity remaining 
unaltered^ so that the direction of the major axis may he the same 
as before. 

The direction of the major axis being unaltered, SH must 
be a tangent to the locus of iT, hence P must be at one of the 
extremities of that latus rectum which does not contain the 
centre of force. 

(7) Prove that if when a body is at the extremity of tlie 
latus rectum which does not contain the centre of force^ the 
direction of motion be defected through a small angle., without 
altering the velocity., the alteration of the eccentricity will be to the 
circular measure of the angle of deflection as : AG^, 



For, let P be the position of the body, HR' the small arc of 
the circle described by 77, wdiich nearly coincides with the 
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direction of the major axis, HPH' is double the augle of de- 

S'S SS HH' 

flection, and or is the change of eccentricity ; 

change of eccentricity : deflection of direction 


• • 


UK HE' 
2 AC' 2HP 


::EP:AC:iBC'^:AC\ 


f8) If a hody^ moving in an ellipse about tliefocus^ he acted on 
hy an impulse towards the focus when it arrives at the extremity 
of the latus rectum^ the axis major will he unaltered in direction. 

For, the force being central, A is unaltered ; therefore, if 8L 
be the semi-latus-rectum, p.SL is unaltered, or SL is the 
ficmi-latus-rectuin of the new orbit, and the axis major is per- 
pendicular to 8L. 

(9) A particle moving in an ellipse under the action of a 

force tending to the focus has a very small velocity y impressed 

upon it in the direction of the focus ^ find the corresponding 
changes of the eccentricity and pjosition of the apse. 

By (6), page 147, the velocity at P is the resultant of the 
constant velocities j and ~ respectively perpendicular to BP 



and ASA, And, since the impressed velocity Is towards aS', A is 
unaltered ; hence the components of the velocity in the new orbit 


r 

are ^ perpendicular to SP and ^ to the new axis &)/'; 

$ 

therefore y in direction PM' is the resultant of in PM 
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nfi 


and-£inP5. LtilMSM' -mm circular measure, then 


€ siuCT ~n cosP;SJ/, and e co&m = e + n smPSMj 
or, neglecting squares of small quantities, 

cm = n cosP5J/, e -e-n sin PSM, 


XXIX. 


1. The velocit}' in an ellipse at the greatest distance is half that 
^'ith ^Yhich a btdy would move in a parabola at the same distance; 
required the eccentricity of the elli])se. 

2. A body, moving in a parabola about a centre of force in the 
focus, meets at the vertex with an obstacle which diminishes the 
square of the velocity by one-fourth, without altering the direction 
of the motion ; shew that tlie body will afterwards move in an 
ellipse whose axis major is equal to the latus rectum of the 
parabola. 

3. A body revolves in an ellipse about a centre of force in the 
focus 8- Shew that there is always some determinate point at 
which file absolute force may be supposed to change suddenly 
from j .1 to w/i, so that the subsequent path of the body may be 
a parabola about 8 in the focus, provided n is not situated beyond 
the limits i (1 + e) and ^ (1 - e). Prove also that the latus rectum 
of the ellipse : that of the parabola w n : 1. 

4 . A particle, describing an ellipse about a force in the focus, 
comes to the point nearest to the centre of force; tind in what ratio 
thu absolute force must then be diminished in order that the 
particle may proceed to describe a hyperbola, whose eccentricity is 
the reciprocal of that of the ellipse. 

5. The ratio of the axes of the Earth^s and Yenus’s orbits 
is 18:13; find the periodic time of Venus. 

6. A body is projected, with a velocity of 100 feet per minute, 
from a point whose distance from a centre of force, which varies 
inversely as the square of the distance, is 32 feet, the velocity in ^ 
circle at that distance being 80 feet per minute; find the periodic 
lime. 

7. If at any point of an ellipse, which is the orbit of a particle 
moving under the action of a force tending to the focus, tne 
direction of motion be- turned through a right angle, the velocity 
remaining unchanged, prove that the sum of the squares on the 
minor axis of the new and old orbits will be equal to the square on 
the diameter parallel to the tangent in either the old or new orbit. 
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8. If a body be projected with a given velocity about a centre 
of force which varies inversely as the square of the distance, shew 
that the minor axis of the orbit described will vary as the perpen- 
dicular from the centre of force upon the direction of projection; 
and determine the locus of the centre of the orbit described. 

9. A body is moving in a given hyperbola under the action of 
a force tending to the focus S ; when it arrives at the point P, the 
force becomes suddenly repulsive, find the position and magnitude 
of the axes of the new orbit ; shew that the difference of the squares 
of the eccentricities of the new and old orbits varies inversely 
as SP. 

10. A comet moves in a parabola about the Sun and a planet 
in a circle of which the radius is half the latus rectum of the para- 
bola; shew that the planet will move through about 76° 22' of 
longitude, while the comet passes from one extremity of the latus 
rectum to tlie other. 


11. The perihelion distance of a comet moving in a parabolic 
orbit is half the radius of the Earth’s orbit, supposed circular. 
The planes of the orbits coinciding, find the time in days from 
perihelion to the point of intersection of the orbits. 

12. A body is moving in a given parabola under the action 
of a force in the focus ; and, when it comes to a distance from the 
focus equal to the latus rectum, the force suddenly becomes re- 
pulsive; determine the nature, position, and dimensions of the new 
orbit. 

13. A particle is describing an ellipse under the action of a 
force tending to the focus; if, on arriving at tiie extremity of the 
minor axis, the force has its law changed, so that it varies as Ihe 
distance, the magnitude at that point remaining unchanged, prove 
tliut the periodic time will bo unaltered, and that tlio sum of the 
new axes will be to their difference as the sum of the old axes to 
the distance between the foci. 


14. PO is perpendicular on the directrix from any point of 
an elliptic orbit described by a particle about the focus S, and 
when the particle is at P the force suddenly tends to 0 instead 
of St prove that the new orbit may be a parabola if e > ^, and that, 
in this case, SP passes through the intersection of the two circles, 
one described on SII as diameter, and the other with centre S and 
radius SAf the shortest focal distance. 


15. A particle is moving in an ellipse about the focus St 
and has a normal impulse which generates a velocity equal to the 
velocity at the end of the minor oxis. Prove that the pai ticlo will 
now describe a parabola, and that the angle through which tho 

SP 

direction of motion is deflected is tan-' . 


KK 
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16. A particle is projected from a given point -with a given 
velocity V, and moves under the action of a force ^ prove that 
there may be two directions of projection for which the direction 
of the major axis will be the same, and if a be the angle between 
these directions; e, e' the eccentricities of the two orbits, 

fi {e' ±e) = V'R sin a. 

17. A body moves in an ellipse about a focus, and is at the ex- 
tremity of the minor axis when its velocity is doubled. Find the 
new orbit, and shew that the body will come to an apse after 
describing a right angle, if the I’atio of the axes of the given ellipse 
be 2 : 1. 

18. A body is revolving in an ellipse under the action of a force 
tending to the focus S, aud, when it arrives at the point P, the 
centre of force is suddenly transposed to the point S' in PS pro- 
duced so that PS' is equal to the major axis of the ellipse, and the 
force becomes repulsive; shew that ii UP be produced to Z?' and 
PH' = PZT, the length of the transverse axis of the hyperbola 
described will be SF^ and W will be the other focus. 

XXX. 

1. Prove that the periodic time of two bodies round each other 

X 

is ■ — ^ — r: , where 2a is their maximum distance, and w, w' their 

\/(w + « ) 

masses expressed in astronomical units. 

2. Of all comets moving in the ecliptic in parabolic orbits, 
that which has the latus rectum of its orbit equal to the diameter of 
the Earth’s orbit will remain within the latter for the longest period, 
the Earth’s orbit being considered circular. 

8. A particle is moving in an ellipse about a centre of force in 
the focus, and the centre of force is transferred to one end of the 
latus rectum as the particle passes through the other. Prove that 
o', the eccentricities of the old and new orbits, ai’e connected by 

the relation » 1 + 

4. The same parabolic orbit is described by two particles acted 
on respectively by forces, one constant, and the other tendi^ to 
the focus. If they start from the same point, they wUl reach the 
vertex in equal times if the difference between their initial velocities 
is to that of the particle acted on by the constant force as 2TA : 35.r, 
where T is the point in which the initial direction of motion meets 

the axis SA. 

5. Two equal perfectly elastic particles describe the same 
ellipse, in the same period, in opposite directions, one about each 
focus ; prove that the major axis of the orbit is a harmonic mean 
between those of the orbits they will describe after the impact. 
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6. Provo that the rate, at which ureas are described about the 
centre of a hyperbolic orbit described by a particle under the action, 
of a force tending to a focus, is inversely proportional to the 
distance of the particle from the centre of force. 

7. Two ellipses are described by two particles about the same 
centre of force in the focus; the eccentricities are I- and ^ \/3 
respectively, and the major axes are coincident in direction and 
equal in length. Compare the times which each body spends 
within the orbit of the other. 

8. A particle is attracted to a centre of force varying inversely 
as the square of the distance, and is projected from a fixed point so 
as to describe a parabola; prove that the tangent to the path at 
the other extremity of the focal chord through the fixed point 
envelopes a parabola of which that point is the locus. 

9. If a number of equal particles bo projected from the same 
point with equal velocities so ns to describe ellipses in one plaue 
under a force tending to the common focus, these ellipses will all 
touch a fixed ellipse which has one focus at the centre of force and 
the other at the point of projection. 

10. A body revolves in a parabola under the action of n force 
tending to the focus, and when it arrives at a point whoso distance 
from the axis is equal to tlie latus rectum, the force is suddenly 
transferred to the opposite extremity of tlie focal ciiord passing 
througli the body. 8hew that tlie new orbit will bo a hyperbola 
whoso axes are as 2 : 1, and that the conjugate axis and the direc- 
tion of motion at the point make equal angles with the focal chord. 

11. A particle is describing an ellipse about a centre of force in 
the focus, and the absolute force is suddenly diminished one half; 
ehew that the chance of tlie particle’s now orbit being a hyperbola 
is TT - 2c ; 27r, all instants of time being supposed equally probable 
for the change. 

12. Two particles are revolving in the same direction in an 
ellipse under the action of a force tending to the focus ; prove tliat 
the direction of the motion of one as it appears to tli(3 other is 
parallel to the line bisecliug the angle between their distances from 
the focus. 

13. A force tends to the centre of a given circle, and varies in- 
Torsely as the square of the distance; prove that all clli[)tic orbits 
which can bo inscribed in any triangle iu-scribed in the circle will be 
described by a particle, under the action of the force, in the sumo 
periodic time. 
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14. Two equal particles are revolving in the same direction in 
the same ellipse, under the action of a force tending to a focus; 
shew that if they become rigidly connected when they are at the 
extremities of a local chord, they will afterwards move about their 
centre of gravity with an angular velocity which varies inversely 
as the length of the chord, and that, wherever this takes place, the 
initial velocity of the centre of gravity will be the same. 


15. A body revolves in an ellipse about the focus from nearer 
to farther apse, and the angle which its direction makes with the 
focal distance is constantly being increased without altering the 
velocity ; shew that the motion of the apse line will change from 
progression to regression, when the true anomaly of the instantaneous 
orbit is -^tt + 2 tan''^, e being the eccentricity. 


16. A particle is describing an ellipse about the focus ; when it 
comes to the extremity of the minor axis the absolute force is 
diminished by one-third. Determine the position and dimensions 
of the new orbit, and prove that the distance between its focus and 
its centre bisects and is bisected by the semi-miuor-axis of the 
original orbit. 

17. When the earth is at an end of the minor axis of its 
elliptic orbit, a small meteor falls into the sun, whose mass is 
n X sun’s mass, prove that the year is diminished by 2n of itself. 
Prove also that the apse line turns through the angle ;jtaiiX, 
where cosX is the excentricity of the earth’s orbit. 

18. A body is describing an ellipse about a centre of force in 
the focus, and when its radius vector is half the latus rectum it 
receives a blow which causes it to move towards the other focus 
with a momentum equal to that of the blow. Shew that, a the 
angle between the tangent and radius vector being < Jtt, the 
eccentricity of the new elliptic orbit will be - cot 2a, ratio of the 
old and new major axes = cof 2a - 1 : cot^a - 1, and that these axes 
^re in the same line. 


19. If a small velocity be communicated when a body moving 
in an ellipse about the focus is at the extremity of the latus rectum, 
in a direction parallel to the axis, shew that the change of the 

eccentricity will be — , and that the angle through which the axis 

2hu 

will be turned = — 

eu 


20. If at any point of the elliptic orbit of a body, moving under 
the action of a force tending to the focus, the force cease to act 
for a given very short time, find the angle through which the line 
of apses will have turned and the change of eccentricity, and shew 
that they will vary as the components of the force respectively 
parallel and perpendicular to the line of apses. 
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SECTION VII. 

ON RECTILINEAE MOTION. 

PROP. XXXII. AND PROP. XXXVI. 

To find the time of motion and the velocitij acquired, ivhen a 
^ody falls through a given space from rest, under the 
action of a force which varies inversely as the square of 
the distance from a fixed point. 

Let 8 be the centre of force, A the point from which 
the body begins to fall. 



Let APA be a semi-ellipse, wliose focus is 8, and axis 
major A8A', AQA’ the circle upon A A' as diameter, 
MPQ a common ordinate ; let 0 be the common 
centre, and join CP, CQ, 8P, 8Q. 

If a body revolve in the ellipse under the action of the 
force tending to 8, the measure of whose acceleratin<>- 

O 

effect at a distance SP is ; 

time in AP ; time \xi AP A : : area ASQ\ semi-circlo AQA* 
:: sector il 67^ + triangle : semi-circle .d <2-4'; 
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,s . • A-n AC.eircAQ+SC,QM 

tliereioretimeini4P= . , 

ttAC 


This is true wliatever be the magnitude of the minoraxis 
BCj and therefore when it is indefinitely diminished, 


in which case the diameter ofcurvature at A = 


2^-0 
AC ’ 


and therefore the body has no velocity at A ; that is, 
the elliptic motion ultimately degenerates to a recti- 
linear motion in which the body starts from rest at A. 

Also, since AS.SA SA ultimately = 0; 

/ Ss A 

SC=\SA', time in .(arci^ + C*^)- 


Again, the velocity in the ellipse at P is 


\tM.{U0-8P)\ 
AC.8P 


i 


and, when the minor axis is indefinitely diminished, 
the velocity at jtf, in the rectilinearmotionof the body. 


'2f^{A8-83I} 
AS.8M 


i 


/2n.AM \ 

\as 7 sm) ■ 


Cor. If a body be projected directly towards or from a 
centre, to which a force tends which varies inversely 
as the square of the distance, the time and velocity 
acquired in a given space may be determined by 
means of an ellipse, parabola, or hyperbola, whose 
latus rectum is indefinitely diminished, so con- 
structed that at the point of projection the velocity 
is properly represented. 


Notes, 

235. It must not be siippo.sed tliat the motion will be repre- 
sented throughout by the ultimate motion in an ellipse, whose 
axis minor is indefinitely diminished, in which case the body 
would return to A] for, since in this case the ellipse passes 
through Sj we are precluded from applying the results of the 
second and third sections in determining the motion of the body 
after arriving at S] but we may correctly apply these results to 
determine the motion before arriving at S. 
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In order to determine tne motion after arrivinj^ at we 
must observe that at S the force is zero, since its direction is 
indeterminate, although, when the body is at any point very 
near to S, there will be a very great force tending towards S] 
on approaching therefore, the velocity wdll continually in- 
crease, and the body will pass through S w'ith very great 
velocity; but the motion will be retarded, according to the same 
law, as rapidly as it was generated, and the body will proceed 
to a distance equal to SA on the opposite side of S, 


PROP XXXVIIL 


To find the time of motion and the velocitj} acquired tvhen 
a body fails through a given space from 7'cst^ under 
the action of a force tvhich varies as the distance from a 
fixed point 

Let S be the centre of force, A tlie place from wliicli the 
body begins to move; make /SVl' = /S'.l, and 



as major axis, describe a semi-ellipse yl Pyl' and a semi- 
circle AQA'j and let AIFQ be a common ordinate. 

Suppose a body to revolve in the ellipse, under the 
action of the force tending to Sy the measure of whoso 
accelerating effect at P is fi.SPy then time in AF 
oc area.d/S'Poc sector ASQ^ ^rc AQ; 

therefore time in AF : time in ABA' :: nrcAQ : ttAS, 
and time la AP = ^. = L x • 
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and the same Is true when the minor axis is indefi- 
nitely diminislied, in which case the velocity at A 
vanishes, since the diameter of curvature vanishes. 
Therefore the elliptic motion is reduced to the recti- 
linear motion of a body originally at rest at -4, and 

the time in A3I is thus shewn to be x ^ . 

AS 


Again, the velocity in the ellipse at P 

= \lfi,SD^ where SD is conjugate to >SP 

= ^(j^.{AS'^+BS^-SFj- 

therefore the velocity at 31 in the rectilinear motion 


TT 


Cor. Time from A to aS'= , or the time of reaching 

2vm 

S is the same whatever be the initial distancOr 


SECTION VIIL 
PROP. XL. THEOREM XIIL 

If ilie velocities of two bodies^ one of which is falling directtg 
towards a centre offeree and the other describing a curve 
about that centre^ be equal at any equal distances they 
will always be equal at equal distances^ if the force depend 
only on the distance. 

Let S be the centre of force, and let one of the bodies be 
moving in the straight line APS^ the other in the 



curve A Qq, Suppose the velocities at P, Q to be 
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equal, and let Qq be an arc of the curve described in 
a short time. Witli centre 8 and radii SQ^ Sq 
describe circular arcs QP, jP, let >S^ meet joj in 
and draw mn perpendicular to Qq, 

Since the centripetal forces at equal distances are equal, 
they will be so at P and and Pjo, Qm may represent 
them ; Pp is wholly effective in accelerating P, Qn 
is the only effective part of Qni on tlie component 
nm being employed in retaining the body in the curve. 

Also, since the velocities are equal at P and Q, the 
times ofdescribingP^, $5- are ultimately proportional 
to Pp^ Qq^ when the time is indefinitely diminished. 

Hence force at P in P>S : force at ^ in Qq:: Pp: Qn^ 
and time in Pp : time in Qq\: Pp : Qq^ 

/. vel. acquired at p : vel. acquired at 3- : : Py : Qn. Qq^ 

but Qn,Qq= Qni' = Pp ' ; 

tlierefore the velocities added in Pp and Q^^are equal, 
and the actual velocities at^ and q are equal. 

By proceeding in the same way through any number 
of small times, the proposition is proved. 


1. If a particle slide along a chord of a circle, under the 
action of a force tending to any lixed point, and varying as the dis- 
tance, the time will be the same for all chords, provided they ter- 
minate at either extremity ot the diameter which passes through 
centre of force. 


velocity of the earth in its orbit wore suddenly de- 
stroyed, tmd the time in which it would reach the sun. 

3 A particle moves from any point in the directrix of a conic 
section, in a slraij;lit line towards a centre of force, which vanes 
aversely us the si^uare of the distance, in tlie corresi.ondiug iocus. 
rrove that when U arrives at the conic section, il L be the latus 


rectum, the velocity will be , 


LL 
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4. If three centres of force reside in the three angles of a 
triangle, attracting "with a force whose accelerating effect is 
ft X distance, prove that a particle, placed in 0 the intersection of 
the perpendiculars, will oscillate in the line OO'P drawn through 
O' the centre of the circumscribing cii'cle, where 0'F = i00'ma. 



5. A particle revolves in an ellipse about a centre of force at 
one of the foci 5, S'. If PUt PU' be the spaces through which 
a particle, falling from any point P, of the curve, would have to 
move in order to acquire the velocity at P, according as S or S 
is the centre of force, prove that 

PU\ PW ::2SF'\- ST : 2$'P -f SP. 


6. A perfectly elastic ball falls from rest towards a centre of 
force varying inversely as the square of the distance, and when it has 
fallen half the distance it is reflected by a plane, so as to move 
in a direction making an angle a with its former direction; s ew 
that the eccentricity of the ellipse subsequently described is cos a. 

7. A particle is attached to each of two equal and similar elastic 
fitrintJ-s, whose other ends are fixed at points whose distance apar^ 
is greater than the sura of the natural lengths of 

initially the particle is at rest between the fixed points and in 
straight line joining them, and one of the strings is jus un 
stretched. Determine the subsequent motion, and the velocity 
the particle in any position. 

8. A perfectly elastic ball falls from a distance * 

centre of lorce varying as the distance. AVhen it has descri e 
space it impinges at an angle of 45° on a plane and is le ec • 
Shew ‘that the semiaxes of the orbit subsequently described wiu 
Le fr cos 60° and a sin 60°. Suppose that the baU again impmg®® 
on the opposite side of the same fixed reflecting plane, shew tuat x 
will be reflected to the centre, and that the time of arriving a 
the centre will be five times the time of falling directly to it. 

9. Suppose e to be the elasticity of the ball in the last problem, 
prove that, if the angle of incidence = tan'^ the subsequen 
orbit will have its axis major or minor in the direction in wmc 
the ball was originally falling, according as the distance from 
centre C to the point of impact is greater or less than 
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1. Find the limit of + + „ ,-3 

ft ' 


indefinitely Increased. 


2. ABCD Is a quadrilateral, which Is slightly displaced into 
the position abCD in its own plane, CD remaining fixed; prove 
that the small angular displacements of the sides DA^ AB^ BG 
are ultimately in the Inverse ratio of the perpendiculars upon the 
side AB drawn from the points Ej C] E being the point 
of intersection of DA and CB. 


3. If a point P move so that the product of Its distances 
from a fixed point S and a fixed straight line is constant, and 
if ST be the polar subtangent, and the tangent meets the fixed 
line in prove that TV will be bisected in P. 

4. A particle describes an elliptic orbit about a centre of 

force in the focus iS; if K, V be the components of the velocities 

in the directions PjS, DS at the ends P, D of two conjugate 

diameters, prove that (F.^SP)’' + ( will be invariable 

% 

throughout the motion. 

6 . A body is describing an ellipse about a centre of force 
in the centre, and its velocity is observed when it arrives 
at its greatest distance, and again after a lapse of one third of 
its periodic time. If these velocities be in the ratio of 2 : 3 , 
prove that the eccentricity of the ellipse will be Vi* 

6 . Given the velocity and direction at two points of a 
central orbit, find the locus of the centre of force. 
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7. Shew that in the elliptic orbit described under the action 
of a force tending to a focus, the angular velocity round the 
other focus varies inversely as the square of the diameter parallel 
to the directiou of motion. 

8. A particle slides down the arc of a vertical circle, 
starting from rest at a given point; find the point where it 
will leave the curve. 

9. If at any point of an ellipse, described under the action 
of a force tending to the focus, the velocity be increased in 
the ratio n : 1, prove that the latus rectum will be increased 
in the ratio n* : 1. 

10. Supposing the major axis of an ellipse = 200 feet, the 

eccentricity =iV) periodic time 10 days; find the 

number of square inches in the area swept out by the radius 
vector in 1". 

11. When a body describes a parabola about the focus, the 
Intersection of its direction with the axis of the parabola moves 
most rapidly when the body is at the extremity of the latus 
rectum. 

12. Shew how to find the weights of equal bodies on 
planets which have secondaries. 

13. A body describes a hyperbola under a repulsive force 
tending from the farther focus, and when the body arrives at 
the vertex, the force suddenly becomes attractive ; shew that, if 
the new orbit be a parabola, e the eccentricity of the hyperbola 
= 3 ; if the new orbit be an ellipse of eccentricity e, e ± e = 2. 

14. From every point of an ellipse particles are projected 
in the direction of the tangent with velocities such that, when 
acted upon by a centre of force oc to one of the foci of 
the ellipse, they proceed to describe parabolas. Shew that the 
directrices of these parabolas all touch one or other of two fixed 
circles, whose radii are equal to the major axis of the given 

ellipse. 
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1. ABG^ abC are two nglit-anc^led triangles, the angle at 0 
being a riglit angle, and their perimeters are equal. Prove that, 
as ah moves up to AB^ the distance of the point of ultimate 
intersection of AB and ab from the middle point of AB is half 
the difference between CA and CB, 

2. r, T are two neighbouring points on the outer of two 
confocal ellipses; TP, TP\ T Q tangents to the inner, 
P, F being points which coincide when T moves up to P. 
Prove that ultimately PF : QQ :: PP^ : TQ\ 

3. In a parabola described under a force to the focus shew 
that if the direction of motion meet the directrix in F, then the 
velocity of V will vary inversely as the abscissa of the corre- 
eponding point on the curve. 

4. A parabola, whose vertex is A^ Is described by a body 
under the action of a force in its focus S. If, with S as centre 
and SA as radius, a circle be described cutting tlie axis again 
in Pand the radius vector SPm Q, prove that BQ will represent 
the velocity at P, and hence tind the law of force in the 

5. Shew that if a body describe an ellipse of very small 
eccentricity under the action ot a force tending to a focus, the 
angular velocity about the other focus will be very nearly uniform. 

6. Shew that the intersection of the string of a cycloidal 
pendulum, which makes complete oscillations, with the base of 
the cycloid moves uniformly along the latter. 

7. If a closed string, lying on a smooth horizontal plane, 
pass loosely round three vertical pegs in the angles of an equi- 
lateral triangle, and if a bead be projected along the string so as 
to keep it stretched tightly, shew that the tension of the string 
will have two minimum values, and that they will be inversely 
proportional to the free lengths of the string in the two cases. 
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8. The latus rectum of a comet’s parabolic orbit Is equal to 
tlie diameter of the earth’s orbit supposed circular; if the earth 
describe an arc of its orbit equal to the radius in 58j days, find 
how long the comet will take to move from one extremity of the 
latus rectum to the other. 


9. When a particle moves from rest in a smooth equiangular 
spiral tube under the action of a constant force tending from the 
pole, starting from the pole, shew that the pressure on the 
curve is constant. 


10. The angular velocities of a body moving in an ellipse 
about a force in the centre are 4* and 9® per hour at the 
extremities of the major and minor axes respectively; find the 
periodic time, 

11. Find the locus of a point, in order that the resultant 
attraction of a uniform rod upon it may pass through a given 
point, equidistant from the extremities of the rod; the law of 
attraction being that of the inverse square, 

12. Prove that if the velocity at any point of an ellipse 
described about a centre of force in the focus be resolved at 
every point into two velocities in the directions pei*pendicular 
to the focal distance and the axis major, the greater of these 
velocities will be the actual velocity in the orbit at a point where 
the direction of motion makes an angle with the axis major 
whose sine is 


13. A particle is acted upon by two forces, tending to the 
foci of an ellipse whose major axis is 2a and varying according 

to the law /i j the absolute intensities being the same. 


8aV 


Shew that, if it be projected along the tangent to the ellipse 
with a certain velocity, then it will continue to describe the 
ellipse freely, and its velocity, in any position given by the focal 

r* -hr/ + r 
2 ^rr' 


distances r, r', will be n 


\ 

-j, n being 


the mean 


angular motion of the ellipse under a force 


^ to a focus. 

r 
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1. Prove that the area of an ellipse cut off by any chord 

PQ is \ab where a, h are the semi-axes of the ellipse, 

and Ip is the angle subtended at the centre by the points on 

the auxiliary circle corresponding to P, Q. Deduce from this 

1 1 • (?sin0)‘ 

that the area cut off by any chord of a parabola is , 

where I is the length of the chord, & its inclination to the axis 
ot the parabolaj and L the latus rectum. 

2. An ellipse and parabola whose axes are parallel have the 
same curvature at a point P and cut one another in § ; if the 
tangent at P meet the axis of the parabola in T, prove that 

PQ will be equal to four times PT. 

3. Having given rad. of earth =4000 miles nearly, shew 
that gravity in latitude \= ^l — j , the earth being con- 
sidered spherical, and G gravity at the pole. 

4. A heavy particle is projected horizontally from any 
point in the interior of a surface of revolution, whose axis is 
vertical, the velocity being that due to the height above a given 
horizontal plane of tlie point of projection, find the form of tlie 
surface so that tlie particle may always remain in the honzontal 

plane of projection. 

5. A body describes- a circle to the centre of wliich it is 
connected by a string; it is attracted to a point in the circum- 
ference by a force varying as the distance; shew that, it the 
string be always kept streiclied, the greatest and least velocities 

will be in a ratio less than : 1. 

6. Find, when possible, the point in an elliptical orbit at 
which, if the centre of force were transferred to the empty 
focus, the orbit would be a parabola. Prove that such a point 
cannot exist unless the eccentricity of the elliptical orbit be 

greater than 2. 
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7. A particle describes an ellipse about a centre of force 
in the focus, and another particle describes the circle upon the 
major axis about another force in the same point in the same 
periodic time. If the particles start simultaneously from the 
vertex, prove that the line joining them will be always per- 
pendicular to the axis. 

Also shew that the velocity at any point in the circle will be 
inversely proportional to corresponding focal distance in the 
ellipse. 


8. A body moves in elliptic arcs about a centre of force 
varying as situated in a perfectly elastic plane perpen- 

dicular to the plane of the orbits; shew that those arcs are 
portions of similar ellipses whose major axes are equally inclined 
to the elastic plane, and that the time between the first and third 
impact is equal to that between the second and fourth. 


9. A body Is projected about a centre of force cc (dist.)'’^ 
perpendicular to the distance; shew that as the velocity of 
projection is increased, the centre of the curve moves through 
the centre of force to infinity, then suddenly starts back to 
infinity on the other side of the point of projection and returns 
to it. But when the force oc dist. the nearer focus moves to 
a given point and then suddenly starts at right angles to its 
previous direction. 

10. A body is describing an ellipse about the focus Sj and, 
when it arrives at the mean distance, the force is doubled j 
shew that the new line of apses passes through the foot of the 
perpendicular from the other focus upon the tangent. 

11. In an elliptic orbit about the focus, when a particle is 
at a distance r from the focus, the direction of motion is turned 
through a small angle 5a, shew that the corresponding .change 

in the apsidal line Is ~~ + e’* — - j , 2a being the major axis, 

and e the eccentricity. 
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12, Prove tliat, neglectln;^ the disturbances produced by the 
planets on each others orbits, the statement of Kepler’s third 
law should he amended to “ The cubes of the mean distances of 
the planets from the sun are as the squares of the periodic times 
multiplied into the sum of the masses of the sun and the planet. 


13. Prove that, when the distance between the centres of 
the sun and the earth is r, the attraction between them is 

, where T is the periodic time, S the mass of 


the sun, E of the earth, in aslrcnoniical units, and a is the mean 
distance between the centres. 


14. Prove that the periodic time of a body describing an 
elliptic orbit under an attraction to a fixed point 0 within the 

ellipse is , where is the perpendicular from the centre 

vM 

of the ellipse on the polar of 0] assuming the acceleration of 
the body at distance r from 0 to ^ , where p is the per- 
pendicular from the body on the polar of 0, 


XXXV. 

1. A tangent and normal are drawn at any point of a 
catenary, prove that when the area of the triangle formed by 
these straight lines and the directrix is the greatest possible, the 
distance of the point from the directrix is twice the lengili of 
the arc measured from the point to the vertex. 

2. A curve is traced out by a point F in a s'ralght line 
of given length, which moves with its extremities in tiic arc 
of an ellipse; shew that the area included between tlic elllpso 
and the locus of P is ttcc', c and c being tbe distances of P 
from the extremities of the line. 

3. If a circle touch two coils of an equiangular spiral, one 
internally, the other externally, the line joining the pole to 
the centre of the circle will bisect the angle between the radii 
vectores of the spiral drawn to the points of contact. 
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4, P oscillates in a circle, of which S is the highest point, 
8P intersects the horizontal diameter in and 5, 0 are the 
extremities of path. Prove that the square of velocity 
varies as BQ,QG,SQ\ 

5. A particle moves in an elliptic tube under the attraction 
of a material line joining the foci, each element of which attracts 
with a force varying inversely as the square of the distance. 
Shew that the velocity is constant; and find the pressure on the 
tube when tlie particle is at the extremity of the minor axis. 


6. An attractive force equal to resides in each focus 

^ (dist.)' 

of a smooth elliptic groove; if a particle start from the end of 
tlie major axis with a velocity ^ Jt -^-iw i-each the end of 

the minor axis In a lime ^ e being the semi- 

axes and eccentricity. 

7. A body is attaclicd to the end of a string, which just 
winds round the circumference of a circle, in whose centre there 
is a repulsive force = (dist.). Prove that the time of unwinding 

27r 

*= “7- • Also find the tension of the string at any time. 


8. A body moves In an ellipse under the action of a force 
tending to a fixed point 0 in the transverse axis; prove that 

PU 

the force at any point P varies as where L is the point 


in which OP meets the diameter conjugate to that passing 
through P, 


9. An elastic string just fits a fixed straight tube when 
it is of its natural length ; it is fixed at one end, and pulled out 
at the other, so as to double its length ; a particle, fixed at 
the free end, Is then projected at right angles to the string 
along a smooth horizontal plane with the velocity which it 
would acquire in falling freely, under the action of gravity, 
through a space equal to the length of the tube; prove that 
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tVe ■weight of tlie particle must be | or f of , that which would 
double the length of the string, in order that it may describe an 
ellipse whose eccentricity is 

10. Prove that, if the velocity in the hodograph of an orbit 
be proportional to the angular velocity of the corresponding 
point in the orbit about the centre of attraction, the orbit will 
be an ellipse about the focus. 

11. A particle is describing a parabola under the action 
of gravity ; when it is at one extremity of the latus rectum, 
gravity is replaced by a force tending to the other extremity 
of the latus rectum and varying as the distance, such that the 
accelerating effort in that position is equal to that of gravity. 
Shew that the ratios of the axes of the ellipse described to the 
latus rectum of the parabola are 2 \/2 cosJtt and 2 sin ^TT. 

12. If S be the centre of force, A the nearer apse, P the 
body, and a small velocity « be applied to tbc body at right 
angles to prove that the change in the direction of the 
apse line will be given approximately by 

where e is the eccentricity of the orbit and h twice the rate 
of description of area about 

13. If an imperfectly clastic particle fall from an infinite 
distance, under the action of a central force varying inversely 
as the square of the distance, and impinge, before arriving at 
the centre of force, on a small plane area inclined to the direc- 
tion of its motion, shew that, if the orbit after the first impact 
be a circle, the elasticity will be and shew that after an 
infinite number of impacts, twice the major axis of the final 
orbit will be three times the distance of the plane area from the 
centre of force. 



HINTS FOR SOLUTIONS OF PROBLEMS. 


1 . 

1. Limits are 0 in (1), co in (2), a In (3). 2. 3 and J. 
3. n : i, 4. LifFerencc does not vanisli. 5- Triangles FBi, 
rCc equal ; PB : PC Pc : Pb. 6. R the point of inter- 
section, E its ultimate position. Draw QT parallel to 
shew that ES : PB r. E(] : BO, ult., and QT:RS::BG 
: BE-, EC: BE :: QT: PB:: AC: AB. 7- By result 

ot ( 3 ) p. 9 . 8. In tani^ent at P to the given circle. 9. AB 
the common chord ot’ circles APQ, AP'Q', meeting PQ 
in ill; PM.MQ^AM.MB^PM.MQ, whence Fi/= §1/. 
10. CN.NT^ QN‘ = A' N.NA, QN being ordinate of aux- 
iliary circle, and AN = 'lCN ult 11. E the point of inter- 
section, EU orJin ite. ; EM‘ = PM\ EU‘ UM‘ 
= 1.46' AM, sinrlarly for QE and subtract. PE must be 
greater than VM or '2 AS. 


II. 

1. If A, B tend to equality A — B:A>A'-B’:A\ 
whence shew that A- A' : B- E > A : B. 2. PS parallel 
to BC, shew that PS: BQ::2BC:AC. 3. As in I. 11, 
shew that A C‘ - 6\1 /^ : A C‘- CN‘ ::ET‘+ TM‘ -.ETA TN 

CiP - GN‘ : TE ‘ - nP :: A0‘ - CAP : PAP ::AG^:BG 
Also PAr> nr, deduce that GAP : AG‘<AC‘ : AG‘ + BC'‘. 
4. Shew that E - P A f : :: E A-P : b\ deduce that 

E - E Ay‘ : a'‘ — x^ Ay‘ :: b"‘ : P, and thence that E-EAf 
= i'^ 5. ABC, AB' C be two inscribed triangles BG—B'G' 
= BB' cos A A GC cos A, BB' cosO=AB'-AB, &c. 6 CV 

parallel to BU, CT: GV:: AT:AK CT= GVult PU.QU 
: QT.PT:: BU‘ : CT :: AB‘ : AG\ 7. S'T : SR :: CS' 
: CR ; .-. S' T' = SR ult. AT.BT: AT. BT' :: PT : S' T"‘ 
::Gr.ET:SR‘ and GT.RT= CR.RT\i\t=PE‘==iSE‘. 
8. Triangle OAB turns about 0 into the position Gab, the 
foot of the perpendicular on AB moves along AB. 9. PQ 
sin SPQ ; pq sm Sqp :: SQ : Sp, PQ, pq being ultimately 
tangents intersect in D in the directrix ; .-. PQ:pq:: SP.PD 
:Sp.pD soA PD^ : pD‘ :: SP.Pp: Sp.Pp. 10. Triangle 
A.&C = triangle AAc; BG., be intersect in P-, BD, CD perpen- 
dicular to AB, AG-, AD \s diameter of ci«ele about ABGf 
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Ad that of circle about Ahc^ AM perpendicular to Dd is the 
common chord. PN, PR perpendicular AB^ AG^ PN . Bh 
= PR . Ccy and Cc = Dd sin MA 0, &c. ; PN i PR :: siuil/^ G 
: MAB^ hence z MAB = z PA G, 

111 . 

8 <1 

3. Fig. p. 25, parallelogram Pa=^—KLx- AL. 5. Fig. 

n n ° 

p. 25, vol. by Pn round KL = tt (Lm’ - Ln’) Pm = irmn.2Lm.Pm, 

ultimately =ir-AL.2{\-^AL.% LK. Vol. round EK= 

n \ nj n 

iT{AH-Pm)\mn. 10. PM‘c,: AM,A’M, irPM^MN'.'rrEK^AH 

- Ali^ ^AG-\‘AII\ hence hyperboloid : cylinder 

:: AG-\-\AH : 2AG-\-AII, 

IV. 


1. PF diameter bisecting (^Fx 5Poc § ()F. 57 
X SY^. 2. lilass is to that of a homogeneous circle, den- 
sity that of given circle at circumference, as 2 : 9/14 2. 4. Let 
n be the number of squares, each straight portion of the serrated 

( TT TT \ 

— j , 8n in number. 5. AM contain- 

• T . . m AH , . All 

mg r divisions ^ and MN= ( 2 r 41 ) — . 6 . a a small 

n n 

area near P, PM^ GH perpendicular to the axis of revolution, 

2 (27rPd/. a) = 27r C// X area of ellipse. 7. inscribed paral- 

11 I . , / 'jrAB\ 

lelograra x - sin and the sum f 1-cos —j—j x FG 

ultimately x FH — GF. 8 . area.^l(?i> = 


AJ).2FG 


FT ,. . BE 
AF = AB 


ttFG 


TT 


and 


~ • 9* 0B=a.0Ay area will be 



( 


OB ^ , - 

- — . OAe ^ 
n 


a 

and n (e'* - 1) = a, ult. 


V. 

1. Fig. p. 01, sect, A GPec sect. AGQ<x. lAGQ. 2 Provo 

that the areas of sections made by the same plane parallel 
to the base are equal. 3. Fig. p. 25, join AK cutting PJ/, 
QN in F, Q\ Vol. by PV=7r.4^5.ylJ/.J/iV; vol. by 
PN : 47r^5.area FN :: AM: P'3/:: All: KII.: A7/: 4^5; 
/. vol. by APKII=7rKII,^AHK, 4. Vol. by PN x area 
FN. Moments with respect to AL arc equal ; .‘. centres of 
gravity coincide. 6. Fig. p. 26 (4) mass of J/i.Yx AM^ MN<x: 
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vol. pnerated by PN. Mass of AH= 0 x cone. If iiAM^ be 
density at il/, prove that /a = C'.7r tan^a. 7. CAB^ GABB 
the sector and square revolving about CB, PQ a small arc, 
PM^ QN perp, on GA^ Pni^ Qn^ on AD, Vol. by Pn : vol. 
by Py::{CA^--ar)mn:2,C2LPM,MK ult, : 

2‘aJ/.JLV::l:2. 

VL 


1. Vol. by PNcc moment of vol. of corr. slice of cone, as in 

V. 3. 2. In a curve of sines let = sin QN an 

ordinate near PJ/, take AP' an arc of a circle, radius AG=AMj 
P'Q' = MiV, PAP perp. to AG, PJ/.JLVxP'il/'.P'^'x 
surface generated by P'Q' x JIPN', Hence area APM-G,A'M' 

( A ii/\ 

= (7. ^ 0 ( 1 - cos ) , and to determine the constant G, when 


V AG 


AlP 


AM is indefinitely small, \AM,MP= C .AC 


C^BG, 3. Let P', Q\ D' correspond to P, Q, P on the 
auxiliary circle, P§ : GDv.P'Q : CD' \:P'Q ' : GP', 4. P'M\ 
P'N' perp. from P' near P; then area PJP = 7?i.area PN\ 
volumes are as il/J/'. Pi)/** : 2VV'.PiV. PJ/= wi : 2. 5. ABA 

the semicircle, centre G, CB perp. to AA\ MPP\ NQQ perp. 
to tangent at A, cutting off small arcs PQ, P'Q, surface 
generated by these =27r (iI/P+il/P')P() = 47r.^(7.P$; then 
see p. 38 ( 8 ). 6. A'GA major axis of exterior ellipse, P'M^ 

iBG'^wAM.AAIiAG^:, .-.P'iPx SP.HPcc GD^ <^PG\ 

surface generated by PQoc PQ ,PMck: PG ,MN^ FM.MN 
7. P, p adjacent points on the hyperbola, Q, q on its conju- 
gate; PM, pm perp. BO intersect the asymptote in P, r, QRN, 
qrn perp. A G, Prove that PM : QN v, AG : BGw Nn\ Mm, 


VII. 

2. In the ellipses make lPSH the same, produce SPto Q, 
making PQ = PB. SH: SQ is the same, triangle SQH is 
equiangular. Shew that SPE is equiangular. 4. In the 
base take AB bisected by the centre 0, describe a square 
ABGD and let OD meet the semicircle in P, P is an 
angle of the square required. 5. 0 the centre of any 
circle touching tie lines AB, AG; AD drawn through the 
given point D meets this circle in P, Q; DO\ DO'' parallel to 
PO, QO meet A 0 in O', O' the centres of the circles required. 
8. Surface of a right cone is made up of an infinite number 
of triangles of equal mass, which may be collected in their 
centres of gravity and re-distributed uniformly over a circle, 
whose centre is the centre of gravity of the surface. In the 
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oblique cone the triangles are of unequal mass and the centre 
of gravity of the circle is not its centre. 

VIIL 

1. Curves can be drawn in which FiQ^ Bq have any ratio. 

2. ST.SP^ /SPec 3. As in Lemmas YIL, produce 

AB to a finite distance. 4. Shew that QN-PM\ ON- OM 
:: PM : ZOM ult. 5. The fixed line is the directrix. 6. PM 
perpendicular to AB, AT . TB = PT'^ = MT. TC, TM=2AT, 
AB^-BP^ = AP'^^AM,AB = AT.AB,x\\\, 7- SPFQ 
is a quadrilateral In a circle; lSPY=^lSQP\ 8. Pp-t Qq_ 
intersect in the diameter bisecting the chords, prove the tri- 
angles CPp, CQq equal. 9. PM perpendicular to vertical 
diameter BA \ (vel.f down PA, FT are as MA : MTw 1 : 2, 
10. SP{UP-11P']^HP' [SF- SP\ ; ultimately normal PG is 
perpendicular to PP' and SF - SP—PP' hxnSPG, 

IX. 

1. Circles on (S'P, SP' have perpendicular to PP' for 
common chord. Lnvelope is the pedal. 2. OPQ, Opq con- 
secutive radii, Pd/, QR perp. to Opq, Nn to OPQ, ult. 

PM : : Nn : nP, QR : qR \\nQ\ Nn ; nQ:nP:\ QRx PM 
:: 0Q \ OP; nQ=-0Q. 3. P, P' consecutive positions of 
the vertex, T, 2" intersections of corresponding sides, P, P' 
arc in semicircle on 2'T', and TT‘ is the chord ot contact ult. 
formal to locus of P bisects TT' and passes through centre 
of ellipse. 4. Chord joining P'P ult. passes through S\ SB, 
PI/, P'il/' perp fixed line, PiV perp. SB, [SP' — SP)PM 
= ^P'(Pd/-P'J/'), ^P.PJ/=^P'.-S^A^; NB^\SB, 

and SP=2SB. 5. AB diani. of circle round AQR, AA=- 

AP sinAPA'= sin APA'. 6. P\ P consecutive points, 

sm A 

PPperp. SP meets PP' in T, TU perp. PM, Fm, Fn perp. 
SP,PM. SP'^- SP'‘^ = AB(PM-P'M'), 2SP,Pni = AB.Pn-, 
2jS'P’' = AP. PP, 2PJ/=PP; centre of circle is in the fixed 

BU 

lino. 7. eh an ordinate near EB, BU subtangcut at E, 

= lim. — y,, — = . PO . cos — , ,r • Prove that PA =/' 6 cos 
Bb AB AB 


BU.B'V is constant. 
AB 


8 . PP.Z PPA = constant. 


SP\ SP- SF : : /. FSA : L PSF, circular measure, ST : SP 
: : SP. L PSF : SP- SF ult. : : L PSA : 1 ; ST constant. 

0 . As in 8. S'F^SP.lPSA. 
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1. In the construction of Art. 57, the locus of P Is a line 
parallel to OAB, 4. As (2) p. 76. 5. In tig. p. 67, produce 
KA to so that AH—- 1, draw 110 perpendicular to HAK=a^ 


the curve is a parabola, vertex 0, latus rectum - , passing 


through A» Space in time t = -{■ f). 6. Velocity 

curve is a parabola AP^ time measured on the axis, acceleration 
oc PM : 2AM^ Art. 51. 7. Acceleration x 2AM : PM x PJ/, 
Art. 54, 


XI. 

1. At the time corresponding, the acceleration changes 
discontinuously. A point of inflexion implies that the ac- 
celeration passes a maximum or minimum values. 2* If 
fi . SP^ fi ' . 8’P be tlie accelerations of the forces on the 
particle at P, that of the resultant force will be + 
where G is centre of gravity of fi at and at S\ Time 
— ir{(x-\- 3. Curve described as in Art. 57 is a parabola. 

4. Curve of Art, 57 is a straight line inclined at tan"*/i to 
the line of motion; (vel.)* at distance x = 5. iP, 

ap their velocity curves; draw chords AP^ ap* Uniform 
acceleration which would generate velocity PM is tanP.4if; 
therefore, if iPAM—Lparn^ AM: am is constant, therefore 
also AP: ap^ i.e, arcs JlP, ap are similar. 6. Uet (7 be a 
point at which the two forces are equal, whole force towards 
G on the particle at Px CP. 7. After impact M comes to 
rest, M gains A's velocity. If they meet at B' : m's time in 

+ A'P' = Ji’s time in P>SP' = twice time in SA’i 
SB' = SB. 


XII. 

1. 45P. U = 8 . 4M ; SP^ = 645^’. 3. 2 GD‘ = GP' j 

hence d‘ = iCB‘>iP. 4- By Art. 85, lPCA^lPTA-, 
CP= CD. 5. They are inversely as PF : AC: CP, and 

CP=CD. 6 . ^.PG=(2BCy = i.PF.PG, CD = iPF, 

CD'‘ = '2AC.BG. 7. (1) CD‘ = 2PG.PF=^2BC\ AG‘-BG* 
=CP\ (2) iPAP = AC^-Gir‘, ^PM‘ = AG^-CP^^\CP'‘. 

8. By Art. 85, L PST= L STP= L SPT. 9, Chord parallel 
to the axis = 4 jSP; distance from its middle point to the direc- 
trix =3/SP. 10. ‘iSP=2SP. 


IJ, dSA‘ = iSr:=-iSP.SA 


11. PQ and CP are equally inclined to the axis, circle on PQ 
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as diameter Las PCP' as a common cLord. 2 CP= PQ cos ^PGA^ 
and AG^= CP^ cos^PC^. 12. Portion proposed — . ~~ 

^ ^ AG AC 

2PO^ 


PF 


,o -n- * f , 2 CP* 2AC\BC\ 

13. Diameter of curvature = — m 

PF PF^ 


both hyperbola and ellipse, and PF is the same in both; 

AG.BG is constant for all the ellipses. 14. In fig. p. 104, 
produce UA^ FA to f/', 6", making AU‘=AU, AS' = AS, 
8' IP is the directrix, Z7' fixed. 


XIII. 

1 r<i, u SP AZ 4.SP,AM 4P7* 

1 . Cb.,d A. ISP. , 

2. Normal at .i4 = radius of curvature = semi-latus-rectura, 

3. MG^ MG' subnormals for P, P'. PF sinC = il/J/'= GG\ 

PF CC'sinC 1 sin^C cos*C 1 , , 

p p- PG ’ p p-PG~ PO PG^ • 

in direction PQ are as PF sin TPQ : QT^ siuTQP:: PT ^ : CP®, 

„ ^ CF GM SP.llP ^ 

7. p cos C = . -pQ = jiQi - p cosG : CM:: 

e^CM^ : AG\ 8. PP^ tangent at the point of contact meets 
asymptotes in 7\ t] PT=^C1) in both curves, and PPis the same 
in both. 9- PQ common chord, pq diameter parallel to PQ^ 
Q\ V\ ? » corresponding points in auxiliary circle. PQ : 

Prove that C'P'C=2^- P'Q'^^AG 
sin2(^. 10. 0 bisects radius GA^ AB chord perp. to the sub- 
tenses, OS perp. to AB, 8 is the focus, SA tlie semi-latus- 

x^y 


rectum. 11 . ^ = a: is the tangent, P(3® = a:® + ^®, QR = 


V2 


y 


on 2CP® i.SP.IIP 

2 V2a’ AC ~ SP+1JP''^^~^^^' 

polar of P for confocal touching PQ^ QPF= EPF-a^ IIPF 
= m’=y3, QUP^PUIUe^ QSP=PSIl=e‘. Produce SQ 

to E’, so that QE'^QH. By lSEP, . 

aP UP 2a 


IIQ 

PQ 


mn(a + y9) _ sin (a - ^ 

sini? ’ ‘PQ > 


ft ft 


sin (a — /9) 

HP~ 
2PP 


1 

. — - - • 

sin 2a ’ 


1 

P~Q 


sin fa + B) 


thus 


1 


PQ 


+ 


1 = (} 
PR \SP 


+ 


w 


cosa 



8P 

1 \ 

cos/9 

IIP) 

cosa 

NN 
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XIV. 

1. Complete ACBF^IADBF, AGBE^^ABD 

~~ ABB, 2. fiiV perpendicular to Pr, Pif = 2P§; J?V 

==iQM ult. 3. BM^ CN perpendicular to AT^ BM~iGNj 
and BT=-GT ult. 4. a, b diameters of curvature of AP^ 
AQ a.i A, APQ chord through A^ B'P'PR parallel to tangent 

AT. PM^ ^iV perpendicular to AT] AP:AQ::AM:AN 
A M'^ A N'^ 

; : a : 5 : : PP'= : RR\ 5. Inscribe n rectangles 


• • 
# • 


PM ■ QN 


in A CB of which PMNQ Is one ; h (PM) = ^ S (PM. MB) 


area A GB 


Similarly for the tangent. 6* Any small arc 

PQ of AB lies between the circles of curvature at P and 
which lie one entirely within the other. 7- SP. SZ= SY\ 

(SP' - SPj SZ’ + iSZ' - SZ) 8P= Sr‘ - SY‘ I (Art. 86) 
2SZ.PV '2SP.SZ PV SY , f. 

SY ^ PV ^’-’iSP^YV 

J = /A (a + area = fa -I- — j ^ = IfP {a* 4 

PP' 

9. r5A==|PAU or \PSA.^ radius of curvature =2 or 
^ P8P '^ chord through jS=45Por|5P, parabola or cardiold. 

10. APOPPthe pentagon, Pd/, CV perpendicular to AP. 

sider the curve as parabola of curvature, vertex G, 
that Pil/=f CiV, AM=MN ult. ; the ratio is f ^ AGN:ABtB^ 

11. Bm parallel to Ah meets GP in m. he : Bin:: Ph: PPj 

Bm:BG::PM: GM] be: BG:: Pb.PMiAB.AG ult.; 
/. bc:b'd::Pb.PM: Qb^QNiiPAP: by Lemma XU 

case3; he. AM : h'c. AN :: ml : h 12. Seer- /IP- 
augle A TPj A TRB = seg. APP + ^ seg. AP A \ ^ 

seg. APP : seg. AP : seg. BP:: [m-\- nf : m ' : n\ • 


n\J ^ il\j Ull. l-X* 

OQ^^- OQ’^-^0P'\ and OQ^ OQ turn half as fast as PP- 

XV. 

1 . P, R consecutive angles of the polygon, Q ne^ ft 
A POP= A PQ'R] tangent at Q parallel to PR. . 
a rect. inscribed in APft QB on Pft E on AB, F on A 0- 
AD perp. BO meets EF in rect. EFGE : rect. EKB^ 
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:: BC: BD, Let K'E'U’D = KEI1D, KE, ITE meet In Z, 

rectHnj!;les K'E. E'E are equal ami al)out diagonal DL] 
lRDB — L ABD when EKDH or EFGE h a max. 3. Shew 
that PC and tangent at P make equal angles with the major 
axis, P being an angle of the rectangle. 4. PQRS minimum 
parallelogram, PQ, PS shifted slightly so that PQRS=P' Q'R'S\ 
shew that PQ and RS are bisected by the points of contact. 
5. Prove for the auxiliary circle. OQQ’ near OPP\ OA'.P'M* 
~OA,PM^OA‘.QM‘-OA.QN, and PQ \ P‘ Q OP : OQ • 
OA\OP\C}r=^OA.OP,CM, /. OA\CM’^OP\CM, 
0(7=c, GA -a. (c + a )*. x =^[(c - xf + a*- iP] 2c (xAax) 
= (c* + a^) [X - x) = 2c (x^ + ax) ; a: + a:' = a. 6. Suppose 
AB fixed, PO, AD to intersect in 0, CD turns to CD* 
about 0; a 0CD= a 0C'D\ ABGDhoing a max. = A BCD ' ; 
/. LOAD'=^OBCy OA.DD'=OB.GC or OA,OD=OB.Oa 
7. TT* a small arc, T'P*^ T’Q* tangents to interior oval, 


PF = QQ\ radii of curvature are inversely as i TPT' : L TQT*. 
8 . PUW. P'U*W' equal common chords through P, P', inter- 

• 1 • • ♦ TT T7I 1 . . 1. _ - 1 • TT 1 • I 


= lQCQ-, = and QV = \cU.QUR 

Py^'sina 

V'R] WV=^PV, PP'co3a= n^K'cosyS and — — 

= ^ P 7 P’ = ; ... tan;3 = 3tana. 9. ABC.A'B'C 


consecutive positions; P(7, B' C intersect in P, BD — DC ult. 
GEK is triangle formed by the tangents, prove that BB' sin CBG 

^CC 8inPC6-'; BB' : CC y.BG\GC, thence that BG. CILAK 
=.GC HA.KB. 10 POP', QOQ' normals at P, (), tangent 
at Q is pa..dlel to PP', QC bisects PP', PC bisects QQ ] 
project into a circle, P into &c. ; qc and pc perp. to pp\ qq ; 
/. pp\ qq cut off equal areas. If PO, QG be perpendicular 
normals intersecting in an axis, perp. normals through P', Q* 
near P and cutting the axis in O', O ', P "0 " normal at P" 
near P, area cut off by P'0' = arca by 0 0 ’ = P"0", 
and PG* and P'O" are on op^iosito siiles of PO; tho 
required normals are inclined at 45 to the axes. 


XVI. 



1. Prove that It is ult. P.l/: QMw QE-k- AQ : QM :: 2:1. 

Art. 115. 3. fiTT . /- =7r / 4. Fig. p. 115. 

\J g Y ^ sindU ‘ 
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PO cuts circle on diameter OS in shew that arc^5'=arc5P 
= BS. 5 . Epicycloid degenerates to a cycloid, length = 8J, or 
see Art. 120 ; and n . 27rJ = 27ra. 6. QR diameter through the 

point of contact Pthe generating point, A its initial position 
on the fixed circle AQ^ tangent at Q bisects AP at right angles. 
Shew that Pil/perp. QR touches circle through A of twice the 
diameter of the fixed circle. 7 . PO radius of curvature touches 
the evolute, L POP=a, PD the diameter, A PBS is of constant 
form. 8 . S moves perp. to jSP, at a constant angle to the 
straight line AP. 9 . Eig. p. 129, PU=AP^ U fixed, Z7if con- 
stant = AO. 10 . Q the corresponding point in the hyperbola 

SQ.SP^SA\ SY.SQ = SP\ 


XV 11. 

1 . Pp^ Qq corresponding arcs, Pf^ pt tangents, pm perp. Pt^ 
Bq, AQ cut in Lptm- 1 QAq = i QBq^ ultimately p^Pp 
:: Pp :2pm\:pt:pm:: BQ: Qhj Pp — 2Qn. 2- Fig. p- 117. 

PV =PV' constant, difference of areas = 2 (Pp . VV\ L PpF)> 
3. Pp^ Qq intersect in P, PR-\pR^ pB diameter of rolling 
circle, ^PP and pGm are similar, PQqp=%pqR — ^pR.pq<^o^BpP 
= 2pm.mn. 4- Fig. p. 12.3. c centre of APP, AM perp. to c$, 
arc AM of circle on Ac as diameter = arc A 0, M generates an 

epicycloid touched by cQ. 5 . In Art. 120, -- for 5 gives 

PP: GP. 6 . Fig. p. 123. OR perp. AO. Tangential force 
X OR cc A 0 X PO. Force at Q in PA x PP and PA : PR 

is constant. 8 . SP, SP\ consecutive positions of r, intersect 
in 0. S0-p\ SP has turned to SP through an angle equal 

, SF PP'. 

to the angle between the tangents at P, P'; 

^ p ^ p' + r ^ r 

T psinij^ T ^ p sin(/) * 

curvature touch the spiral at qq^ IpSq is a right angle, area = 
2 i^pf X pqp) = 2 cosec‘*a x pSp) = |PP^ tano cosec a, 
Art, 127. 10 . AO, PT tangents at A, P; 00, MU perp. PT^ 

OG=PM, and AO= AP, Art. 133, P', M\ O' consecutive posi- 
tions of P, M, 0; 00' sinOO'O =PP' cos T= MM\ A CO'O 
= \PM. 

XVIII. 

h = V. SPsmSPYcc smSPY. 2. Curvature changed, 
but not direction. 3. Time x APJ/x Aif.il/P. 4. Normal 

= 2;Sr. ^ • 5. Velocity cc C®; CD 

— AC- BO not less than PO, 6- GD^ + GP^ constant 7. I^ 


9. pq^ pq consecutive radii of 
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aux. circle L LCA=\ir^ 


2 XQ 2 lASL' 47r-3\/3 


8. Area-.45'iS 


areaA'6'A' 87r+3V3 
: area AB’ S : : ^Tra* — a.ae\ 4 a . ae. 9. POP' a diameter. 

Vel. at Pxvel. at P' is constant. 10. HZ^ SY^ 

and \(HZ-\-SY)u constant. 11. Fig. p. 99. lYY'P 
= L YSP = L SPO, YY' cos YYT : PP' :: SY ' : PO ult. ; 

/. veL of Fx ^P7= vel. of Px iSF= constant. 12. SZ^ SY^ 
perp. to tangents at P, intersect any circle throngli F, Z 
in Y\ Z\ 8Y\ SZ* are as velocities at Pand and Y'Z' : /5F' 

1 YZ 

:: YZ\SZ^ vel. compounded with that of Px con- 

stant; since YZ,AS=SY,SZ%xnYSZ^Mi YSZ=\PSQ, 

XIX. 

PS h 

1. Vel. perp. PO has components perp. PP, 

^ 2* Vel. at Px HZ. Sum required x HZ 4 PFx PP. 


2AP* 


PP 


3 . Component perp. to SPcc CD. If B be inclination of 

fixed direction to the axis, eccentric angle of P, resolved 
vels. at P and P x a sin cos 0 — h cos (\> sin 6 and a cos 0 cos 6 

« V / ~~ 1 

4oBin^sm^. 4. 7 r 42 e=w (7r—2e), prove e — ex -j^iilt. 

- a } 

’2A0' ' 




SP 


t 

HP 


I 


5 . -gy = ht = h't ' ; .■ 

”3P’ {n4l)AP=PP, AM=n.ASj Am=^^AS. 


SP'^ Sp 


1 


7 . Vel. of Fx pyy see XVIII. 11 ; PFx SZj and p x SY. 

8. Tangents intersect in P, P'Q and PT in CP bisects PP' 
and PQj and PU ; vels. at P and Q arc as TU : TQ. 

9. CD, CD parallel to PP, PP', TO bisects DD in M, 2 CM 
represents resultant of vel. of P' and reversed vel. of P, and 
2CM : CP is constant =sin2(^ : 1 ; 20 difference of the eccentric 
angles of P, P'. If they move in opposite directions, and t bo 
the intersection of PPand tangent at the other end cf diameter 
through P', Ct will represent their relative vel. 10. PS>QS, 
Ay A' nearer and further apse. .^P^APfor a minimum angle 
RST, P moving towards A, PSA^BSA^IISA- ASQ] 
P moving towards A'y QSA 4 ESA — PSA' 4 A' SR ; and 
A'SR^-RSA^QSA^ASQ] .\2RSA=PSA'-^A'SQ. 11. AP 
half the siring, P begins to move with vel v relative to A, and 
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force on P ten3s to A moving uniformly, therefore P moves in 
a circle with velocity v, which rolls on a line FQ perp. JPj 
\ttI-vk time of meeting. 12. PD parallel to fixed line, SY 
perp. tangent PF intersects PD in F, SZP is a triangle of 

Ji SP 

velocities ^the vel. perp. SP is constant, and PZ~e.SP, 


Take PP : 8P:\ SP\ PZ^ triangles P5P, PZ8 are similar; 
draw 8U, ZN perp. PD, SR SY.SZ^S.Y.SP] 8N is 

constant; DU^e.SNh constant, PJf perp. PP is fixed, 

and)SP=e.PP, 13. (7) p. 105. 14. Art. 139. 


1. In auxiliary circle A AQQ' ^ A A’QQ'-\-2 seg. . QQ‘- 
2 sector QCQ’. 2. seg. ^Poc parabolic area APM- a APM 
oc Pii*. 3. PM perp. to AS, arc AP+Pd/cc sector AGP 
+ A SCP, 4. Fig, p. 115, (vel.)’' at Px Pd/x SP^, vel. at P, 

perp. SP, has equal components perp. OS and OP\ constant 
force tends to P. 5. Projections of areas x areas x times. 


XXL 

T7^ 1 1 F* 

2. ) -R X ^2’* 3. « B, -y constant. 

4, f= attraction of the earth, V, v velocities at the equator. 

F* r f _ 9 _ f 27rP ^ 2icR _ 

‘"F ~V / 

5. P: % : 32.2, y=187r, ratio is 547r’':16.I. 6 3P 




7. a= the number of feet in a mile. 


F 15y 


r . % 

9. 6) = angular velocity of the earth, tension of the string in the 
two cases 3 (*^ 7 r±&))‘‘'x mass of 24lbs. ; 407rw x 24x5760 gr. 

= 32.2 x 39 gr. 10. the coefficient of friction, = ^ilg, 

Z = length of moving part. 


XXII. 

1. Perp. from the intersection are inversely proportional to 
the sides. 2. DOE, EAF, FED parallel to AB, EG, CA, 8 
lies in the intersection of AD, BE, GF. 3. AB, AG, PP three 
tangents, AP = AP, P a point in a circle touching AB, A Pat 
B C if 0 ., B, 7 , be perp. from P on PP, CA, AB, shew that 
a' = By, 4. 0 centre of circle circumscribing ABC] BA, CA , 
perp. to OB, OG\ shew that perps. from on ^5, .i C are as 
AC* AB inversely as the velocities , b lies in A A . D. xi, 
jjy tangents at Pand B, PT, CB intersect in t, TU parallel to 
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CD Ct TU 

DC meets DC \xi t/^perp. vel. at-Poc 'JjZ 

TJ]\ UZw vel. at P: vel at P, centre of force lies in TU 
perp. A C, for all positions of P. 

XXIIL 

1. By (1) P- 181, T and T,/.Mq -^g.CA±ZgCM:g.CA. 

. tt' „„ , 3P-Tr 

2 . 2 a = greatest angle, — (1-cos a), cos a- — . 

3. S\ the pegs, are foci of the semi-ellipse described by tbe 
ring,'PO its greatest distance from SS\ L SBS‘ 22’cosa 
- W\ W\x 2(/PCV radius of curvature at P : o :: 2 cos"a : 1. 

4. No pressure at P the point of leaving, • 

J>Q V 

5. a)« = change of direction in time f,p = —ult. = — . 6. (1-e)* 


: (1 + eV' :: 57'10" : Gl'lO". e = -010905. 7. Angular velocity 

„ __ sin PPiS hor. vel. - on 

about P= F —gp- = - isB ' * ®’ ^ ’ 

time depends only on the ratio of the bounding radii. 9. DE, 
PJ/perp. APfrom starting point and at any lime. Pressure at P 

" ’* *’ * pi’essure : W :: BM 4 EM ; BQ, 

2E 3A* _ 3E.A C* 

10# Arts. 139j 140j YV^ CY^ * 

XXIV. 

1 . Acc. of C relative to A is the resultant of ace. BC.to^ and 
AB.m*., of G rel. to B and B rel. to A^ and equal to ylC.w’ 

in direction CA. 2. = p^r. time ’ = 

3 . At the vertex, as in (G) p. 184, • 

- ace. effect of pressure = 2/i. “ ;^p) ^ > P‘ cs8i'ro 

4 . As in XVIII , 11, V : Vr.SY : ^PV, and 

OX 

F.^PV=i F*. 6 . r = distance of the particle from the vertex, 

1 /* 

— - is the rckultant of /zr, g and P the acc, effect of the 

r Bina 

F* 

pressure; — ^ co8a= — ^ and ^ — /ir co8a = P 8ina> 0, 
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AY 

/. /xr lies between ^ cosa and ^ seca. 6. 

^ 1 Fr AY^AT AC GI^ 

FF^ CT ^ VT ^ AG 

1 FM 

oc AN. 7. FO meets CQ conjugate to CF in M. F<x. 

PM oc ~ . PN ordinate to CD ; PM. CN^ CD% 
2CN=PP'. 8- Ang. vel. round Ha: 


oc 


V sin SPY 


1 


HP HP. SP' 
9. In (5), p. 183, AD = ^AC, CM = I AC. 10. As in (6), 

p. 184, (vel.)“ at A-(vel.y'‘ at P=4a/4^^- 

, ,, / It , IJ. \SP.HP _2ii 

of pressure on tube x p = ^-p - [jp + gpj — ^ - - • 
11, Prove that ^ + XS'*' + - X. CF^j also that - =s 

a t'JJ p 

+4^cosi8PG+X.CP.cosCP^; /. = 4V,.(4a^-2rO . — 

\r r j ^ ^ ® 

+ \Ci)''=^- — + A. (a''’+ V- CP‘) ; therefore the ellipse can 

L/JJ d 

12. % = vel. at P, T, the 

a 

ace. effect of the tension, AS, PS the least and greatest distances 

= a + c, prove that v/- v/= 2p - - j , = P, + ^ cosSPO, 

» 

j, Pp is a maximum 


be described if VA^ = \a^ — 


2a 


Q 2 

a —c 


and u/ = aP„ + '^-||t(^- ^.a 

when P = a^- c\ and P. < Pj ; least vel. is at B when P„ = 0, 
„ ixa 2 


or = 
V. least. 


la-c) 


2 ) 


• • Vz = 


« t 


(a-c) 


2 


2 2 
a - c 


. If oa, P* = 0| 


XXV. 


1. hT=lTrF^-]-E\ Express Ain terras of /i. 2. Sum of 

perns, on parallel tangents is constant. 3- LM intersects dia- 

iiieters tbrou;;li S in (9, OL : OAIw SL : SM] FV the same 

cv' RV 9 7? 1 

for A and J/. 4. ^ ^ = T = ^ '‘“®‘ 

5. PAG any chord, acc. at P x inversely as SP'‘. PQ', and the 
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Bum named oc ( ^ + ^) 


^ ^ [SP-SB) 


-3 


PQ 


> 


Art. 190. 7. 


SB^ 


= ; SA‘+Sd^ 

=^2(OE^ + OS^), 8. VT is the same at P and Q, Tx ^F. 

Prove that SY'^ SY' = PQ. 9. Pit a diam, Anff. vel. at P 

, Fsin CPF VsmPEQ F , 

about — = — — =pj^- 10 . Misof-« + l 

dimensions, m 4 H” “ 1) = 0- 11- See Prop. XL, Prob. VI., 

Aliter^ p. 221. 12. BP parallel to the axis, being infinite is 

constant, and SG = SP. 13. Project the ellipse into a circle 
described in the same periodic time, q projections of P, 
small arcs PP,^?r are described in same time, forces at P, p are 
as the subtenses parallel to OP, Op. i.e. w OP x Op. force 

"" ^ .op\9i- 


to Px 


Op * Op\p(l 


pq 

XXVI. 


npi 

1 . For, by Art. 195, at the point considered -* 


^ ,,, 2F* %teBAQ 

2. Pig. p. llo, ^,^x 

2V^ fiec^UPJI 


PM 


u 

CP* 


1 


X 


1 


X 


3. Fig. p. 129, 


r. X 


AQ\MQ^ AM.MQ* 

sec^UPM PM^ 

^ GM “ Gil. tv ‘ 


and 


PM M U 


PQ cosP6W 
4. F the acc. at P in both cases. F“= 2P. SP 


QM PU' 

in both cases. 5. PJ/ the common ordinate. and 

AM.Mli= PM"* — L.AM.u is the same in both, therefore at P 
normals arc equally inclined, and if 0 be the centre, OJ/= jJ/C/, 

or ~ L~{L. 

XXVII. 

1- ^ constant; x ^,p. 2. zPPF being 

constant. 3. Being F cosa. 4. Since the vel. Vm ^ is that 
in a spiral, ^TT- is the spiral angle, and time to the centre 


= a'‘ cot^-T-2A, Art. 127. 6. In a spiral of angle a, vcl.= 

SA^— SL^ 

time from A to Z = , which is true when a is indc- 

2/a* cos a 

finitely diminished, 6 . Angular velocity = - - 


i 


) 


v X r. 


i; 


Psina* ” V* — v* = 2 (Pcosa -B) (r-r) seca, ult., 


00 
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F COSOL- Ex v» 7* Vj' V velocities of approach at distances 
25 j 2/, -v^ — 2~ [s - s) ult. = /a® (^- + -}r ) (« - s') =/a^ X 

S \<!5 S S SJ 

{h ~ ?) (? a") ■ ordinate to seml- 

pj[ 

circle on 2a, C the centre, CM = s, t) = \/ {fa) Time In 


MM' CM. MM' 1 P'M'-PM 

MM = = — s,, -/-TTT = - 

V PJI V I fa) 

PM Ha V^-‘laf\ 


Vt/i') 


, ult. time to 




!/■ 




= '^ -fa^ ^ j/a = 2 ( V'‘ - a/) = ^ = (vel.)" in equiangular 
s 


y 


o 

sniral. 8. After a short time T. lei abc be the position of the 

^ h ^ c , ^ T Bb sin B 

trianglcj velocities in Aa^ Bb-X-^^ <p = lbab = — - • 

y\ hence abc is similar to ABC^ if lab' = Bah^ 

b ’ 

ad \ Aa \ : ah : AB^ hence if Aa^ ad subtend at S the same 

angle 0. S will be the focus of the spiral described by A] let 

. SA sin(d) + ^) 3in(.B+(^) . 

SAa = e, = = l + ^cot0, 


ab 


siu^ 


^ =i+(5 cotB+ — and — =TX — ={/»(cotA+cotC), 

* * 8(X cih ^ ^ 

cot0 = cot4 + cot5 + cota, SAB=SBC=SCA, and the 

spirals have a common focus, subtending at ABj BCj CA the 
supplements of Bj A, 

XXVIL Its, 

1, (Vel.)*^ in circle — fxCF' = 2. (Vel.) In circle 

= ud in (1) (2l, (3), c is a semi-axis; square of the other 
semi-axis L (1) c^-n, (2) «V, (3) c\ In orbit (4) 2c“= CD, 

ab = c‘ a J = {\/5 + l)) inclination of major-axis to c = i tan A 

3. Semi-axes are c and 2c. 4- fic‘ = /J.b% a = 2c, e -1 = |. 

5. h and CD are unchanged, radius of curvature = CD fji -r A. 

6. ecc. angle of D is CD' = \a‘ + \V ■. b^ ^ 4, 3o - 8J . 

7 li = attraction of unit mass at unit distance, m = mass ot 
parallelepiped, GH perp. from centre of gravity on the smooth 
faee, force tending to R at P=ixm.HP, periodic time=27r 

8. Vel. of m = semi-axes perp. to b are 

mzfUL . a and .a. B. = I^CD\ K' = 

7)14-711 Wl + 

^ I cosV + 2siuV = l. lO. P the point of pro- 
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lection, vel. oc AP. area x CP.AP^ maximum when €P=AR 

11. P-, P' points of projection CD: CP:: CD‘ : CP\ 
ellipses are similar and project into two concentric circles. 

12. Let the two particles be at extremities of conj. diameters 

CP. CD^ and in small time T let P be at P\ CD conj. to CP , 
V/i.Ci), *Jfi.CD’ are velocities at P, F, VM-PF = vel. 
acquired in PP' — fiCP.T ult., DD — *Jfi.CP.T = Ye\. at 
Dx and the particle in the conj. hyperbola is at D when 
P is at P\ thus if once at extremities of conj. diams. they will 
be always, and (CD^ ^ CP') = (n* — P). 13. -At 

P the point of intersection [ve\.Y = fiCD'‘ = fxSP.lIP in both. 
CP' = - 6'“ 4 C// = 4 P - CD% also a*' - P = CiS' = a" 4 i". 

14. Distance described by a particle at P=CP, at the end of the 
given time it will be at the angle opposite C of the parallelogram 
CPRD. the theorem follows by the aux. circle. 15- Vel. perp. 
iSP= V/i- CD 5in)SPy= ^/fi.CD.PF^ PE, constant. 

xxviir. 


1. CJ, CY are directions of conj. diameter, and all pass 
through D in CZ in a quarter of the periodic time, which is the 
same for all, V/^.CP being the vel. of projection. Resolving 
vel. and acc. in CZ, CY, all are equally accelerated parallel to 
CZ, lie at any time in a line parallel to CY, whether the 
acc. cease or not ; hence the tangents to their paths at any time 
pass through the same point in CZ. 2. (i) P^^'P* conj. 

axis is the same for all, and initial vel, is zero, (ii) Hyperbolas 


7 t f $ 

are similar, or ang. vcl. equal. 3. equal 

and parallel to CB, vel. at P= -J/i-CB, CP, CB are serai-conj. 
diameters of the quarter ellipse deseribed in the second period. 
Vel. at /?= V/i. OP= ’Jfi.BA'. Time from BtoA' = time irom A 
to P. 4 . S the centre of force, BAB' the arc, (vel.)' at B = 
u{SA‘-SB^),SA‘-SB‘ = {i dhm.y coni, to SB. 5. In the 
spiral V'==fiSP-\SP=ii'SP.SP-, .-. m the elliptic orbit 
2SP' = a” 4 i” and SP'‘ sin a = ab. 6 . / the ace. effect oMho 

constant force, c = natural length of string; ) 

T f ‘i f i 

total central force =—+/=- r, a = initial length, (vcl.)' = - 

m e ^ ^ 

a, b are axes of the ellipse, b<c, i.e., vcl. of projection < vel. in 

circle at distance equal to length of unstretehed string;* tlio 

ellipse is deserted when r = c, the string becoming slack. 



^ Koto an error in tbc sUtomont of the probIcm« 
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* 

f 

(vel.)^ = - J’-c®), angle between c and the direction of 


motion = cot 


= cot — . 7 . a, p semi-axes of orbit 

ao 

oi^=CS.CM,d^-\-^'^ = CS-^-\-GP\ prove that a^(C'P*-J*) = 
G8\CM\ A (a* + - a'') = and a = a, GP^=^P-\-&^] 
6, 6' the inclinations of GP to the axes, prove that tan’*^ = 

• L ; tan0 : tan 0' = ^ ^ . 8 . 6\ d In- 

i8 ’ p 0 ^ 




a 


a 


c'-V 

clinations of r\ r to major axis, /3' /3 eccentric angles of their 
extremities. - ^ = t sin (iS'-^) = ^ (r'sinfl' rcos0- 


rr sin a 


Time = 


1 TT 1 27r 


= one day. 


r'cos0VsIn0) = -^. ^ ^ 

9. P, Q the particles at any time moving in directions TP, TQ 
■with vels. which are as TP: TQ^ reversing P’s vel, ^’s vel. rel. 
to P is in PQ, and if P'Q‘ be the corresponding chord in the 
aux. circle, since GP\ GQ revolve with equal vel, P $ and 
PQ moves parallel to itself. 10* G centre of gravity of 
A P^P, p. GP acc. to (7. PG biseots QR in p, pR^ : GD^ 

:: GF-Gp ' : GP '^ :: 3 : 4. v; = pGF = ipQF. Corresponding 


ellipses, PP' joining the two particles inclined at u to VA, 
Eeverse acc. on P', rel. acc. of P=:/aPP' cos0, ^PP^sinl? 

parallel and perp. to GA^ rel. vel. at ^ = + 

= vel. in a circle, .*. PP' — a — a ^ time. 12. ^Aa major axis 

of orbit: B\ C points on aux. circle, rad. -4a, corresponding to 

^.1.1 ^TTt.FAG 

B, C, time In BC = i^x iB AG = am 

= /i'isin‘'( 27 rm). 13. 'Jii.CD = v&l of projection from P, 

BQP, D' O'P consecutive orbits, common tangent at Q, Q meets 

nn nn' 4 t' «r.,1 nP'tn 'T- DV O'V nritinates at 0. 0. are 


= i.PQT. 


XXIX. 


3. 


1 ft — 

al+e 

IL HP 

TG' SP'' 


= i 


2p 




^ a (1 + e) 

2n/i HP 

^p.”= 


^ 1 -h ^ 

, Also h is unaltered, 4. - • 
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^3 


f r ^ 

= ^ , a (1 — e) = a [e- 1), n = e, 5. Nearly 225 days. 

Cl C " 1 

6. About 8’40''. 7. In both orbits P = ^ , V^SP^ slu'^a 

= lj,-, r^SP' cos'^a = /i - , S’" 4 P = SP. //P. 8. 

d Cl 

:: HP: SP, prove that HP is constant, locus of <7 is a circle, 

1 . 1 rrn ft 1 ^ 1 -a ^ ^ ^ 

radius — ^ til .9. '“0*1* c — p, n// ■“ “i j Ti • 

^ a li a fiK rti 4a + A 

10. ^i = fa.4a = 4a* circ. meas. of angle described by planet. 

4 

- X 180“ = 76^ 22' nearly. 11. Time : a year:: : 27rA\ 

Stt 

time is 39 days nearly. 12 HP parallel to the axis and 
= 'iAS,.\ASH^W°,Sa=SPsmm,.-.e = ’Ji. 13. ^=4'(/, 

fi,GD^ = -] conj. diameters are equal; a, the semi-axes, 

Cl 

a’ 4 /S- = 2a', 2a/3 = a J. 14. ^ j J) = • 2e cos A SP 

= l-e. 15. = ^ ‘''e =»“S>e, = yyp 

= 16* Locus of 11 is a circle, two points //, IP lie In 

in-n/T- + ' ^^^4. //Pslna 

the same line as o, <i-\ilPti , c ; e = i = 

^ ^ ^ 2a 2a a 

17. a Is transverse axis of the hyperbolic orbit, H'P in IIP 
produced =2a, and if a = 25, iS/V/' = GO“, H'SP—'dif, 

18. 4 - - = ^ - -|p , 2«', II' S'P- 2a’ = 2a - SP. 

SP a a oP 


XXX. 


GP 

in 


GF 

m 


m + m 


1, Q centre of gravity of P and P\ 

9 9 ^3 

Force on P=^ = ^ ■,) towards G fixed. 2. 2c, 4a 

r* OP* ' m + in J 

the diameter and latus rectum h*=fi . 2a, prove that \/(c-a)(c+2a) 

is a maximum, two nearly equal values a, a make the time the 

_ (c + 2a)’' (c4‘2a'j’' _4(c4-a+a')(a-a') . ^ 

same, .. — . •■<^+2“ 

= 4(c-rt) and c = 2a. 3. Prove that in the old and new orbit 

A'sa2A and a:a::e*: l-e\ 4. u, v init. vel., prove that 
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(iAM- SM) PM 
v.bY 


PM 


V SP^^AS 


• • 


u cos TFM u 

fi r 


dSF 


5. (vel.)* 


of m and ra I’ound S and H—- - and - are interchanffed 

a r a T ° 

/. for w’s new orbit ^ 1 = _L (y/ 4. j.'® _ 7.2). 

^ ^ ^ PQ.cz CZ 

6. Rate . ult. cc gYrCl)'^ SP' 


a ' a 
1 


arr 


1 


7 . Ecc, 


anf^les in the two aiix. circles of the point of intersection are 
30“ and 60“, periodic times are equal, times proposed are as 
\/3 ( 27 ^-^ 3) : Stt- 9. 8. CSPtlie focal chord, tangents at (?, 
P intersect in SZ perp, CS. PZ^ P'Z' intersect in circle 
goes round CQZ'Z^^ hence CQ .CS=CZ^, 9. G fixed, jff, H' 
the empty foci of two consecutive orbits intersecting in P, 

PH^PIF, and SP-{ PH=SG^CH, /. SP^PG^SG^^GH 
constant. 10. SP=bAS, PSQ^\SP, h'= {h, ^F\lUS=\PQ, 


2iJb 

~SP 


A f 2 + ^ 

PQ\ a 


PQ 


1 


a 


= \, ¥^ia\ EP^PQ^2a^bPQ, 

QE=2^JbPQ. Prove that 90“ + P5r=5'$P. 11. New orbit 
is an hyperbola if SP<AG^ chance is area BAB‘S\ area ot 
ellipse =7r-2e:27r. 12. Resolve as in (6),- p. 147, and 

apply ^’s vel. reversed to P. Vel. of P rel. to Q is resultant 

of equal vels. ^ perp. to SP and SQ, 13. ABG an inscribed 

triangle, AD^ BE perp. to PC', GA intersect in // the empty 
focus of an inscribed ellipse; AD and the circle intersect in 
SQ and BG in P, SQ= SF-\-FE] major axis constant for all 

• Ti 

ellipses. 14- Velocity of centre of gravity is perp. to the 

ii 2 

axis, and angular velocity is j . 15- Change takes place 

when the body is at the extremity of the latus rectum through 

P, a (1 — e’') tan SPE = A SP= ^tt + 2 tan'^e. 16. 

3d‘^ = b\ BE ' = 3PP, K bisects EE\ GK parallel to SH\ 
SE’ meets BGB’ in G, GG = IBG, SG : GE’::SB:BH\ 

SG = GG’: axis is turned through tan“^ — . 17. - = 

' ® 2ae a a 

X ^2 — ^ = 1 + n. Periodic time changed in ratio 1 : ( !+«)"* 

. , ,EE' unBSE 2na\l[\-e^) . ^ 

=l;l-2n: axis turns through = ^=«tanA. 

^ ° SE 2ae 


18. Old vel. = 2 cosax new vel. and h unaltered, 


a 


. V 


• • 
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8e*-(l+e7 1-e'* , r , n .n i 

— -nv i and e cos x/r = - cos 2a ; - cot 2a < 1. 

4e"{l-e') ^ ' 




19. u = impressed vel. = displacement of the axis. ^ + it 
It c'lt eit e'it ,, , e-e Ji—h uJi 


A 




lar ^ = ^ (// - A) -1- w = 2w. 20. .P-P' = A unaltered, F'SP= 

nil 

vt sin a _ Jit ^ parallel to SP' and AS^ ^ sin 6 - 

f 

xsin(0+OT)-^ ^ sin 0 = ^ sill (0-^) + ^ ct, .‘.C5r = ,5co3 
(e’ - sin 0 ^ - esr cos ^ = )5 siii''^, e' - e = /3 sin 

XXXI. 

1. ^Pa cliord from OB pcrp. OA from tlie fixed point, 

furcc in AP tends to B and varies as tlie distance ; time depends 

on vl Pa constant ratio. 2. About 64J days. 3. (vcl.)'^ 

atPfrom Q—'iyi.PQ-i-SP.SQ^ PP=P^cos^, e.PP=<8P(H-ccos^). 

4. O'Q^ GII^ AGO perp. BC\ BII : BQ : BB :: ^ fc cosP+ a) 

; 4a ; ccosP, lienee liQ : P//, and 00’ = S0'G. Force tends 

. . 2it.PP fi,S’P SRS'P 

to G, motion harmonic. 5. ^ ^ , Pt7- SP+2SP 

6. (vel.r = (2 - 4?) - “ = (1 - = 

8in*a. 7 . ^1, P the fixed points, AD the natural 
AB 

lonffth, and G bisects AD, n x woigiit of particle = modulus, P the 

(liP-AD AP-AD 

particle at any time, acc. towards C = 


/ ♦ 


AD 


2CP 


= ^9 7^ ) W = S ^ i-cflection = 

Time direct to centre = i7r-r\//^, time added by 
reflection = 27r -r \//i. 9. 6 the anp^les of incidence and 

reflection, tan^ = ccot^, (vel.)’* at J/= ^ (A (7“ - C'd/’'), alter re- 
flection -/:i (A O’*- Cd/’'){8in'^+e’' cos't^j, Btiuare on semi-axis 
perp. 6'iI-e(AC*-CJ/“). 

XXX 11. 

1. Limit is J. 2* AB revolves round E to ah, EM, DN 
perp. AB. L A Da \ L A Ma L A Ea) w AE\ AD w EM : DN. 
3. » near P, PM, pta perp. fixed line, TU perp. MP, prove 

that BP- Bp : pm - PM : : BP \ PM ult. and PU = P^L 
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4. 


SP 


V. SP^^. X CD cosDCA x ON. 5. Ecc. 

CD^=la^ + lh'‘ = lb‘. 6. A straiglit line 
tlirough the intersection of the tangents making with them angles 

T y • 

^vllOse sines are inversely as the velocities. 7. oc 


angle of P= , 

3 


IIP SPHP' 

8. Starting a given distance from the horizontal diameter, 
it leaves at two-tliirds of that distance. 9. h is increased in 
the ratio n: 1. IQ. H. Vel. of Toe vel. in SP 

1 A Y PM 

12 . i/, c mass and radius of a planet, 


X 


W SF* SP' 


M 

-TT X 


a 


- 'I 2 

c n c 


w, a the periodic time and mean distance of the secondary, 

io 2 /a /„x M 1 + fi 1 

^ :7 ,7^ "" "w ' L 1 \ > 2 “r“') 

a e + l a (e ' ' n 1 

G (1 + e) = a' {e + 1). 14* The directrices touch the circle whose 

centre is the other focus and radius the major axis of the 

ellipse. 

XXXIIL 

1 . Prove that Pb : Aa :: AB AC : AB + BG, also 
:: PB.BG ; PA, AC, hence PA~PB : PA-\-PB :: AB(BG-AC) 
^BG'^-^AC‘^xAB[AG'{BG)^AB\ PA-PB=BG-AG, 

2. Radii of curv. at P, Q are as TP ^ : TQ^, and TP, TQ are 
equally inclined to the tangent TT\ TPl TPT’= TQ.lTQT 
ult. 3* SP have equal angular vels., vel. of V xsinSFP 

-SFx SP-\ SV&mSVD = 2AS, vel. of Fx 

4- .S^perp. BQ:AB:: SY: SP::AS: SY. 

Forcex BQ^: 5Px BQ‘: SFV AB ^ ; SP\ 5. See XXXII. 7. 
6. F ig. p. 117. EE ' : PP' :: IPS : PP ' :: ^AB : BQ, ult. 
vel. of Pcc BQ, vel. of E constant. 7. A, B, C the three 
pegs, bead P describes two portions of ellipses with uniform vel., 
of which B, C are foci, A and P on same or opposite sides of 

'RPa.('P 1 

BG. Tension when PP= CP. 8. Time:58j 

; : |G.2a : a**. 78 days. 9. (Vel.)’* = 2/cosa. PPseca, 

^ Stt A 47r , 

^Peoseca. IQ. , e = i, 

periodic time = — ^ in hours = days nearly, 11. AB the 

rod, G fixed point; P point in a circle about J CP; attraction 
on P bisects APB and passes through G, 12. PT tangent and 
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PTJ pei’p. SP meet major-axis Iq T^TJ] PM perp. TU must 
bisect L TPU, ^ ^ PT : 2PJ/: PU, 2PiIf= e . PU. 


13. If no pressure at P, 


(vel.)*at P 


^ ( 4 a" / ■*“ 


hence (vel.)“ at P = - + 


fi (rr* 4a® — 2n*'\ _ fx (4a® — r/) 


a \4a‘ 


o • 


rr 


a' 


4rr^ 


(?*® 4" “t" 

n®. — - , also(vel.)® generated by the forces from ^ to P 

= - A {>•* + - 2a* (1 + e*)} 4 2/i (i + ?, - ) of which 

8a ^ ^ \r r a(l - e ) 

the variable part is the same as in the above. 


XXXIV. 


1. p, q correspond in the aux. circle to P, >^ = inclination 

of pq to the major-axis. Area PC^ = - x sector » (7a, -tan 

a * ^ a 

2h 

K tanO, tan'v/r = ^ tan^, .'.-v/r = Jtt ult. when J =00 , pq 
= 2a sin^f^, ^ 8in^ = - ^2 8ini|r = 25 sini<^ ult., ^ vanishes ult. 

d 


Area PJQss— ai(^* ult. = (Z sin 2 . Common chord 

of circle of curvature and either conic is inclined to the axis at 
the same angle as PP, and is PQ. Tang, at Q meets PPin 
Z7, diam. through Z7 bisects PQ and meets the parabola in P, PP 
is tang, at P. 3 . rad. of earth = 4000 x 1760 x 3 in feet = a, 
0 ) = ang. vel. = 27r y (24 x 60 x 60). QGE = QM perp. the 
axIs CP. QM,m is vel. in (3*s circular path ; a cosX.w’', acc. 
toi/, is resultant of Gin QC &nd g ] g^=G^-\- 2 GacosX.a)\os{ 7 r-\) 
+ (acosX.co®)*; neglecting <o*j g— 0 — aw®cos’'A,. 4 . Pd/ radius 
of circle described by P; (vel)® = 2y. AJ/; PGj PT normal and 

tang, to surface, •. g PM ■. MG, 'i.AM.MG = PM‘^ 

= Pdf. d/(?, and A P= A J/, property of parabola. 5. F=vcl, 

at 5; atP, u’= P-;ir’',- = P4^rA; V^ = aTJrlg.r\ 

d aCI 

P least when r greatest at A and is positive, F' = vel. atA' 

F" = aP' + 2Ma^ F“ : F'® :: G/ia® + aP : 2^a* + aP < 3 : 1. 
^ 2ii ti,IIP 

®* UP^lkTSP ’ ^^-2a(2a-PP), .% ifP=(\/5-l)a <a (1+c), 
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7 . PSP. QSQ' corn chd3. of ellipse aad circle. ASP: A8Q 

,.11 

:: 'TTcih I Tra^j PQ is perp. AS* Vel. in circle gc ^ 'SQ Q Q' 

Qc ^ ^ oc . 8. PQF the arc between first and second 

impact ; complete ellipse PQP'R, second arc will be the reflection 
of PRP in the plane as a mirror. 9. A the point of projection, 

(vcl/ ^ M ZC 

AG changes from to co, 0 on same side as S, then 
diminishes from « , 0 on the opposite side. Force x dist. SA 
is one semi-axis, the other oc vel. 10. a the new mean 

distance, ^ = ^^(2-3, = = 

perp. Sfi^and tangent at Bj RM: HZ :: SM: SR, 11. R PH= 28 a, 

^ ‘ i///' cos SPIT 2^Pcos5^.8a 

change in the apsidal line = — 


SB 


2ae 


^ - . (2ae - r cosPSE) = ^ (2ae”-r+a (l-c”)}. 12. See XXX. 1. 

Q6 ^ 

13. a\ r distances of E from eentre of gravity G ol E and 8, 
which is at rest or moves uniformly. = (P 4 - S^ * 

attraction between F?and 8=^. 14. GY, 

0 .?perp. tangent PT; GO meets PTm T, polar in Q, and PM 
parallel to polar in M, GT.CM= GQ.GO, whence OT.M^ 

= GQ.OT. PO meets GD in U. Ace. to 0 = 

GT_ 

■ MQ 


" Ei? M‘ oz - OP 


OZ‘ • CE 
. ace to 0 

Q f~ T^ rri ~ „ ) • • ^ 


P 

5 


P /v\^ . • V X- 27ra5 27rp^ 

_ I ] r, hence periodic time = —j— = - ® . 

aVU/ ’ 4 Vp 


XXXV, 


1 Fiff. p. 131. QT\ Qff tangent and normal at 0 
entre of curvature ^TPG=^^rQG\ aTQF^GPQG’ ult. 

OP=PG, PrxiTQT^ZOP.PQ, Pr=^PG\ lUPMf 
lPGT=Q0% PM=2PU=2AP, 2. Take QPR any posi- 
tion of the line, Rp = QP, when OP has revolved through tt, P 
comes to p, Pand^ trace the whole curve, let 0 bisect QRj let 
QR turn through a small angle to QR' about 0, P', 0 , p 
the new positions of P, C, p, corresponding area between 
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locus of P and ellipse ^\{OQ^-OP^^Om-Op^)x iQOO\ 

_ 1 fO / /I nt I ft / iOf ^ 'v) 


=i 

= 7r 


A A\ V — — l^ii' ^ J ^ I# - 

2 (0(7 + (7Q*)^— 2 (OP^H- OC'‘)j X /. QOQ^ .*. whole area 
j (c + c) - J (c - c) j = Tree'. 3. 0 the centre of the circle 
touching at Pand;?, SP^ 8p meet the circle in Q, q. pP PT 

;^C?=&P=^PT=P2§, /. Pq^pQ parallel, and 
bO bisects pSP, 4 . P', Q consecutive positions of P, Q. 
BOA vertical diam. meeting BG in 0, SP.SQ^SO.SA. 

(vel.r at J_ _ J_ « 

^ SA ^ SQ^ SB'^ SO^ ’ ^ 

QQ[ __ SQ ^ y^el. of $ _ SQ 

SP ’ * ' vel. of P 


PP' 


= ^ ^<3^ 5. See (12) p. 39. 

res. attraction bisects SPE^ and at B= pressure at 

r> ^tl6\ 

nates to the ellipse and aux. circle. Prove, as in (6), p. 184, that 
(vel.)« at P = ; time in PP' = 

MU' ^ 2V(H C.V 

MM €^Qil/*4-P , / 

= 2 V(H • ^ S = 

^ = ■®= + 7 . P(?the 

unwound string at time < = arc^$ of the circle, centre C, P'Q' 
near PQ, PQ is the radius of curvature of tlie path, tan?, acc. 

PP'-AC=QQ'.AQ=^[AQ‘- AQ‘), 

’'•■f-P-b^=hAQ^=\li..GA\e, when AQ=^2ir .GA, t=2Tr^^/i. 
\e\,=^p,CA,tj PQ = *JpCA.ty .*. acc. effect of tension =^2uWA.t, 
fl 1 PL PL.PF^ PU „ ^ 

* Oy“" GD'‘^ OY^ ^UP'' ” times the 

weight double the length. c=OG the length of the tube. 

Tension in CP= . CP. d the semi-axis perp. 00, .-. 2gc 


= j<P, ^=ic‘ or ^c“; .-.« = § or f 10. acc. in orbit oc 

vel. in hodograph ce ang. vcl. a (dist.)". U. LSS' tlie latus 
rectum L : LD, 8 D tangents at L, S' intersect in directrix at 
right angles. fj,.iAS=g. (YA.y nt L = 2g .I)S=/i.{iAS)\ 
conj. diameters equal L and a’‘ + F = 2L'‘, ab = L‘smi 7 r 
(o±i) = 2P* (cos Jtt ± sin Jtt)’. 12 . it the change in direc- 
tion; h'-fi = u.SP, resolve parallel to the axis, x 

Bin^5P+ 8inCT=u sin^6'P, .•. ^ co= (« + ^ u.SP] aiaASP, 
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72 . . 

and — _ = 1 + e cos J /SP. 13. 6 the angle of incidence, v 

fjb . br 

the vel. of striking; usin0 = vel. parallel plane after every 
impact, e'v cos 6 perp. plane after n impact. If first orbit be 

2/i ji 

a circle, tan 6 = e cot (sln'^ 6 ^ cos’^ 6) *= e. — = - j 

and.*. e = i Ifn=co, (vel.)*= sin*0= ^ ^2--j , 

2 

= 2 cos’^ 6 = , 4a = 3r. 

H- 


THE END. 
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